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Motivation and Scope of the Project

Two-dimensional Conformal Field Theories (2D CFTs) play a central role in both
physics and mathematics. In physics, they describe critical phenomena in con-
densed matter systems and govern phase transitions. The worldsheet theory in
String Theory is also a 2D CFT. A special class, known as Rational Conformal
Field Theories (RCFTs), is of particular interest due to their finite spectrum of
operators. In the mathematical literature, these objects are referred to as Vertex
Operator Algebras (VOAs) and find applications in representation theory, affine
Lie algebras, modular tensor categories, and lattice theory. A classification of

RCFTs would therefore be of significant value to both communities.

This project aims to classify low-rank RCFTs using number-theoretic tools such
as modular forms, automorphic forms, Rademacher series, and Modular Linear
Differential Equations (MLDESs). The Mathur-Mukhi-Sen (MMS) approach con-
sists of postulating a general holomorphic MLDE of a given order and selecting
solutions whose series expansions have non-negative integer coefficients; these
are then regarded as admissible characters. These characters are used to construct
modular-invariant partition functions, and techniques from affine Lie algebras and
modular tensor categories are employed to determine whether these characters in-

deed correspond to genuine RCFTs.
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Abstract

This project explores the use of modular linear differential equations (MLDEs) to clas-
sify rational conformal field theories (RCFTs). We begin by recalling the theory of
modular forms, Eisenstein series, and the structure of the modular group SLs(Z). We
then introduce the Serre—Ramanujan derivative operator, which allows us to construct
modular differential equations. In the simplest non-trivial case (n = 2), the analysis of
Frobenius-type solutions reveals arithmetic constraints on the central charge ¢ and on the
spectrum of conformal dimensions. These constraints naturally produce a discrete set
of possible central charges, many of which correspond to known RCFTs. Thus, MLDEs
provide a powerful bridge between number theory and theoretical physics, suggesting a

systematic method for the classification of rational conformal field theories.

Keywords— modular forms, Eisenstein series, Serre—-Ramanujan derivative, MLDE,

RCFT.
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1| Classifying rational conformal field theo-
ries/vertex operator algebras using modu-

lar linear differential equationss

1.1 Introduction

Our report follows a clear progression: we begin by defining modular forms and
their expansion in Fourier series (q-expansion), with the Eisenstein series as illus-
trative examples. We then explain the structure of the space of modular forms and
its basis, the valence formula for determining zeros, and the central role of Klein’s
modular invariant j(7). Next, we introduce the Serre—Ramanujan differential op-
erator, which allows us to differentiate modular forms while preserving modular-
ity, and we construct modular differential equations. In the particular case n = 2,
we show that the solution develops as a Frobenius series whose coefficients a; ;
have a physical interpretation: they count the states or particles of a system. By re-
lating the initial exponent to the central charge ¢, we obtain arithmetic conditions
that restrict the possible values of c. Finally, we identify a discrete set of cen-
tral charges that correspond exactly to rational conformal field theories (RCFTs).
Thus, the connection with physics is that these modular differential equations can

serve to classify RCFTs.

il
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1.2 Modular Forms on SL,(Z)

We define the modular group as

a b
SLy(Z) = ca,b,e,d€Z, ad—bc=1},
c d
generated by
0 -1 11
10 0 1

Definition 1.2.1. A modular form of weight k is a holomorphic function f : H —

C on the upper half-plane H such that:
1. f is holomorphic on H,
2. f(r+1)= f(r) and f(—%) =7rf(7),
3. f is bounded as (1) — oc.
If in addition f(17) — 0 as (1) — o0, then [ is called a cusp form.

Definition 1.2.2 (¢-Expansion). Since a modular form is 1-periodic (f(7 + 1) =

f(7)), it admits a Fourier expansion colled q-expansion of f :

f(T) _ Zane%rim— _ Zanqn7 q = 627”'7"

n>0 n>0

The coefficients a,, € C are called the Fourier coefficients of f.

Remark 1.2.1. e For k = 0, the only modular forms are constant functions.
» For k < 0 or k odd, the only modular form is the zero function.

Definition 1.2.3 (Eisenstein series). For an even integer k > 4, the Eisenstein

11
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series of weight k is

Gi(7) = Z b 7€ H.

k b)
(mmczooy T )

Theorem 1.2.1. For every even integer k > 4, the Eisenstein series Gi(T) is a

modular form of weight k for S Ly(Z). Moreover,

i )*
Gulr) =26(h) + 77 S s

where oy _1(n) =3y, d* "

Definition 1.2.4 (Normalized Eisenstein Series). The normalized Eisenstein se-

ries is defined by

where By, are the Bernoulli numbers.

For examples: F,(7) = 1 + 240¢ + 2160¢2 + 6720¢% + - - - |,
FEg(T) = 1 —504q — 16632¢> — 122976¢> + - - - .

Definition 1.2.5 (The Ramanujan A Function). The Ramanujan A Function is

E4(T)3 — EG(T)Q

Alr) = 1728

= q—24¢* + 252¢° — 1472¢" + - - - .

Note that A(T) — 0 as T — ioo, so A is indeed a cusp form.

Definition 1.2.6 (Eisenstein series of weight 2). For 7 € H, the Eisenstein series

Y
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of weight 2 is

2(2mi)? 2
Gao(1) = 2¢(2 2-1) IZ = 3—87?2201(71)(1",

n>1

Definition 1.2.7 (Normalized Eisenstein series of weight 2). The normalized ver-

sion is

By(r) = &200) _1—24201

Theorem 1.2.2. Forall 7 € H,

E, (—%) = 72Ey(7) — %T.

Thus, unlike £, or Ejg, the series E is not a modular form since its transforma-
tion law contains the additional term — T Instead, Fs is called a quasi-modular

form.

1.3 Generators £, and Ej

Let My be the set of modular forms of weight & for SLy(7Z). It is a vector space

over C.

Theorem 1.3.1. For any even integer k > 0, a basis of My, is given by

{E$EY : a,b>0, 4a+6b=k}.

Example 1.3.1. For weight 24, we can write

49679091 10285000 4 176400000 2

Eyy = — R4 4 - S
2= 536364001 6 T 236364001 4+236364091 6
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1.4 Valence Formula

Theorem 1.4.1 (Valence Formula). Let f a meromorphic modular form of weight

k for SLy(Z). Then

ord(f) + L ordi(f) + Lord,(f) + S orda(f) = o,

12
z€H/SL2(Z)

where p = e>™/3,

Example 1.4.1 (Application of the valence Formula). » For L4, the valence
formula requires that the sum of the orders of the zeros is % = 1% = % At p
(which has a stabilizer of order 3), a simple zero counts as %, so the equality

holds.

6

» For Eg, the weight 6 gives % =1 = % At the point i (stabilizer of order

2), a simple zero contributes %, which again satisfies the formula.

* Finally, A is a cusp form of weight 12, so it vanishes only at co, with a zero

of order 1, which corresponds to % =1

1.5 The Klein j-Function and Differential Opera-
tors

There exists a modular invariant function on the upper half-plane H. The Klein
j-function. It is defined by j(7) = Eﬁ((gg, Ar) = w It satisfies
Jj(yr) = j(7r) forall y € SLy(Z).

Remark 1.5.1. Ej is holomorphic and E,(w) = 0, A is holomorphic and A(ico) =

0; j(7) has weight 0 and diverges when T — ioco; Thus, j is not a modular form

vi
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but a meromorphic modular function.

The ordinary derivative f’(7) does not preserve modularity. To correct this flaw,
we use Fo(7) (which is itself not modular). The key fact is that the non-modular
part of -1 f/(7) is exactly canceled by the non-modular part of —2& Es(7) f(7).
Thus, by combining both terms, one obtains an operator that maps modular forms

to modular forms.

Definition 1.5.1 (Serre-Ramanujan operator). For a modular form f € My, define
On()(2) = g5 £ (2) = {3E2(2) f ().

Theorem 1.5.1. The operator O, maps My — My o, preserves cusp forms, and

satisfies the Leibniz rule Oy,(g - h) = Ox(g)h + Oi(h)g.

1.6 Modular Differential Equations

Definition 1.6.1. Consider the linear differential operator L = Y77 ¢;(1) D?,
where we assume ¢;(T) € Ma,_2;(SL2(Z)), (0 < j < n), so that each term
¢; D7 has total weight 2n. Then the homogeneous modular differential equation

reads ¢, (1) D" + dp 1 (T)D" 1+ 4 1 (T)D + ¢o(7) () = 0.

If x(1) € M(SLa(Z)), each term belongs to My, 2,(SLa(Z)) and the equality is

taken in that space.

1.6.1 Casen=2,k=0

We consider the modular differential equation ¢ D?z + ¢ Dx + ¢ox = 0. Since
x € My, we must have ¢, D*x € My = ¢ € My = ¢o(7) = a,

0 Dx e My = ¢1 € My = ¢1(1) =0,

poxr € My = ¢og € My = ¢o(7) = —bE4(7). Thus the equation becomes
(D?* = XEy(7))z() =0, A=2L

vii
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1.6.2 Solution and connection to physics

Since this is a linear homogeneous equation of order 2, the solution space has
dimension 2.

(D* = AE4(7))a(7) = 0. (1)
The corresponding Frobenius solutions are

zo(T) = ¢"° Z aN,OqNu z1(7) = ¢" Z aN,qu- (2)

N>0 N>0

More generally, we write

2(r)=q" ) ang". (3)

N>0

Then
D%z = Z(r + N)?ang ™71,

N>0

and the term involving Fj is

m=

N
—)\E4(T)l'(7') =—A Z ( eg)aNm> QHN,
0

N>0

where

Ey(r) =) edq™,  Eur)=)_ elqm

m>0 m2>0

Identifying the coefficients of ¢"* gives, for all N > 0,

N N

1
(r+N)%ay — 626@(7‘%—]\7—m)aN_m—/\Zegi)aN_m =0. 4

m=0 m=0

viii
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For N = 0, the relation (4) gives:

Hence, the two roots r and r; satisfy

1
TOTIZ_)\v To—{—’l“lzg.

For N = 1 we obtains

1
(6 - )\) a; + (4’/“ — 240/\)&0 =0.

In particular,

(
(

— )\) Qo,1 + (47"0 — 240)\)@0,0 = O,

D=

— )\) CL171 + (4T1 — 240)\)@1,0 =0.

[N

For agy = 1, set

N
N = —120 = ——.
To — To 120
After simplification, we obtain
N? + 22N + (N — 50)ag, = 0. (5)

Connection with physics

In the equation

(D? — \E})x = 0,

iX
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the variable z(7) represents a physical quantity, and the coefficients a; ; of its
Frobenius series count the particles in the system.

If we set
c

Toz—ﬂa

c € Q (central charge),

then
5¢ = —120ry = N.

Since ap; is an integer, Gauss theorem on polynomials with integer coefficients

implies that N must also be an integer. Using (5)

N?% 4+ 22N

T

we see that N < 50 in order for ag; to remain positive and integral. Therefore,

c < 10, 5¢ € N.

Using equation (4) up to order O(¢'?), we obtain

_ 2 19 26 39
C—{g, 17 27 3747 E767 77 ?78}

These solutions correspond to Rational Conformal Field Theories (RCFTs). If

a physical system is modularly invariant (e.g. the phase space of transitions of

the states of water), its study amounts to analyzing a system defined on the torus.

Since the torus is two-dimensional, the set C' above constitutes the spectrum of an

RCFT.
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