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Q1(a): Infinitesimal Lorentz action on a vector field

Note: Below equation numbers will be from v9 (latest version on slack)

of the typed lecture notes.

Setup: A spacetime vector field transforms as
AM(z) = A*, AV (A L), A(w) = exp(wpe L),
with antisymmetric parameters w,, = —wgyp. The generators are
(Mpa)ﬂy — nau(;py _ npu(gvy' (1)
To see the above, start from Eq.(2.14) of the typed notes:
(M), = NpvNop — NppNov (2)
Now raise po of M by multiplying above with n°*n?? to get:
(M) = (Mpo )", 0" = 030, — 0310 (3)
Finally raise the g on M by multiplying above with 7" to get,
(MR, = (M), = 5 — 5 (®)

which is (1).

For infinitesimal transformations,

Ay = 6Fytwpe (MP7)H,+0(w?), (A™HE, = 6" —wpe (MP)",+O(w?).

Variation of the field: Let 02 = w,, (Mp")agxﬁ so that A~z = = —
dx + O(w?). Expanding to first order,

A (A 1z) = AY(z) — 62°0, A" (z) + O(w?),
A () = (5% v wpU(M”")“,,) (A”(w) - 6m°‘8aA”(:U)) +OW?)
= AR(@) + wpo (MPOY, AY () — §2°0 AM (z) + O(w?).
Therefore,

SAM(2) = Wy [(MPU)MVAV(x) — (MP7) 50 aaAu(@} .
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Identifying LP?: By definition, A (z) = exp(w,eL7)AH(z) = AM(x) +
Wpo (LP7 A)H + O(w?). Hence, §A* = w,, (LP7 A)*. Hence

(LP7 Ay = (MP)H, A — (MP7) ga’ D, AF.
Using (1), the orbital piece simplifies to
—(Mp”)agxﬁ On = —(N7%xPOL A" — nP*x 0q A*) = (270P — 2P07) A¥,

so that
(LPPAW = (MP7)H,AY + (a:"ap — a:pﬁ")A“.

Note: Anyone who derives till above gets full marks!

Operator form and final result: As differential operators, products like

0°x? mean “multiply by z? then differentiate with respect to z,”. Acting
on a test field f,

(27 f) = 0%(a"f) = 0" f — 2P0 f,

S0 0P — xPQ° = OPx? — J%xP as operators. Therefore,

(177 = 7 + 7" — 7]

with LP? = —L°P  as required. The first term above is the intrinsic space-
time independent piece which later becomes spin upon quantisation and the

second term above is the spacetime dependent orbital piece like: 7 x p.

Q2. EoM of free Maxwell field
Ly = _%(8MAV)((9“AV) + %(8,“4“)2, Ly = _% FuwF", Fu = 0,40 =0, Ay,

with €923 = +1.

(a) EoMs from £,

Since £1 depends only on 9, A,, the Euler-Lagrange equations become:

oL, oL, '\ oL\
on.~(a) > = 2(ama)
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which implies: % = ", one finds

(A -
Using 858;‘140; = 6069,

a£1 Ol AV % A
78(@“41,)_ OHAY + nhY(ONAD).
Hence
— 9 Ot AY + 0" (WAN) =0 = | OAY —9"(0rAY) =0, 0= 9,0".

(b) EoMs from L»

Because L2 depends on A, only through F,g, Euler-Lagrange equations in

3“(8@52)) -0

this case also become,

Chain rule:
0Ly 0Ly OFup
0(0,AL) N OF,3 0(0,A))
Compute
8£2 . 1 a poN 1 8 >\p 0o - 1 Oéﬁ 8Fa5 _ Spsv RN
DFny 4 0F, L E") =~y g, (T FaeBhe) = =5 B 5 4y = 0605050
Thus

0Ls 1
20, 4,) 2 F‘uy B FV” - Ful’
90,4, 2 ) = % =0
Expanding 0, F" = 0 gives
DAY — 9¥ (0 AY) =0,

so the EoMs from L9 coincide with those from L.

Boundary-term relation: Using F,, F* = 2[(9,A4,) (0" A")—(9,A,) (9" AM)],

one finds:

1 1 1
—ZFWFW - —5(6,“4,,)2 + 5(8w4y)(an4ﬂ).

Now let us focus on the second term above and integrate it by parts to get:

1 14 1 14 1 14
5 (0uA) (0" AM) = 20,(A,0"A) — S A,0,0" A",
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where the first term since its a total derivative and we get from the second

term,

—%AV@ﬁ”AM = —%Aya”a“/w = —%8”(14,,8#14“) + %(@LA“)(@”AV).
Hence ) .
Lo=L1+ §8M(A,,8”A“) — 58”(14,,8“14“)

and the actions differ only by a total derivative term.

(c) Canonical momenta and the role of Ay

3 P 7 oL
Canonlcal momentum: w7 = 76(80141;) .

From Ly: n* = F = B, . Thus Ap is nondynamical (a Lagrange

multiplier imposing Gauss’s law).
From Ly: 7 = =AY +n"(0-A) = 7% = —0;A;, 7w = 0pA;. Again, no
kinetic term for Ay.

(d) Source-free Gauss and Ampéere—Maxwell

Identify F'o = E', Fij = ¢ B¥ (with ¢'** = +1). From 9, F" = 0:

v=0: 9F°=0= |V-E=0], wv=i: -3FE+(VxB)=0= |VxB-9E=0|

(e) The remaining pair and covariant form

The other two Maxwell equations are the Bianchi identities, which follow as
an (off-shell) identity from the definition: F},, = 0,4, — 0, Au:

| AFyw + 0uFyp + 0y Fy, =0

The above equation is called the Bianchi identity.

Deriving Faraday’s law and Gauss’s law for magnetostatics:

Start from the Bianchi identity
O\NFuw + 0uFyx + 0, Fy, =0 (5)
and the identifications
Fiy = E, Fij = fijkBk, 23— 41 (6)

so that (lowered indices) Fyo = —FE;, Fo; = +E;, Fij = eijkBk with spatial
metric being Euclidean: ¢;; = diag(1,1,1).
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Faraday’s law
Choose (A, p,v) = (0,4,7) in (5):
30Fij + @'Fj() + 8]'F()i =0
do(eij"By) — O;E; + 0,E; = 0
€ijk 8()Bk — €kij (V X E)k =0
(using definition of curl: 9;F; — 0;E; = €1;;(V x E)* and €;;* = €4 (since

bringing down a spatial index of a purely spatial object, like €51, is done

using the purely Euclidean metric: §;; = diag(1,1,1))). Thus,

(VxE}=-g,B" = VXE+88]§':0. (7)

Gauss’s law for magnetism
Choose all-spatial (A, u,v) = (4,7, k) in (5):

&'ij + aiji + akFij =0
ejké 0; By + Ekie 8]‘34 + Eijé oxBy = 0. (8)

Bonus: Contract with %eijk and use the identity: eijkejk.z = 26%:

oB'=0 = [V:B=0] (9)

Note: If you reach till (8), you will get full grades for this part.

Q3(a): EoM of complex scalar field

Consider
L(D, %, 0P,00%) = 0,8 0P — m*d*®.

Treat ® and ®* as independent fields.

Euler—Lagrange for ®*:
oL oL

_ 95 _ 2
30, 57) o', P m-P.
Hence
oL oL
— = I 2p —
a"(@((‘%@*)) 95" 0 = | 0,0 +m"P=0|
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Euler—Lagrange for ®:

oL oL
= OHPp* = — —m2o*.
a0, 0 g™
Thus or or
) - == = K * 2p* —0 |
a“(a(@&)) 9% 0 = | 0,0"d" +m 0

Writing 0J = 9,0 = 0? — V2, both equations read

(04 m?)® =0, (O4m?)d* =0 |

Q4. Poincaré charges and algebra

The Poincaré algebra is
[MM MP7] = P MM — P MYT — @ MFP 4 o MYP, (10)
[MF, PP] = n"P PH — nHP PY, [P*, P"] = 0. (11)

Define spatial rotations, boosts, energy and momentum by

ﬂ:%WMW K'=M"  H=P"

Note: Here we changed the definition of boost as K¢ = M which
is opposite to what we had in the typed notes: K°® = M%. This
is a typo in the notes and you can still use that old definition
which will give you [K*, H] = —P! and [K%, P/] = —6“H instead

and you will get full grades for getting the above with this minus sign.

Additionally, since this was a typo in the notes, as per the rule,
everyone who has solved this part of the question with the minus

sign as above get additional +1 point.

Furthermore, I have also raised jk-index in M while defining J?. This
was another typo in the notes. Here, repeated indices are summed.
Additionally, any one who has attempted this question will get +1
due to this typo.

(a) Derivation of the listed commutators

Using (10)—(11):
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1) [Ji, J7] = €k jk:  Start:

R
[1]17 J]] = 1 elmnequan’ Mpq]‘
Insert (10) and note that m,n, p, ¢ are spatial so n® = —§%:

[M™" MPI] = —§"PM™ 4 5P M 4 §MIM™P — §TINTP,
Hence

[Ji7 J]] — Eimnequ( — 5P ™ 4 §MP )[4 4 SMa e _ 5qunp)

1
4
— Z ( _ imning rmq + ebmmn gmaq p rng + eimnipn g rmp ezmnegpman> .
Now, in each term relabel dummies so every piece looks like a single € times
M"3 ) and use antisymmetry M"° = —M*" to align indices:
; y m—r,q—S 1 y
A: o ezmnejonmq ) _67/7"”,6_]"7,8 M"‘S’
" y n—r,q—s ; y
B: elmneijan ) GZT‘TLEJTSMT87
" ;. m—r,p—Ss ; y
C: elmnejpanp ) elT'TLé_]STLMTS7
; y n—r,p—Ss ; y
D: —mnePmM M ———— — MMM (rename m — n).

Group (A + C) and (B + D); each group is proportional to a single €%
multiplying M"®. Collecting,

PRPAET (; e’mM“> =€k gk,

2) [J4, K] = éIF K.

K9] = S, M)
= %eim" (n"ijO — ™I MO — O p™I 4 anM"j).
Since n™ =™ =0 and n™ = —§, "V = —§",
[, K9] = e (= MO 4 IO = (= mIamO 4 pm0).
Rename m — k and n — k in the two terms, and note that these two

contributions add:

[J’L’Kj] — eijk‘ Mk‘O — eijk‘ Kk‘
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3) [Ki, KJ] = — ik k;

[KI,K‘]] — [Mio’ M]O]
_ anMz'O _ nijMOO o nOOMij + niOMOj'

Here an = 77i0 = 07 MDO = 07 7]00 - +17 n” - _5”7 SO

4) [J', PI] = €k Pk and [J¢, H] = 0:

[Jz" Pj] — %eimn[an’ Pj] _ %Eimn (nnjpm . nmjpn)

2
— ¢k pk (rename dummies m — k, n — k).

_ lezmn( o 5n]Pm + 5m]Pn) — %( . 6'L'ijm + 6ijn]:m)

For energy,

) 1 . 1.
LT H) = e M, P = e (P —a"P) = 0.

5) [K',H] = P* and [K*, P’] = 6" H:

[KZ7H] — [MiO,PO] — nOOPi o niOPO — PZ
[Ki,Pj] _ [MiO,Pj] — anPi N nijPO —0— (_5ij)P0 _ 513H

6) [P, P/ =0 and [P, H] = 0: These follow from [P*, P"] = 0.

Summary:

[Ji,Jj] = eiij’ﬂ [Ji’Kj] _ eiijk, [Ki’Kj] _ —eijkjk,
I VA T N )
(K%, P =+6YH, [P! P]=0, [P, H] =0 .
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Note: The above results can also be derived using the following iden-
tity:
51’[ 5im 5m
ehdmn — det | g1l gim  gin (12)

5kl 5km 5kn

Above I have solved without using it but anybody who has used the

above identity also gets full marks!

(b) Physical meaning

o [Ji, JI] = €9F J*: spatial rotations don’t commute and they form the
Lie algebra so(3) = su(2) (check appendix D.1 and D.2 of the typed

notes).

o [JI, K] = €7*K*: boosts transform as 3-vectors under rotations just

like momentum (see below).

e [K' KJ] = —€*J*: two non-collinear boosts compose to a rotation

(called the Thomas—Wigner rotation,).

e [Ji, PI] = ¢k PF. momentum is a 3-vector under rotations just like

boost (see above).

e [Ji,H] = 0: energy is a scalar under spatial rotations and angular

momentum is conserved.

o [K\,H] = P, [K',P/] = §YH: boosts mix energy and momentum

(Lorentz mixing).
e [P!, PJ] = 0: successive spatial translations commute.

e [Pi H] = 0: spatial and time translations commute in flat spacetime

and momentum is conserved.

(c) Subalgebras of the Poincaré algebra

Closed under commutators:

o {J'}: 50(3) = su(2).
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{J¢, K'}: (proper orthochronous) Lorentz algebra so™ (1, 3).

{P*} = {H, P*}: spacetime translations R,

transformations.

{J?, H}: rotations + time translations.

[J,H| =[P, H] =0).

Not closed:
e {K'}, because [K*, K7] ~ J*.
e {K' P7}, because [K', P/| ~ H and [K', K7] ~ J*.
e {K' H}, because [K’, H] = P".

e {K' P/ H} without J% because [K, K]~ J.

Q5. Spin of complex scalar field

Setup: For spatial I, we have, 0! = —9;. Free complex scalar:
L=0,8" "¢ —mPplp,  TH =0'¢T "¢+ "¢ 0" ¢l — L.

Rotation generators
1

Ji = 5eiﬂMﬂ = /d% e 1) TV (), T% = 8% alp + 8% 8¢t

Mode expansions:

L

e—ik":c + bt e+ik~x)
k )

3k
P(x) = /(%)3\/%(@

—

a €+ik~$ + bE e—ik'm)’ k- -r= Egt — Ef,

d3k
o' (z) = /(2”)3\/%( z

with [ag, al] = (27)%0@) (k — p), [bg, bl] = (27)303) (k — p).

{J¢, P7}: Euclidean/Galilean algebra consisting of infinitesimal Galilean

{J¢, Pi H}: spatial Euclidean + time translations (still closed since
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Derivatives:
ateﬂFi(Et—E-a‘c‘) — TiE T leFiBt=F-E) _ | pl Fi(-)
Hence
>k . )
0, _ _ . —ik- T tik
0 ¢— _Z/W<EEGE€ ? x_EEbEe 7 x),
k

d®k

l _ .
0'¢ = +z/(2ﬂ_)3 oF,

(klalze—ik.m - klb;rge-«—ikm)’
and similarly exchanging a <> af, b < b for ¢f.

(a) Operator form of J;

Insert the derivatives in 7% and J; = €iji [ A3z 29T, After keeping only
the afa and bb sectors (the mixed ab, a'b! drop after normal ordering), one
uses (see appendix C.3 of the typed notes for a derivation of the following
delta identity)
B0 29 1 @RF _ _jom3 9 537 &
d’z a2l e = —i(27m)° =— 0 (7 — k), (%)
8qj

and the same for e~#(@k)F (the sign from the exponent is compensated by

the sign in 9/0(—g;)). Thus, e.g. in the a'a sector,

Sed3k  Egk! -
5o e [ LS ataﬂ[—uzw)“”a@)(q*—k) T

(2m)S \2ERE; T* 9q;

Integrate by parts in ¢ and then do the ¢-integral:

/ g F(T.F) 0y, 6P (G~ F) = - / Pq 0,60 G-F) = 7ok

The pieces where the derivative hits the smooth energy prefactor cancel be-
tween the two halves 026! 9'¢ and 0°¢ 0'¢T (after normal ordering), leaving

only the orbital action when the derivative hits the annihilation operator.

l‘)
(k)

3
"= |

Denoting 9" = 0/0k; and normal-ordering (hats for normal-ordered oper-

ators),

Q>

;[c. ( - ifz‘jl ]{?j 8(%)) &E + IAJTE ( - iﬁz’jl kj B(ZE)) ZA)E} .
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Equivalently, in vector form,

; 3 ]
Ji = /(;rk)g [a% (=i (k x V)i g + B (=i (F x V7)) b;;} >

which is precisely the stated result. We used the Fourier identity (%), inte-
gration by parts, and normal ordering. The over all minus sign above can be
noted from the following: % gives a minus sign and Eq.(x) gives another. Fi-
nally, integration by parts to move derivatives away from the delta function

gives another minus sign.

(b) Action on a one-particle creator

Take the a-sector (the b-sector commutes with a;):

3
@ _ [k s ol VA
i = /(%)3 aE( —ie k! %)%-

Then

= /d3k: aj; (—i€iji k) O, 04 (k — ).
Integrate by parts in k (discard boundary terms):
7, al) = —/d3k a,ﬂ[aj; (—ieijy kﬂ')} 5B (k — 7).

The derivative acts only on &k’ (the label of aTE is not an operator variable)
L giving

O, (€iji k) = e 4,
and using 8k15(3)(1; —p) = —8pl5(3)(E — p) to transfer the derivative to p

before the k-integration, one arrives at the compact generator action

[Ji, a;] = a%( - ieijlpj 6(%))

'Think of a series like ), A, f(n). Now acting the series with 9, will lead to
>, A(n) f'(n). So, Ay is a symbol labelled by n for every n and hence the derivative
doesn’t act on it.
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Therefore, for a one-particle state |p) = a;;|0>,

JZ‘@ Lo 07
p=0

showing that the single-particle states of the complex scalar are spin-0.

Q6. Complex scalar 2-pt functions and Feynman propagator

Let

At (z,2') = (0lo(z")o!(2)[0), A7 (z,2) = (0]¢' (2)d(2")|0),

and
Ap(z,2') = <0|T(¢($/)¢T(ZE>)|O>, O0=9,0" =0; - V>

(a) Klein—Gordon equation for the Wightman functions

Using the on-shell momentum representation:
+ / d3ﬁ —ip-(z'—x) 0 52 2
A= g T P BEVEE
one has
(Dz + m2) e—ip~(:v’—a:) _ (_p2 + mQ) e—ip-(a:’—x) =0,

2

since p> = m? on shell. The same applies to A~. Hence

(8,0 +m?) A% (z,2") = 0.

(b) Time-ordered propagator in terms of Wightman functions

By definition of time ordering,

Ap(z,2) =0t —t) AT (z,2") +0(t —t') A (z,2) |

(c) Green’s function equation for iAp

Act on the z-argument:

(O + m?)iAp = i[Dx(Q(t’ —)AT) + O,(0(t — t’)A*)} :



The Abdus Salam
@ < International Centre
{} (:CTP> for Theoretical Physics
?

Using (a), only derivatives hitting the step functions survive. Since 6 de-

pends only on ¢,
(O, +m?)iAp = z’{(&f@(t’ CO)AY £ 200,00 — 1)) dAt
T (DR0(L— ¥)AT +200(t — 1) A},
Use the distributions
ARO(t—t) = 6(t—t), 0Bt —t) = =5(t—t"), 00(t—t') =8 (t—t), 20(t'—t) =o' (t—t),
to obtain
(Op +m?)iAp = i{é’(t — ) (AT = AT) 425t — 1) (DA™ — atw)}.

Apply ¢(t)d'(t —t') = —¢'(¢')6(t — t') (which is integration by parts and
identity is appendix C.1 of typed notes) to the first term:

(Oz +m?)idp =id(t —t) {—0(A™ = AT) +2(8,A = AT)},_, .

At equal times t = t/,
At(z,2") = A (z,2),
and from the canonical equal-time commutator of a complex scalar [¢p(x, t), m(x/, t)] =

160G (x —x'), m = 9,0 one has

(BA~ — atN)‘ = (0[[r(2), $(a")]|0) e = — i 8@ (x — ).

t=t’

Therefore

Oz +m?) iAp(z,2’) =id(t —t')(— 6% (x — x')) =W (2 — z).
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