
Q1(a): Infinitesimal Lorentz action on a vector field

Note: Below equation numbers will be from v9 (latest version on slack)

of the typed lecture notes.

Setup: A spacetime vector field transforms as

A′µ(x) = Λµ
ν A

ν(Λ−1x), Λ(ω) = exp
(
ωρσL

ρσ
)
,

with antisymmetric parameters ωρσ = −ωσρ. The generators are(
Mρσ

)µ
ν = ησµδρν − ηρµδσν . (1)

To see the above, start from Eq.(2.14) of the typed notes:

(Mρσ)
µ
ν = ηρνησµ − ηρµησν (2)

Now raise ρσ of M by multiplying above with ηραησβ to get:

(Mαβ)µν = (Mρσ)
µ
νη

ραησβ = δαν δ
β
µ − δαµδ

β
ν (3)

Finally raise the µ on M by multiplying above with ηµλ to get,

(Mαβ)λν = (Mαβ)µνη
µλ = ηβλδαν − ηαλδβν (4)

which is (1).

For infinitesimal transformations,

Λµ
ν = δµν+ωρσ

(
Mρσ

)µ
ν+O(ω2), (Λ−1)µν = δµν−ωρσ

(
Mρσ

)µ
ν+O(ω2).

Variation of the field: Let δxα = ωρσ

(
Mρσ

)α
βx

β so that Λ−1x = x −
δx+O(ω2). Expanding to first order,

Aν(Λ−1x) = Aν(x)− δxα∂αA
ν(x) +O(ω2),

A′µ(x) =
(
δµν + ωρσ(M

ρσ)µν

)(
Aν(x)− δxα∂αA

ν(x)
)
+O(ω2)

= Aµ(x) + ωρσ(M
ρσ)µνA

ν(x)− δxα∂αA
µ(x) +O(ω2).

Therefore,

δAµ(x) = ωρσ

[
(Mρσ)µνA

ν(x)−
(
Mρσ

)α
βx

β ∂αA
µ(x)

]
.



Identifying Lρσ: By definition, A′µ(x) = exp(ωρσL
ρσ)Aµ(x) = Aµ(x) +

ωρσ(L
ρσA)µ +O(ω2). Hence, δAµ = ωρσ (L

ρσA)µ. Hence

(LρσA)µ = (Mρσ)µνA
ν −

(
Mρσ

)α
βx

β ∂αA
µ.

Using (1), the orbital piece simplifies to

−
(
Mρσ

)α
βx

β ∂α = −(ησαxρ∂αA
µ − ηραxσ∂αA

µ) = (xσ∂ρ − xρ∂σ)Aµ,

so that

(LρσA)µ = (Mρσ)µνA
ν +

(
xσ∂ρ − xρ∂σ

)
Aµ.

Note: Anyone who derives till above gets full marks!

Operator form and final result: As differential operators, products like

∂ρxσ mean “multiply by xσ then differentiate with respect to xρ”. Acting

on a test field f ,

∂ρ(xσf)− ∂σ(xρf) = xσ∂ρf − xρ∂σf,

so xσ∂ρ − xρ∂σ = ∂ρxσ − ∂σxρ as operators. Therefore,

Lρσ = Mρσ + ∂ρxσ − ∂σxρ

with Lρσ = −Lσρ, as required. The first term above is the intrinsic space-

time independent piece which later becomes spin upon quantisation and the

second term above is the spacetime dependent orbital piece like: r⃗ × p⃗.

Q2. EoM of free Maxwell field

L1 = −1

2
(∂µAν)(∂

µAν) +
1

2
(∂µA

µ)2, L2 = −1

4
FµνF

µν , Fµν = ∂µAν−∂νAµ,

with ϵ0123 = +1.

(a) EoMs from L1

Since L1 depends only on ∂µAν , the Euler-Lagrange equations become:

∂L1

∂Aν
− ∂µ

(
∂L1

∂(∂µAν)

)
= 0, ⇒ ∂µ

(
∂L1

∂(∂µAν)

)
= 0.



Using
∂(∂µAν)
∂(∂ρAσ)

= δρµδσν ,, which implies: ∂(∂αAα)
∂(∂µAν)

= ηµν , one finds

∂L1

∂(∂µAν)
= − ∂µAν + ηµν(∂λA

λ).

Hence

− ∂µ∂
µAν +∂ν(∂λA

λ) = 0 ⇐⇒ □Aν − ∂ν(∂λA
λ) = 0, □ ≡ ∂µ∂

µ.

(b) EoMs from L2

Because L2 depends on Aν only through Fαβ, Euler-Lagrange equations in

this case also become,

∂µ

(
∂L2

∂(∂µAν)

)
= 0.

Chain rule:
∂L2

∂(∂µAν)
=

∂L2

∂Fαβ

∂Fαβ

∂(∂µAν)
.

Compute

∂L2

∂Fαβ
= −1

4

∂

∂Fαβ
(FρσF

ρσ) = −1

4

∂

∂Fαβ
(ηλρηθσ FρσFλθ) = −1

2
Fαβ,

∂Fαβ

∂(∂µAν)
= δµαδ

ν
β−δµβδ

ν
α.

Thus

∂L2

∂(∂µAν)
= −1

2
(Fµν − F νµ) = −Fµν ⇒ ∂µF

µν = 0.

Expanding ∂µF
µν = 0 gives

□Aν − ∂ν(∂λA
λ) = 0,

so the EoMs from L2 coincide with those from L1.

Boundary-term relation: Using FµνF
µν = 2

[
(∂µAν)(∂

µAν)−(∂µAν)(∂
νAµ)

]
,

one finds:

−1

4
FµνF

µν = −1

2
(∂µAν)

2 +
1

2
(∂µAν)(∂

νAµ).

Now let us focus on the second term above and integrate it by parts to get:

1

2
(∂µAν)(∂

νAµ) =
1

2
∂µ(Aν∂

νAµ)− 1

2
Aν∂µ∂

νAµ,



where the first term since its a total derivative and we get from the second

term,

−1

2
Aν∂µ∂

νAµ = −1

2
Aν∂

ν∂µA
µ = −1

2
∂ν(Aν∂µA

µ) +
1

2
(∂µA

µ)(∂νAν).

Hence

L2 = L1 +
1

2
∂µ(Aν∂

νAµ)− 1

2
∂ν(Aν∂µA

µ)

and the actions differ only by a total derivative term.

(c) Canonical momenta and the role of A0

Canonical momentum: πν = ∂L
∂(∂0Aν)

.

From L2: πi = F i0 ≡ Ei, π0 = 0 . Thus A0 is nondynamical (a Lagrange

multiplier imposing Gauss’s law).

From L1: πν = −∂0Aν + η0ν(∂ ·A) ⇒ π0 = −∂iAi, πi = ∂0Ai. Again, no

kinetic term for A0.

(d) Source-free Gauss and Ampère–Maxwell

Identify F i
0 = Ei, F i

j = ϵijkB
k (with ϵ123 = +1). From ∂µF

µν = 0:

ν = 0 : ∂iF
i0 = 0 ⇒ ∇·E = 0 , ν = i : −∂tE

i+(∇×B)i = 0 ⇒ ∇×B− ∂tE = 0 .

(e) The remaining pair and covariant form

The other two Maxwell equations are the Bianchi identities, which follow as

an (off-shell) identity from the definition: Fµν = ∂µAν − ∂νAµ:

∂λFµν + ∂µFνλ + ∂νFλµ = 0

The above equation is called the Bianchi identity.

Deriving Faraday’s law and Gauss’s law for magnetostatics:

Start from the Bianchi identity

∂λFµν + ∂µFνλ + ∂νFλµ = 0 (5)

and the identifications

F i
0 = Ei, F i

j = ϵijkB
k, ϵ123 = +1, (6)

so that (lowered indices) Fi0 = −Ei, F0i = +Ei, Fij = ϵij
kBk with spatial

metric being Euclidean: δij = diag(1, 1, 1).



Faraday’s law

Choose (λ, µ, ν) = (0, i, j) in (5):

∂0Fij + ∂iFj0 + ∂jF0i = 0

∂0(ϵij
kBk)− ∂iEj + ∂jEi = 0

ϵij
k ∂0Bk − ϵkij (∇×E)k = 0

(using definition of curl: ∂iEj − ∂jEi = ϵkij(∇× E)k and ϵij
k = ϵkij (since

bringing down a spatial index of a purely spatial object, like ϵijk, is done

using the purely Euclidean metric: δij = diag(1, 1, 1))). Thus,

(∇×E)k = −∂0B
k =⇒ ∇×E+

∂B

∂t
= 0 . (7)

Gauss’s law for magnetism

Choose all-spatial (λ, µ, ν) = (i, j, k) in (5):

∂iFjk + ∂jFki + ∂kFij = 0

ϵjk
ℓ ∂iBℓ + ϵki

ℓ ∂jBℓ + ϵij
ℓ ∂kBℓ = 0. (8)

Bonus: Contract with 1
2 ϵ

ijk and use the identity: ϵijkϵjk
ℓ = 2δiℓ:

∂iB
i = 0 =⇒ ∇ ·B = 0 . (9)

Note: If you reach till (8), you will get full grades for this part.

Q3(a): EoM of complex scalar field

Consider

L(Φ,Φ∗, ∂Φ, ∂Φ∗) = ∂µΦ
∗ ∂µΦ − m2Φ∗Φ.

Treat Φ and Φ∗ as independent fields.

Euler–Lagrange for Φ∗:

∂L
∂(∂µΦ∗)

= ∂µΦ,
∂L
∂Φ∗ = −m2Φ.

Hence

∂µ

(
∂L

∂(∂µΦ∗)

)
− ∂L

∂Φ∗ = 0 =⇒ ∂µ∂
µΦ+m2Φ = 0 .



Euler–Lagrange for Φ:

∂L
∂(∂µΦ)

= ∂µΦ∗,
∂L
∂Φ

= −m2Φ∗.

Thus

∂µ

(
∂L

∂(∂µΦ)

)
− ∂L

∂Φ
= 0 =⇒ ∂µ∂

µΦ∗ +m2Φ∗ = 0 .

Writing □ ≡ ∂µ∂
µ = ∂2

t −∇2, both equations read

(□+m2)Φ = 0, (□+m2)Φ∗ = 0 .

Q4. Poincaré charges and algebra

The Poincaré algebra is

[Mµν ,Mρσ] = ηνρMµσ − ηµρMνσ − ηνσMµρ + ηµσMνρ, (10)

[Mµν , P ρ] = ηνρPµ − ηµρP ν , [Pµ, P ν ] = 0. (11)

Define spatial rotations, boosts, energy and momentum by

J i =
1

2
ϵijkM jk, Ki = M i0, H = P 0.

Note: Here we changed the definition of boost as Ki = M i0 which

is opposite to what we had in the typed notes: Ki = M0i. This

is a typo in the notes and you can still use that old definition

which will give you [Ki, H] = −P i and [Ki, P j ] = −δijH instead

and you will get full grades for getting the above with this minus sign.

Additionally, since this was a typo in the notes, as per the rule,

everyone who has solved this part of the question with the minus

sign as above get additional +1 point.

Furthermore, I have also raised jk-index in M while defining J i. This

was another typo in the notes. Here, repeated indices are summed.

Additionally, any one who has attempted this question will get +1

due to this typo.

(a) Derivation of the listed commutators

Using (10)–(11):



1) [J i, J j ] = ϵijkJk: Start:

[J i, J j ] =
1

4
ϵimnϵjpq[Mmn,Mpq].

Insert (10) and note that m,n, p, q are spatial so ηab = −δab:

[Mmn,Mpq] = −δnpMmq + δmpMnq + δnqMmp − δmqMnp.

Hence

[J i, J j ] =
1

4
ϵimnϵjpq

(
− δnpMmq + δmpMnq + δnqMmp − δmqMnp

)
=

1

4

(
− ϵimnϵjnqMmq + ϵimnϵjmqMnq + ϵimnϵjpnMmp − ϵimnϵjpmMnp

)
.

Now, in each term relabel dummies so every piece looks like a single ϵ times

M rs, and use antisymmetry M rs = −M sr to align indices:

A: − ϵimnϵjnqMmq m→r, q→s−−−−−−→ −ϵirnϵjnsM rs,

B: ϵimnϵjmqMnq n→r, q→s−−−−−−→ ϵirnϵjrsM rs,

C: ϵimnϵjpnMmp m→r, p→s−−−−−−→ ϵirnϵjsnM rs,

D: − ϵimnϵjpmMnp n→r, p→s−−−−−−→ − ϵirnϵjsmM rs (rename m → n).

Group (A + C) and (B + D); each group is proportional to a single ϵijk

multiplying M rs. Collecting,

[J i, J j ] = ϵijk
(
1

2
ϵkrsM rs

)
= ϵijk Jk.

2) [J i,Kj ] = ϵijkKk:

[J i,Kj ] =
1

2
ϵimn[Mmn,M j0]

=
1

2
ϵimn

(
ηnjMm0 − ηmjMn0 − ηn0Mmj + ηm0Mnj

)
.

Since ηn0 = ηm0 = 0 and ηnj = −δnj , ηmj = −δmj ,

[J i,Kj ] =
1

2
ϵimn

(
− δnjMm0 + δmjMn0

)
=

1

2

(
− ϵimjMm0 + ϵijnMn0

)
.

Rename m → k and n → k in the two terms, and note that these two

contributions add :

[J i,Kj ] = ϵijk Mk0 = ϵijk Kk.



3) [Ki,Kj ] = − ϵijkJk:

[Ki,Kj ] = [M i0,M j0]

= η0jM i0 − ηijM00 − η00M ij + ηi0M0j .

Here η0j = ηi0 = 0, M00 = 0, η00 = +1, ηij = −δij , so

[Ki,Kj ] = −M ij = − ϵijkJk.

4) [J i, P j ] = ϵijkP k and [J i, H] = 0:

[J i, P j ] =
1

2
ϵimn[Mmn, P j ] =

1

2
ϵimn

(
ηnjPm − ηmjPn

)
=

1

2
ϵimn

(
− δnjPm + δmjPn

)
=

1

2

(
− ϵimjPm + ϵijnPn

)
= ϵijkP k (rename dummies m → k, n → k).

For energy,

[J i, H] =
1

2
ϵimn[Mmn, P 0] =

1

2
ϵimn

(
ηn0Pm − ηm0Pn

)
= 0.

5) [Ki, H] = P i and [Ki, P j ] = δijH:

[Ki, H] = [M i0, P 0] = η00P i − ηi0P 0 = P i.

[Ki, P j ] = [M i0, P j ] = η0jP i − ηijP 0 = 0− (−δij)P 0 = δijH.

6) [P i, P j ] = 0 and [P i, H] = 0: These follow from [Pµ, P ν ] = 0.

Summary:

[J i, J j ] = ϵijkJk, [J i,Kj ] = ϵijkKk, [Ki,Kj ] = − ϵijkJk,

[J i, P j ] = ϵijkP k, [J i, H] = 0, [Ki, H] = +P i,

[Ki, P j ] = + δijH, [P i, P j ] = 0, [P i, H] = 0 .



Note: The above results can also be derived using the following iden-

tity:

ϵijkϵlmn = det


δil δim δin

δjl δjm δjn

δkl δkm δkn

 (12)

Above I have solved without using it but anybody who has used the

above identity also gets full marks!

(b) Physical meaning

• [J i, J j ] = ϵijkJk: spatial rotations don’t commute and they form the

Lie algebra so(3) ∼= su(2) (check appendix D.1 and D.2 of the typed

notes).

• [J i,Kj ] = ϵijkKk: boosts transform as 3-vectors under rotations just

like momentum (see below).

• [Ki,Kj ] = −ϵijkJk: two non-collinear boosts compose to a rotation

(called the Thomas–Wigner rotation).

• [J i, P j ] = ϵijkP k: momentum is a 3-vector under rotations just like

boost (see above).

• [J i, H] = 0: energy is a scalar under spatial rotations and angular

momentum is conserved.

• [Ki, H] = P i, [Ki, P j ] = δijH: boosts mix energy and momentum

(Lorentz mixing).

• [P i, P j ] = 0: successive spatial translations commute.

• [P i, H] = 0: spatial and time translations commute in flat spacetime

and momentum is conserved.

(c) Subalgebras of the Poincaré algebra

Closed under commutators:

• {J i}: so(3) ∼= su(2).



• {J i,Ki}: (proper orthochronous) Lorentz algebra so+(1, 3).

• {Pµ} = {H,P i}: spacetime translations R1,3.

• {J i, P j}: Euclidean/Galilean algebra consisting of infinitesimal Galilean

transformations.

• {J i, H}: rotations + time translations.

• {J i, P j , H}: spatial Euclidean + time translations (still closed since

[J,H] = [P,H] = 0).

Not closed:

• {Ki}, because [Ki,Kj ] ∼ Jk.

• {Ki, P j}, because [Ki, P j ] ∼ H and [Ki,Kj ] ∼ Jk.

• {Ki, H}, because [Ki, H] = P i.

• {Ki, P j , H} without J i, because [K,K] ∼ J .

Q5. Spin of complex scalar field

Setup: For spatial l, we have, ∂ l = −∂l. Free complex scalar:

L = ∂µϕ
† ∂µϕ−m2ϕ†ϕ, Tµν = ∂µϕ† ∂νϕ+ ∂µϕ∂νϕ† − ηµνL.

Rotation generators

Ji =
1

2
ϵijlM

jl =

∫
d3x ϵijl x

j T 0l(x), T 0l = ∂0ϕ† ∂ lϕ+ ∂0ϕ∂ lϕ†.

Mode expansions:

ϕ(x) =

∫
d3k

(2π)3
√
2E

k⃗

(
a
k⃗
e−ik·x + b†

k⃗
e+ik·x

)
,

ϕ†(x) =

∫
d3k

(2π)3
√
2E

k⃗

(
a†
k⃗
e+ik·x + b

k⃗
e−ik·x

)
, k · x = E

k⃗
t− k⃗ ·x⃗,

with [a
k⃗
, a†p⃗] = (2π)3δ(3)(k⃗ − p⃗), [b

k⃗
, b†p⃗] = (2π)3δ(3)(k⃗ − p⃗).



Derivatives:

∂te
∓i(Et−k⃗·x⃗) = ∓iE e∓i(··· ), ∂ le∓i(Et−k⃗·x⃗) = ±ikle∓i(··· ).

Hence

∂0ϕ = −i

∫
d3k

(2π)3
√
2E

k⃗

(
E

k⃗
a
k⃗
e−ik·x − E

k⃗
b†
k⃗
e+ik·x

)
,

∂ lϕ = +i

∫
d3k

(2π)3
√
2E

k⃗

(
kla

k⃗
e−ik·x − klb†

k⃗
e+ik·x

)
,

and similarly exchanging a ↔ a†, b ↔ b† for ϕ†.

(a) Operator form of Ji

Insert the derivatives in T 0l and Ji = ϵijl
∫
d3xxjT 0l. After keeping only

the a†a and b†b sectors (the mixed ab, a†b† drop after normal ordering), one

uses (see appendix C.3 of the typed notes for a derivation of the following

delta identity) ∫
d3xxj e i(q⃗−k⃗)·x⃗ = − i(2π)3

∂

∂qj
δ(3)(q⃗ − k⃗), (⋆)

and the same for e−i(q⃗−k⃗)·x⃗ (the sign from the exponent is compensated by

the sign in ∂/∂(−qj)). Thus, e.g. in the a†a sector,

Ji ⊃ ϵijl

∫
d3q d3k

(2π)6
Eq⃗k

l√
2Eq⃗2Ek⃗

a†q⃗ak⃗

[
− i(2π)3

∂

∂qj
δ(3)(q⃗ − k⃗)

]
+ · · ·

Integrate by parts in q⃗ and then do the q⃗-integral:∫
d3q f(q⃗, k⃗) ∂qjδ

(3)(q⃗ − k⃗) = −
∫

d3q (∂qjf) δ
(3)(q⃗ − k⃗) ⇒ q⃗ → k⃗.

The pieces where the derivative hits the smooth energy prefactor cancel be-

tween the two halves ∂0ϕ† ∂ lϕ and ∂0ϕ∂ lϕ† (after normal ordering), leaving

only the orbital action when the derivative hits the annihilation operator.

Denoting ∂ l
(k⃗)

≡ ∂/∂kl and normal-ordering (hats for normal-ordered oper-

ators),

Ji =

∫
d3k

(2π)3

[
â†
k⃗

(
− i ϵijl k

j ∂ l
(k⃗)

)
â
k⃗
+ b̂†

k⃗

(
− i ϵijl k

j ∂ l
(k⃗)

)
b̂
k⃗

]
.



Equivalently, in vector form,

Ji =

∫
d3k

(2π)3

[
â†
k⃗
(−i (k⃗ ×∇

k⃗
)i) âk⃗ + b̂†

k⃗
(−i (k⃗ ×∇

k⃗
)i) b̂k⃗

]
,

which is precisely the stated result. We used the Fourier identity (⋆), inte-

gration by parts, and normal ordering. The over all minus sign above can be

noted from the following: i2 gives a minus sign and Eq.(⋆) gives another. Fi-

nally, integration by parts to move derivatives away from the delta function

gives another minus sign.

(b) Action on a one-particle creator

Take the a-sector (the b-sector commutes with a†p⃗):

J
(a)
i =

∫
d3k

(2π)3
â†
k⃗

(
− i ϵijl k

j ∂ l
(k⃗)

)
â
k⃗
.

Then

[J
(a)
i , a†p⃗] =

∫
d3k

(2π)3
â†
k⃗

(
− i ϵijl k

j ∂ l
(k⃗)

)
[â

k⃗
, a†p⃗]

=

∫
d3k

(2π)3
â†
k⃗

(
− i ϵijl k

j ∂ l
(k⃗)

)
(2π)3δ(3)(k⃗ − p⃗)

=

∫
d3k â†

k⃗
(−i ϵijl k

j) ∂klδ
(3)(k⃗ − p⃗).

Integrate by parts in k⃗ (discard boundary terms):

[J
(a)
i , a†p⃗] = −

∫
d3k ∂kl

[
â†
k⃗
(−i ϵijl k

j)
]
δ(3)(k⃗ − p⃗).

The derivative acts only on kj (the label of a†
k⃗
is not an operator variable)

1, giving

∂kl
(
ϵijl k

j
)
= ϵijl δ

j
l,

and using ∂klδ
(3)(k⃗ − p⃗) = −∂plδ

(3)(k⃗ − p⃗) to transfer the derivative to p⃗

before the k-integration, one arrives at the compact generator action

[Ji, a
†
p⃗] = a†p⃗

(
− i ϵijl p

j ∂ l
(p⃗)

)
.

1Think of a series like
∑

n An f(n). Now acting the series with ∂n will lead to∑
n A(n) f ′(n). So, An is a symbol labelled by n for every n and hence the derivative

doesn’t act on it.



Therefore, for a one-particle state |p⃗⟩ = a†p⃗|0⟩,

Ji|p⃗⟩
∣∣∣
p⃗=0⃗

= 0,

showing that the single-particle states of the complex scalar are spin-0.

Q6. Complex scalar 2-pt functions and Feynman propagator

Let

∆+(x, x′) ≡ ⟨0|ϕ(x′)ϕ†(x)|0⟩, ∆−(x, x′) ≡ ⟨0|ϕ†(x)ϕ(x′)|0⟩,

and

∆F (x, x
′) ≡ ⟨0|T

(
ϕ(x′)ϕ†(x)

)
|0⟩, □ ≡ ∂µ∂

µ = ∂2
t −∇2.

(a) Klein–Gordon equation for the Wightman functions

Using the on-shell momentum representation:

∆+(x, x′) =

∫
d3p⃗

(2π)3 2Ep⃗
e−ip·(x′−x), p0 = Ep⃗ =

√
p⃗2 +m2,

one has

(□x +m2) e−ip·(x′−x) = (−p2 +m2) e−ip·(x′−x) = 0,

since p2 = m2 on shell. The same applies to ∆−. Hence

(∂µ∂
µ +m2)∆±(x, x′) = 0.

(b) Time-ordered propagator in terms of Wightman functions

By definition of time ordering,

∆F (x, x
′) = θ(t′ − t)∆+(x, x′) + θ(t− t′)∆−(x, x′) .

(c) Green’s function equation for i∆F

Act on the x-argument:

(□x +m2) i∆F = i
[
□x

(
θ(t′ − t)∆+

)
+□x

(
θ(t− t′)∆−)].



Using (a), only derivatives hitting the step functions survive. Since θ de-

pends only on t,

(□x +m2) i∆F = i
{
(∂2

t θ(t
′ − t))∆+ + 2(∂tθ(t

′ − t)) ∂t∆
+

+ (∂2
t θ(t− t′))∆− + 2(∂tθ(t− t′)) ∂t∆

−
}
.

Use the distributions

∂tθ(t−t′) = δ(t−t′), ∂tθ(t
′−t) = −δ(t−t′), ∂2

t θ(t−t′) = δ′(t−t′), ∂2
t θ(t

′−t) = −δ′(t−t′),

to obtain

(□x +m2) i∆F = i
{
δ′(t− t′)(∆− −∆+) + 2 δ(t− t′)

(
∂t∆

− − ∂t∆
+
)}

.

Apply g(t)δ′(t − t′) = −g′(t′)δ(t − t′) (which is integration by parts and

identity is appendix C.1 of typed notes) to the first term:

(□x +m2) i∆F = i δ(t− t′)
{
−∂t(∆

− −∆+) + 2
(
∂t∆

− − ∂t∆
+
)}

t=t′
.

At equal times t = t′,

∆+(x, x′) = ∆−(x, x′),

and from the canonical equal-time commutator of a complex scalar [ϕ(x, t), π(x′, t)] =

i δ(3)(x− x′), π = ∂tϕ
† one has(

∂t∆
− − ∂t∆

+
)∣∣∣

t=t′
= ⟨0|[π(x), ϕ(x′)]|0⟩t=t′ = − i δ(3)(x− x′).

Therefore

(□x +m2) i∆F (x, x
′) = i δ(t− t′)

(
− i δ(3)(x− x′)

)
= δ(4)(x′ − x).
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