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Introduction Motivation and Background

Motivation and Background

@ Black holes even though classically are the simplest objects to
describe, become the most complex paradoxical systems when
quantum processes are considered in their vicinity. This gives rise to
the famous “Hawking Radiation”. The essential criterion which must
be satisfied for Hawking radiation to occur are (see [1]) :-

1. Presence of a null hypersurface
2. Non-uniqueness of quantum ground state in the presence of a
non-trivial background metric.

o | -
[
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Research Question
Research Question

@ The research question we have set out to answer is :-
“Is unitarity preserved in the quantum evolution of a state in
the presence of a non-trivial background metric?”
Following [5], we define unitarity in any scattering theory to be a
principle of a quantum system which has two completely different
connotations :-
1. Conservation of Probability.
2. Evolution of a pure state to a pure state.
The main subject of this work is to study the net outgoing radiation
from an infinitesimally thin shell which is collapsing and would
ultimately result in the formation of a black hole.
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Model and the Action
Model and the Action

Semi Classical

@ The model we will be studying comprises an infinitesimally thin
collapsing shell, with background metric g;,,,, which will be
neutral in one case and charged in the other, and a massless scalar
field ® whose dynamics we are interested in. The massless scalar field
is assumed to couple to the gravitational field (originating from
the presence of a non-trivial background metric), but not directly to
the shell. We also have an observer at 7 who is just there to
register the outgoing flux with a detector and has weak or no
interaction with “shell-metric-scalar” system. Also, the observer
is assumed not to significantly affect the evolution of the system
and similarly for the system vis-a-vis the observer.
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@ The model we will be studying comprises an infinitesimally thin
collapsing shell, with background metric g;,,,, which will be
neutral in one case and charged in the other, and a massless scalar
field ® whose dynamics we are interested in. The massless scalar field
is assumed to couple to the gravitational field (originating from
the presence of a non-trivial background metric), but not directly to
the shell. We also have an observer at 7 who is just there to
register the outgoing flux with a detector and has weak or no
interaction with “shell-metric-scalar” system. Also, the observer
is assumed not to significantly affect the evolution of the system
and similarly for the system vis-a-vis the observer.

@ The action for the whole system is then given by [3] :-

R 1

4 2 3

Stot:/d X\ —& [_ZL677+2(6“¢) —o [ d*&V/=7 + Sobs (1)
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S
The Wheeler-deWitt Equation

Functional Schrodinger Mechanism

@ The Wheeler-deWitt equation for the closed universe to which the
above system belongs to is given by [2] :-

Htotwtot =0 (2)
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S
The Wheeler-deWitt Equation

Functional Schrodinger Mechanism

@ The Wheeler-deWitt equation for the closed universe to which the
above system belongs to is given by [2] :-

Htotwtot =0 (2)

@ We can argue that the observer will have his own evolution
independent of the dynamics of the system. Thus,
oWk

Ho swk — obs
bs ¥ obs Iatobs (3)
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S
The Wheeler-deWitt Equation

Functional Schrodinger Mechanism

@ The Wheeler-deWitt equation for the closed universe to which the
above system belongs to is given by [2] :-

Htotwtot =0 (2)

@ We can argue that the observer will have his own evolution
independent of the dynamics of the system. Thus,

Ok
Ho S\U obs
bsWobs = I Otope (3)
@ Then eq"(2) reduces to :-
8\|lk
HeysWE = i—2 4
yS Y sys T 8tobs ( )
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SINEIP SIS Asymptotic Observer

Exterior-Schwarzschild

@ The metric is divided into three parts :-

R R\ *
ds2, = — (1 — ) dt® + (1 — ) dr® 4 r?dQ3 (for r > R(t))

R R
(5)
dsz, = —dT? + dr® + r?dQ3 (for r < R(t)) (6)
ds2, ey = —dT% 4 r?dQ3 (for r = R(t)) (as r is constant)  (7)
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Schwarzschild Shell Asymptotic Observer

@ The action for the shell is :-

R? 1-B
Sshell = —47ra/dt R? H — 27TO'R\/B_—BRt2 (8)
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Schwarzschild Shell Asymptotic Observer

@ The action for the shell is :-
\/B—Ri—z R,/B—ﬂR2
B mTo B t

@ The Hamiltonian and The Conjugate Momenta are :-

Sshell = —47T0'/dt R?

OLspelr - Ao R?R;

Mo — 1 27roR(1 — B)
shell — 8Rt - \/E

VBZ-R? /BZ-(1-B)R?

(9)
1 2o R
\/82 — R? \/32 Rz] (10)

Hshell = 4roB3/2R? [

Arpit Das (13MS118) (lISER Kolkata) Aspects of Unitarity in Black Hole physics Semester Presentation, 2017 8 /18



Schwarzschild Shell Asymptotic Observer

@ We define the “incipient” limit as the limit where the black hole
formation starts, i.e., in the limit R(t) — Rs. Let us present, Hspels
and Mgy in this limit.

47B3/2R?

M . 47T},LR2Rt
shell — m

where, = o(1 —270Rs). So, we have :-

(11)

Hshen =

(12)

Honet = [(BMshen)? + B(4muR?)?Y? = [p? + m?]H/? (13)

Eq"(13) shows that Hgpey is the Hamiltonian of a relativistic particle
with a position dependent mass.
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SINEIP SIS Asymptotic Observer

@ We define the “incipient” limit as the limit where the black hole
formation starts, i.e., in the limit R(t) — Rs. Let us present, Hspels
and Mgy in this limit.

47B3/2R?

M o 47T},LR2Rt
shell — m

where, 1 :=0(1 —270Rs). So, we have :-

(11)

Hshen =

(12)

Honet = [(BMshen)? + B(4muR?)?Y? = [p? + m?]H/? (13)

Eq"(13) shows that Hgpey is the Hamiltonian of a relativistic particle
with a position dependent mass.

@ We also obtain :-

Re = Rs + (Ry — Rs)e t/Rs (14)
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Schwarzschild Shell Asymptotic Observer

@ We have the action for ® as :-
S = / d*x 12 sin(0)[g% ()2 + g1 (b1)?] (15)
which in the incipient limit becomes :-
1 (R 2 2 > ) Rs 2
Sp =21 [ dt |—= dr re(0:®)” + dri|l——1(0,9)
B 0 Rs r
(16)

Now, due to the separability property of the ® equations of motion,
we see that the following mode expansion of ®(r, t) generally holds :-

O(r,t) =Y ar(t)fi(r) (17)
k
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Schwarzschild Shell Asymptotic Observer

@ Now let us setup S¢ in terms of the modes ax, as R — Rs :-
1 day da,s 1
= —**A ) — — B / / ]_
So /dt kgk/ [ 2B ot K gp + 53k By. ak} (18)

with the following definitions for A,,/ and B, -,

Rs
Ay = 477/ dr rPfi(r)f(r) (19)
0

B, =4 / dr r? (1 - ’j) £ (r)f(r) (20)
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Schwarzschild Shell Asymptotic Observer

@ Now, let us define the momentas, 7, conjugate to the modes, a, by :-

0Ly . O
Tk aiak = —Iaiak (21)
Then, £ and Hy :-
1
Lo=—5(a7A4) + ;(a”Ba) (22)
B 1
Ho = (N n AN+ +5(a a'Ba) (23)
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Schwarzschild Shell Asymptotic Observer

@ Now, let us define the momentas, 7, conjugate to the modes, a, by :-

_ 8£¢ .0
Then, £ and Hy :-
1
Lo=—5(a7A4) + ;(a”Ba) (22)
B 1
Ho = (N n AN+ +5(a a'Ba) (23)

@ Thus, we get (for a single eigenbasis, b) :-

R\ 1 02 1_, _OY(b,t)
{— <1_R> 2048[324_25[)}1’&([9’ t)—’T (24)
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Schwarzschild Shell Asymptotic Observer

@ Let us define :-
t
Rs
= dat (1 - —= 2
0= [ (1-%) (25)

0
:E_B (26)

where, 1 is a new time parameter introduced to simplify calculations.
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Schwarzschild Shell Asymptotic Observer

@ Let us define :-
t
Rs
= dat (1 - —= 2
0= [ (1-%) (25)

= — =8B (26)

where, 1 is a new time parameter introduced to simplify calculations.
e With this :-

19 8, ~.0Y(b,m)
Define :-
2
) = (i) e (28)
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Schwarzschild Shell Asymptotic Observer

@ Let us define :-
t
Rs
= dat (1 - —= 2
0= [ (1-%) (25)

= — =B (26)

where, 1 is a new time parameter introduced to simplify calculations.
e With this :-

19 8, (b, n)

[_2aabz + ﬁb ] ¥(b,n) = o (27)
Define :-
1 2
o= (2) 5 =2 (28)
@ Then, eq"(24) becomes :-

16 1 .Op(b,

o gt wibon) = 22 (o
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Schwarzschild Shell Asymptotic Observer

@ The solution to eq"(29) is [4] :-

1/4 .
W(b,n) = X [:CQ} exp {/ (CW + ’) 0‘2[’2] (30)
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Schwarzschild Shell Asymptotic Observer

@ The solution to eq"(29) is [4] :-

1/4 ,
on - 2] "ol () F] oo

@ Where, ( is the solution of the following differential equation,

gm] + wz(ﬁ)C = <13 (31)

with the following initial conditions :-
¢(0) =
Cn(o) =

oﬁ‘
gl =
o

and, x(n) is given by :-

) =3 [ (34)
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Schwarzschild Shell Asymptotic Observer

@ Now, expanding (b, t) in SHO bases we have :-
d}(b7 t) = Z Cn(t)¢n(b) (35)

Calculating the c,’s we obtain :-

(_1)n/2 ix 2 2 n/2 (n—l)!!
o | BT o wenn
0, for odd n

Where'P::l_Q%<%"+<%>.
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@ Now, expanding (b, t) in SHO bases we have :-

d}(b7 t) = Z Cn(t)¢n(b) (35)

Calculating the c,’s we obtain :-

(=1)/2eix n/2 (n—1)!!
¢ = @ \f (L=3)"" ¥, for evenn (36)
0, for odd n

— i (¢ i
where, P:=1— o (T" + é)
@ The density matrices are :-

Z/mnWm (Ynl Zcmn\% (énl (37)
= Tr(p;) =1 (38)

= Tr(pr) = =1 (39)

mf@lPl \/1 _2p

P
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Schwarzschild Shell Asymptotic Observer

@ In the Schrodinger picture :-

PP, S= Ve -e¥e] =0 (40)
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SINEIP SIS Asymptotic Observer

@ In the Schrodinger picture :-
S > o =
SP= Pl J= oV - oV =0 (40)

o Let t,ps = t, then we have :-

OP _ ol o _ jolur?
ot on Ot on

For R — Rs, V,J* =0 (as, B—0) (41)

Vb = (from eq"(3.52))
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Schwarzschild Shell Asymptotic Observer

@ In the Schrodinger picture :-
S > o =
SP= Pl J= oV - oV =0 (40)

o Let t,ps = t, then we have :-

OP _ ol o _ jolur?
ot on Ot on

For R — Rs, V,J* =0 (as, B—0) (41)

v, =

(from eq"(3.52))

o Let typs = 7, then we have :-

O[> _ o] an
"= = = 42
Vil or on ot (42)
For R — R, 3 = R;|g_,g, (as, B — 0). Thus,
A|yp?
VMJ“:TURT|R—>RSZO (43)
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(=852
Next Steps

o Numerical simulations to show that Tr(p2) = 1 in all the cases.
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o Numerical simulations to show that Tr(p2) = 1 in all the cases.
@ Going beyond the semi-classical regime by quantizing the whole
system (® + shell) and also including the effects of back-reaction.
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o Numerical simulations to show that Tr(p2) = 1 in all the cases.

@ Going beyond the semi-classical regime by quantizing the whole
system (® + shell) and also including the effects of back-reaction.

@ Generalizations to arbitrary spherically symmetric collapsing models.

@ Entropy measurements in these settings and comparing them to
results obtained from String theory and other theories, atleast in the
extremal cases.
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@ Entropy measurements in these settings and comparing them to
results obtained from String theory and other theories, atleast in the
extremal cases.

@ Looking into the non-local and non-singular behaviour of these
models.
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classical thermodynamics and black hole thermodynamics.
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Next Steps

o Numerical simulations to show that Tr(p2) = 1 in all the cases.

@ Going beyond the semi-classical regime by quantizing the whole
system (® + shell) and also including the effects of back-reaction.

@ Generalizations to arbitrary spherically symmetric collapsing models.

@ Entropy measurements in these settings and comparing them to
results obtained from String theory and other theories, atleast in the
extremal cases.

@ Looking into the non-local and non-singular behaviour of these
models.

@ Using above models to try and find more correspondence between
classical thermodynamics and black hole thermodynamics.

@ Using above models to try and resolve questions regarding first
quantization i.e. how to move from a symplectic manifold to a
Hilbert space representation? Also, does ordering implies unitarity in
a quantum system?
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