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Abstract

In this project we have studied how to define temperature in general relativity by which we mean, how to
define temperature of black holes using the concept of surface gravity of black holes and associating it with the
Hawking Temperature. Then we went on to study the Raychaudhuri Equation and Zeroth Law of Black Hole
Mechanics. Finally, we computed surface gravities for some already known stationary black hole solutions and
ultimately moved onto the realm of higher dimensional (d > 4) black holes and stationary black ring solutions
(some of them) and computed their temperatures too.
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Chapter 1

Notion of Manifold

We begin by presenting in this and few of the subsequent chapters; some mathematical tools of Differential
Geometry needed for the understanding of the concept of surface gravity and related concepts often associated
with black hole physics.

1.1 Manifold

Before rigorously defining a manifold, we would like to state that a manifold of dimension n is intuitively an
entity which is locally Euclidean or in other words, whose certain class of subsets (locally observing the mani-
fold) are in one-to-one correspondence with open subsets of R™.

Definition 1.1.1. A set ) # M is said to be a n-dimensional C*° — real mani fold along with a collection of
subsets {Oq taer (I —index set), if it satisfies the following property :-

i) M = Ugqer O,.

il) V ael 3 a bijection o : Oq — Uy Copen R

iii) Let O, and Og be two subsets of M such that O, N Og # 0. Now, consider the map;

Ppothyt 1 1ha (00 NOg) — ¥3(04 N Og) where 1,(0, N O0g) C U, CR™ and 13(0n NOg) C Us C R™. In the
above consideration we demand the map defined to be of the class of C*° and both the domain and range of
the map to be open of R".

Remark. The 1, are called as coordinate chart or coordinate system of the manifold.
{%a tacr is an atlas.
Note. Demanding V ael, 1, to be homeomorphisms we can define a topology on M.

Remark. From here on the word manifold would mean a C*°— real manifold.
Also wherever the word smooth map would be used it would mean the map belongs to class of C*° maps.
Further, Finstein summation convention is assumed and calculations are done in natural units.

1.1.1 Product Manifold

Definition 1.1.2. Let M and M’ be two n,n -dimensional manifolds with atlases as {{q }aer and {1%}561/.
Now, M ® M’ consists of points (p,p/) where peM and pleM/. Further, ¥ : On = Uy Copen N and
1//5 105 = U's Copen R . We define M @ M’ to be the product manifold with atlas {Vaptacr, e Where,

Yag 1 Oap = Usp and, Oug = On ® 0'5; also, Upg = Us ® U/ﬁ Copen ?R”*”/ as:-
Yap(:p) = (Ya(p), ¥ 5(p))-

Remark. M ® M’ with above defined atlas can be checked to be a manifold indeed.

This particular way of construction of manifolds given a number of manifolds is particularly useful in physics
as we will see in the following sections where we would see that event horizons of black ring solutions are of
S ® S? topology.

1.1.2 Differentiability on Manifold

Definition 1.1.3. Let M and M be two manifolds as defined in the preceding section. Let f: M — M’ be a
map. It is said to be dif ferentiable iff the map ¢ 5o fo Y1 is differentiable.
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1.2 Tangent Plane

Before going into the concept of tangent plane, we would like to introduce the concept of tangent vectors by
using the notion of differentiability on manifolds we presented in the preceding section. We start by stating a
theorem of multivariable calculus.

Theorem 1.2.1. In R"™ 3 a one-to-one correspondence between vectors and directional derivatives. In other

words, a vector v = (vi,v% ... ,v™) defines a directional derivative operator vk 2 (where xt’s are the

oxh
Cartesian coordinates of R"™) and vice-versa.

Now, directional derivative operator are linear and obey the Leibnitz rule when acting on functions. Moti-
vated by this we define a tangent vector on a manifold.

Definition 1.2.1. Let M be a n-dimensional manifold and peM. Let F = {f|f : M — R is smooth}. Define
a map, v : F — R such that it satisfied the following properties:-
i) Linearity - v(af + Bg) = av(f) + Bv(g) V «, BeR; f, geF.
ii) Leibnitz rule - v(fg) = fu(g) + gv(f) V f, geF
where, v(f) = v(f(p)). Then, v is said to be a tangent vector at the point p.
This definition leads us to the following lemma.

Lemma 1.2.2. Let M be a n-dimensional manifold and peM. Let F = {f|f : M — R is smooth}. Let heF.
Now, let h(p) = ¢(const). Then, v(h) = 0.

Proof. Since h(p) = ¢, h(h(p)) = h(c) = ch = h?. So, v(h?) = v(ch) = cv(h).

Alternatively consider, v(h?) = hv(h) + hv(h) = 2cv(h). This gives 2cv(h) = cv(h).

Hence, we obtain the result, v(h) = 0. Proved.

Definition 1.2.2. Let V), = {v|v is a tangent vector at p}. Then, V,, is called the tangent plane at p.

Note. V, is a vector space over the field #& under :-
i) Addition - (vy +v2)(f) = vi(f) + v2(f) V v1,v2€V}; feF.
ii) Scalar Multiplication - (av)(f) = av(f) ¥ veVp; aeR; feF.

V), can be indeed shown to be an inner-product space.

Another useful property of V}, is the content of the following theorem.
Theorem 1.2.3. dim(V,) =n.

Proof. We prove the theorem by constructing n linearly independent tangent vectors that span V.

Let v : O — U be a chart with peO and let feF. Now since both f and ¥~ are smooth so fop~™ : U — R is
smooth. ¥ pu=1,2,------ ,n define; X, :F — N as :-

Xu(f) = ‘%(f 01&_1)\%,)-

Consider the set {X,}. Clearly, the set consists of linearly independent tangent vectors as partial derivative in
linear and follows Leibnitz rule.

To prove that this set spans V,, consider Taylor’s theorem in R™. It states :-

“If F:R" = R is smooth, then for each aeR™ 3 smooth functions H,, such that ¥ zeR™, we have; —
F(z) = F(a) + (2 — a") H, ().

Furthermore,

Hu(@) = |57 |,y 7

Now in the above result letting F = f o~! and a = ¥(p), we have V qeO :-

fla) = f(p) + (2" o ¥(q) — 2" o Yp(p)) H.(1(q)) (1.1)
Let veV,, act on f. Then from Eq" 1.1 we get using Leibnitz rule;
v(f) = v(f(p) + (=" o ¥(q) — & 0 (p))l,—p, v(Hpu 0 ¥) + [(Hy 0 ¥)|, v(zt 0 ¢h(q) — z 0 Y(p)).
Since, by Lemma 1.2.2, we have v(f(p)) =0, we get :-

v(f) = (Hu o ¢p(p))v(zHy).
Now, by using the form of H,, in Taylor’s theorem we see, H, (1 (p)) = X, (f).
Thus, ¥ feF we have :-

o(f) = " X, (f) (1.2)

v=ov"X, (1.3)
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where,
v = v(z" o)) (1.4)

So, the set constructed indeed spans Vy,. Hence, dim(V,) =n. Proved.

The basis constructed above is known as the coordinate basis. Coordinate chart ¢ gave rise to basis {X,,}

while choosing a different coordinate chart ¢ would give rise to new basis {X /l,}. By using chain rule one
obtains :-

oxr?

where, ¥ denotes the v component of the map " o ¢~ 1.
Thus, by using Eq"s 1.3 and 1.5 we see that :-

’

v = aaa;u Ol (1.6)

Above is the vector transformation law.

1.2.1 Tangent to a Curve on a Manifold

Lets define a curve on a manifold first.

Definition 1.2.3. A smooth curve C on a manifold is a smooth map C': Z — M, where; Z is an open interval
of K.

Now let us introduce the concept of tangent vector to a curve.

Definition 1.2.4. Let ¢ : O — U be a chart and peC and O is a nbd of p. The tangent vector at p is defined
as :-
T : F — R by :-

d 0 dx*  dz*

= S (foC) = 5 (fou™) T = X)) (17)

(/) -

where A is a parameter for the curve and \eZ.

So, components of tangent vector to the curve are :-

_dz*

TH = — 1.
Y (1.8)

1.2.2 Affine Parametrization of a Curve

Definition 1.2.5. A curve C on a manifold M is said to be affinely parametrized by affine paramete \ if the
norm of its tangent vector at every point on the curve is independent of the parameter i.e.;
_dxt

T = o= const (1.9)

1.2.3 Tangent Vector Field

In all the above discussions we have focused on a fixed point peM and defined the tangent plane V), at that
point. Similarly, we can consider another point on the manifold p # qe M and can in a similar fashion define its
respective tangent plane V,. Now, V,, should be identified with V; in order to find the rate of change of a vector
along a curve. But there is no immediate identification of V,, with V,. In R" this identification is trivial. We
will consider this general identification in following sections while discussing the concept of parallel transport in
which the identification is unique upto a given curve.

Definition 1.2.6. A tangent vector field v on a manifold M is an assignment of a tangent vector, v ,eV,, at
each point pelM.

Despite the fact that V), is different from V; 3 a natural notion of v varying smoothly from point to point
on M. If feF is smooth on M then v(f),, is a number i.e. v(f) is a function on M. The tangent field v is said
to be smooth if for each smooth function f on M, the function v(f) is also smooth.

Since, the coordinate basis fields X,, are smooth, it follows that a vector field v is smooth iff its coordinates
basis components, v*, are smooth functions.
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Commutator of Vector Fields

Let v, w be smooth vector fields on a manifold M and feF. Their commutator is defined as :-

[v, w](f) = (vow)(f) = (wev)(f) (1.10)

Now we present a useful lemma regarding commutator of vector fields.

Lemma 1.2.4. If v,w are smooth vector fields occurring in coordinate bases then their commutator vanishes.

Proof. Given; v= X, and w = X,. Now, explicit calculation shows;
v(w(f)) = Xu(Xu(f))

0
= X[L (ax,,(foqz[}l))
32

= OxhdzY

(fov™)

w(v(f)) = Xu(Xu(f))

=X, (aiﬂowl))

_ -1
- (933”833“(fo¢ )

This shows from Eq™ 1.9;

[v,w](f) =0 Proved.

1.3 Metric Tensor

1.3.1 Linear Functionals and Dual Spaces
We start this section by introducing the notions of linear functional and Dual Space.

Definition 1.3.1. Let V be a finite dimensional vector space over the field 8. Let T : V — R be a linear map.
Then T is called a linear functional.

Definition 1.3.2. Let V* = {T|T : V — R}. Then, this set of all linear functionals on V is termed as the
Dual Space of V.

Note. One check that V* is indeed a vector space. Elements of V* are called dual vectors.
If {v,} is a basis of V' then we can define {v**eV*} by :-

v (v,) = &, (1.11)

where 6#, is the Kronecker Delta.

Indeed {v*#} is a basis of V*, called the dual basis to the basis {v,} of V. In particular, dim(V*) = dim(V).
The correspondence v, <+ v** gives rise to an isomorphism between V and V*, but this isomorphism depends
on the choice of basis {v,}.

We now can apply the above construction starting with the vector space V*, thereby obtaining the double
dual vector space to V, denoted V**. A vector v**eV**, is a linear map from v** : V* — R. However, V** is
naturally isomorphic to the original vector space V. To each vector velV we can associate the map in V** whose
value on the vector w*eV* is just w*(v). In this way, we obtain a 1 — 1 linear map of V' into V** which must
be onto since dimV = dimV**. Thus, taking the double dual gives nothing new; we can naturally identify V**
with the original vector space V. With this we are ready to define tensors in the next section.
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1.3.2 Tensors

Definition 1.3.3. Let V be a finite dimensional vector space and let V* denote its dual vector space. A tensor,
T, of type (k,l) over V is a multilinear map;

T:V*QV ®------ RQV*Q3VVe--- - QV —- R
where V* occurs k times and V occurs [ times.
Note. Let T(k,)) ={T|T:V*@V*®@ - V*VeaVe: .- ® V — R}. With usual rules for addition

and scalar multiplication for maps one can show 7 (k,[) has the structure of a vector space.

Remark. Since there are n**! independent ways of filling the slots of a tensor of type (k,l) with such basis
vectors (where n = dimV = dimV*); dim(T (k1)) = nk*i.

Operations on Tensors

We describe two useful operations on tensors.

Contraction

Definition 1.3.4. Let TeT (k,1). The contraction of T w.r.t i** (dual vector) and j*" (vector) slots is a map
C:T(k,)— T(k—1,1—1) defined as :-

CT=T(- RS Cee gy ) (1.12)

where {v,} is a basis for V and {v*?} is its dual basis; and these are inserted in the j* and the i** slots
respectively.

Outer Product

Given a tensor T'ek(k,!) of type and another tensor T/eT(k/, l/) we can construct a new tensor of type
(k+k ,1+1) called the outer product of T and T" and denoted T®;T by the following simple rule. Given (k+k )

dual vectors {v**** } and (I +1') vectors {w; .}, we define T' ®y, T' acting on these vectors to be the product

!’
1 2 k. k+1 k+2 k+k .
of T(U* JUR2 LUy, we, e ’wl) and T(’U* + v + g ,v* + SWILT, W, e ’wl+l’)'

Thus, one way of constructing tensors is to take outer products of vectors and dual vectors. A tensor which can
be expressed as such an outer product is called simple. If {v, } is a basis of V and {v**} is its dual basis, then
n**1 simple tensors {v,, ®k vy, @ -+ Ok Vpy Ok UV Qp v*2 Qp -+ - - - v*"} yields a basis of T (k,1). Thus,
every tensor Tek(k,l) can be expressed as a sum of simple tensors in this collection as :-

...... * * *
T = TH1k2 Mkuwz ______ Uy Ok Vpy Qprvveee Ok Uy, R V™ Qp U™ Qp v L (1.13)

The basis expansion coefficients TH1#2"#+ ..., are called the components of the tensor 7T'. In terms of
component;

Contraction — (CT)FtH27 HE=1 = k2o =L ey (1.14)

’ !
_ _ QMip2 Koyt _ PR © Pt 1 b2 Mooy
Outer Product — S=T®;, T =S Btk ey, = THY Be gy L Rk g

(1.15)

The above discussion applies to an arbitrary finite dimensional vector space V. Let us now consider the
case where V' = V. In this case, V*, is commonly called the cotangent space and vectors in V*, are called
cotangent vectors. We also commonly refer to vectors in V, as contravariant vectors and vectors in V*, as
covariant vectors as they transform like the basis vectors (hence the name covariant) while the former like the
dual basis vectors. Basis of Vj, is {32} and basis of V*}, is denoted by {dz"} (as these are just differentials
transforming like contravariant vectors). Furthermore;

drt <6iu) =", (1.16)

’ / ’ / !’ /
o ’ Mo Moo Mok V1 v2 vy
, o / ox ox Ox 8x/ (‘h/ 8x/ papzn U (1.17)
vy e v OoxH1  QxH2 OxHk p'vi1 /v 2 x'vi 12 !

Eq™ 1.17 is the tensor transformation law.
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Definition 1.3.5. An assignment of a tensor over V,, for each point p in the manifold M is called a tensor field.

A tensor TeT (k,l) is said to be smooth if for all smooth covariant vectors fields w!,w? -+ ,wk and

smooth contravariant vector fields vy, vo, -+ --- Jop; T(wh w?, e S W v, vg, e ,v7) is a smooth function.

is a smooth function.

1.3.3 Metric

Intuitively, a metric is supposed to tell us the ”infinitesimal squared distance” associated with an infinitesimal
displacement. The intuitive notion of an infinitesimal displacement is precisely captured by the concept of a
tangent vector. Thus, since infinitesimal squared distance should be quadratic in the displacement, a metric, g,
should be a linear map from ¢ : V, ® V, = R i.e. a tensor of type (0,2). Further, the metric should satisfy the
following properties :-

i) Symmetry - V v, v2€V, we have g(v1,v2) = g(ve, v1).

ii) Non-degenrate - If V veV), and given v1€V), g(v,v1) = 0 then v; = 0.

Thus, a metric, g, on a manifold M is a symmetric, nondegenerate tensor field of type (0,2).
In coordinate basis, g can be expanded in terms of its components g, as :-

9 = guvdz" @ dz” (1.18)

This is often written as :-
ds® = g, dxtdz” (1.19)

Given a metric g, we always can find an orthonormal basis {v,} of V}, (by Grahm-Schmidt orthogonalization),
i.e., a basis such that; g(v,,v,) =0 if p # v and g(v,,v,) = £1.

Now, g is the matrix inverse of g, .
With this we can define the inner product between two vectors u, v as :-

ufv, = g utv” (1.20)

Signature of Metric

If g(vy, v,) = 1 then metric is said to be positive — de finite and is called Riemannian while if g(v,,v,) = —1
the metric is a spacetime metric and is called Lorentzian.

1.3.4 Symmetric and Antisymmetric Tensors

For a tensor Ty, gy, ., Of type (0,1) we have :-
1
T(a17a27 ----- ,ap) — n ZTaw(l))aw(2)7"'7"'3a7r(l) (1'21)
1
T[ahaz, """ ar] = n Z Or (1)@ (2)5" 5 " 5@ (1) (1'22)
s
where the sum is taken over all permutations, 7, of 1,2,----,l and §, = +1 for even permutations and 6, = —1

for odd permutations.




Chapter 2

Curvature

Intuitively, we seek to understand the notion of curvature. They are of types; extrinsic curvature and intrin-
sic curvature. The former determines how curved a manifold is when it is embedded in a higher-dimensional
manifold and w.r.t it. But the notion of intrinsic curvature determines how curved a manifold is intrinsically
without reference to anything external. This is extremely useful as one can observe in the def™ of manifold that
a manifold to start with with all generality is never considered to be the subset of any other set which is aptly
justified for applications to our universe as it is not embedded in any external higher dimensional universe. So,
from here on by curvature we mean only intrinsic curvature.

Now, one interpretation of curvature is linked to the parallel transport of a vector along a closed curve on
a surface. Since, intuitively we know that if the vector returns to its initial direction then the surface is not
curved.

Another interpretation is linked to concept of geodesics to be rigorously defined later in this chapter. A geodesic
is the straightest possible curve on a manifold. If a family of geodesics initially parallel remain parallel through-
out the submanifold spanned by them, then the curvature vanishes, else not.

We will build upon these intuitions in this section. Now, we seek to define a derivative operator V on a
manifold M.

2.1 Derivative Operator

Definition 2.1.1. A derivative operator V also known as covariant derivative on a manifold M is a map
V :T(k,1) = T(k,l + 1) satisfying the following properties :-

i) Linearity - Vo (aT 4 8T ) = a(VoT) + B(VoT )V T, T €T (k,1); o, BeR.

ii) Leibnitz rule - Vo(TT') = TV, T +T VT Y T,T €T (k,1).

ili) Commutativity with Contraction - V,(C,T) = C(V,T) ¥V TeT (k,1) and C is the contraction map.

iv) Consistency with notion of tangent vectors as directional derivatives of scalar fields - V smooth functions
feF and V teV, given peM we have :- t(f) = t*V,f.

v) Torsion free - V,V,f = V)V, f.

Note. Due to cond™ iv) V. f = Va (f) at given peM, where V., is a different derivative operator than V.

Remark. Existence of derivative operator - Take a coordinated basis on M and then one can show that 9, = a%
is indeed a derivative operator satisfying above conditions.

2.1.1 Commutators Revisited

Consider two smooth vector fields v, w and let feF. Now,

[0, w](f) = v(w(f)) —w(v(f))

= vV, (w'Vy(f)) — w*Va(v"Vi(f))  (by cond™ iv))
= V()0 Va(w’) + 0" Vo (Vi f) = Vi(/)wVa(v®) = w Vo (Vs f)
= V(v Va(w®) = Vi(HwVa(v?)  (by cond™ v))

= (V"Vaw® — w*V, ")V (f)
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So,

[v,w]" = v*Vaw® — w*V 0" (2.1)

2.1.2 Christoffel Symbol
Consider,
(Vo = Vo) (fwy) = f(Vawy — Vawy); by note to cond™ iv).

So, given peM we can observe that the map (@a — V.) takes dual vectors at p to tensors of type (0,2) at
p and its action is a type (1,2) tensor. So, Vowy — Vowy = CSw.. Hence,

Vowy = Vowy — Coywe (2.2)
Now let for some feF,

= V() = Vu(f)

Wy
= VaVi(f) = VaVi(f) = CoVe(f)
But, VyVa(f) = VsVa(f) = CiuVe(f)
So, this gives :-
ce, = Ct, (2.3)

Furthermore, for dual vector field w, and vector field t® we have :-

(Vo — Vo) (tPwy) = 0

This gives;
= tb@awb + wb@atb — tbvawb — wbvatb =0
= tb(@a — Va)wb + wb(@a — Va)tb =0
= t°Cwe + wp(Va — Vo )tb = 0
= tCCabcwb + wb(@a — Va)tb =0
= wy[(Va — Vo)t + CL ] =0
So, 3
Vat? = V,t? 4 CP 1 (2.4)
Similarly, it can be shown that by induction :-
Vagve = Vagoe — Cygac — Clogoa (2.5)

Now, if V, = 8, then, C¢, =T¢, where, I'C; is called the Christoffel Symbol. Then,

Vat? = V,t? + TP 1 (2.6)

2.2 Parallel Transport

Let v be a curve parametrized by Aelt on a manifold M with tangent vector ¢ and let peM. A vector w is said
to be parallely transported along + if :-

1"V w® =0
= t*9,w’ —|—tan w® =0
dw* dxz?®
= W =+ ngﬁwp =0 (29)

The meaning of the Parallel Transport equation will be clear in the following examples.

10
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Example 2.2.1. Consider %2 in which consider the flat metric in polar form given as :-
ds?® = dr® + r%de?
Consider the following curve on R? :-

C):—r(\) =1
B(N) = A

where AelR. C(\) describes the unit circle in #2. Now, let us compute the non-vanishing components of the
Affine Connection.

roo_
69 — —T

1
6 _ 10 __
FTQ_FQT‘_;

Now let us compute the tangent vector fields to the curve C'(\).

dr
t'=—=0

dA

de
th=—=1

dA

So, th't, =1

So, given curve C()) is affinely parametrized with affine parameter A. Now, we would like to parallely transport
a vector u along curve C(\). So, let us set up the parallel transport equations for this.

du#
TE 4P =
. +I,t7u 0
du” ,
= K + F99t9u9 =0
du” 0
= i —u =0
. du’ 0 46, r 0 4r. 0
Similarly, N + g t7u" + Tt w” =0
du? ,
Now consider,
d*u” _ dfue 0= d*u” T
d\2 dx T d\?

Solution of the above equation is :-

u"(A) = Acos A + Bsin A
Hence,

u’(\) = Bcos A — Asin A

where A, BeR.

Now consider the given initial conditions for u :-

u"(0) = vg cos

u?(0) = vo sina
where aelR and vgeR is the length of the vector u.

Using this we obtain :-

A = vg cos o

B =vgsina

11
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So, finally;
u”"(\) = vo(cosacos A + sinasin A) = vg cos(a — \)
u?(\) = vg(sina cos A — cosasin \) = vy sin(a — \)

Now consider A = F;

"(5) = (e-3)
u — = VPpSIN =vVgCOS|x — —
2 0 0 2

"(3) (a—3)
u’ (=) =—vgcosa =vpsin (a — —
2 2

Initially the vector u was making « angle with the x—axis. Now, one can clearly see in the above sets of pair
of eq™s that, u makes (o — A) angle with r—axis and r makes A angle with z—axis. So, u makes « angle with

r—axis. So it stays parallel to initial vector all throughout even at A = 7. This justifies the name parallel
transport but this notion will become less trivial in the upcoming examples.

Example 2.2.2. Now consider 2—sphere metric :-
ds? = a?dh* + a® sin” 0d >
where aeR is the radius of the 2—sphere.

Now, consider the following curve on it :-

CN): — 00\ = g
P(A) = A
Clearly, C()) describes the equator. Now, let us compute the tangent vector fields to the curve.

db

t'=—=0
dX
do

tP=—=1
dA

So, th't, = a*(constant)

So, the curve C(\) is affinely parametrized with affine parameter A\. Now, let us compute the non-vanishing
components of the Affine connection.

Fiqb = —sinfcosd

ng) = Fig = cot 0

Now, we would like to parallely transport a vector u along curve C(\). So, let us set up the parallel transport
equations for this.

du*
T tYuf =
P\ +1,07u 0
du’ P
du?
= —=0
dA
Similarty, P 479 1930 1+ 1% 1900 — g
zmzary,a—i— gpl U + pol U =
du®
= —=0
dX
So,
uw(\) = ¢
u¢262

12
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where c¢q, coeR.

Consider the given initial :-

Using this we obtain :-

Hence,

uw’(\) =0
1

So even at A = 27 this holds. So, parallely transporting a vector along the equator doesn’t change anything and
the parallely transported vector remains parallel to the initial vector at all times. Non-triviality is introduced
in the next example.

Example 2.2.3. Here consider exactly the same scenario as before but the curve C()) being redefined as :-

where aeR. This curve clearly describes the latitudes. It can be easily checked like before that this is also
affinely parametrized with affine parameter A.

Now setting up the parallel transport equations we see :-

d 6
%—sinacosmﬂ:O
du®

And, % +cotau® =0

So,

—dng — sin @ =0

e S ozcosad)\ =

d2 4

= d; +cos?au? =0

Sol™; u?(\) = Asin(cos a\) + B cos(cos a))
where A, BeR. Now using the given initial conditions same as before we see :-
uw’(0)=B=0
Hence,
u’(\) = Asin(cos a\)

This gives :-

A
u? = —— cos(cos a))
sin «

Now using another initial condition we get :-

13
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So, we finally obtain :-

u’(\) = sin a(cos a\)

IS
©
—~
=

I

cos(cos a\)
Consider A = 27 :-

u?(21) = sin a(27 cos a)

u®(27) = cos(2m cos @)
So, after parallel transport the initial and final vectors are identical. Now,

ubu, ;= a® sin® 6 cos(2m cos a)
uf;uw- = a?

ufsuy, ;= a®sin®
So, net change in final and initial norm of the given vector is :-

A = a*(1 —sin® ) = a” cos® a

So, from the parallel transport equation it is clear that; given w at peM and curve 7; 3 a unique sol™ of
Eq™ 2.9 throughout the curve. In this way a curve-dependent identification can be made for vectors at peM
and vectors at p # geM i.e., a curve-dependent identification of V}, and V;, though they are still different. This
curve-dependent identification adds a new mathematical structure on M known as a connection.

Now, we state a useful lemma involving parallel transport.

Lemma 2.2.1. Let v be a curve parametrized by AeR on M with tangent vector t. Let u,v be two vectors to
parallely transported along . Then, their inner product is a constant iff a unique derivative operator V, is
chosen such that V,gp. = 0; i.e.,

d
a(guyu“’(ﬂ/) =0 & vagbc =0 (2.10)

Proof.
d
a(gw/u”vu) = tava(g;wu“vy)
= gut®Va(u'v") + t*u vV g
= G (U tV 0" + 0"tV ut) + t%uH 0" Vg

Now the first two terms in the last eq™ vanishes owing to the parallel transport equation as u,v are parallely
transported vectors along . So,

d
a(guuu“v”) = t"u"v"Voguw (2.11)

So, vanishing of the inner product of parallely transported vectors < Vo, = 0.

Selecting such a derivative operator V, for which V,gp. = 0 provides us with a unique derivative operator.
So, we obtain;

%(gwu“v") =0 Proved.

2.2.1 Affine Connection

Let us evaluate Vg, = 0 to obtain the unique derivative operator V, for which the former cond™ holds.

Vagbc = @agbc - Cgbgdc - Cgcgbd =0

NOW7 @agbc = Cgbgdc + Cgcgbd ...... Z)
@bgac = Cgagdc + Cll;icgad ...... ’LZ)
Vegab = C gaa + Cligay -+ iii)

14
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Now, i) + 4i) — 4it) along with symmetric nature of g,; and lower indices of C¢, gives :-

ﬁagbc + @bgac - 6cgab = Cgcgdc + Cgbgdc

1 -~ ~
:>szlbgdc = i(vagbc + ngac - vcgab)

1 -~ -
:>Ccab = 7(Vagbc + vbgac - vcgab)

2
dc 1 de (v = =
=g Ccab - 59 (Vagbc + vbgac - vcgab)
1 . = - -
:C:zjb = §gdt(va9bc + ngac - vcgab)
Hence,
1
ng = §gdc(8agbc + abgac - acgab) (2.12)
1 aga)\ agﬁ)\ agaﬂ
Tl = 59" ~ 2.13
a9 oxP * Oz~ Ox (2.13)

In the above Eq"s; T' is known as the Affine Connection in accordance with the mathematical notion of
connection presented earlier.

2.3 Riemann-Christoffel Curvature Tensor

We will show in this section that the Riemann-Christoffel Curvature Tensor captures the essence of intrinsic
curvature of a manifold M.

Let feF and w be a smooth vector field. Consider,

vavb(fwc) = (vaf)(vbw(') + fvavbwc + (vawc)(vbf) + wcvavbf
vaa(fwc) = (be)(vawc) + fVyVawe + (wac)(vaf) +w ViV f

So,
(vavb - vbva)(fwc) = f(vavb - vbva)wc

So, given peM we can observe that the map (V,V, — V,V,) takes dual vectors at p to tensors of type (0,3) at
p and its action is a type (1,3) tensor.

(VaVy = Vi Va)we = Rape wy (2.14)

Rabcd is the Riemann-Christoffel Curvature Tensor.

Furthermore, for dual vector field w, and vector field ¢® we have :-

(VaVb — vaa)(tcwc) =0

This gives :-
= Vavb(tcwc) — ViV, (tc’wc) =0
= tC(Vawac — vaa’wc) + wc(VaVbtc — vaatc) =0
= t°Rape wq + we(Vo Vit® — VyVat®) = 0
= WeRapd“t? + we (Vo Vipt® — Vi Vat®) = 0
So,

(VaVi — ViV )t¢ = —Rapa“t? (2.15)

15
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Figure 2.1: S is a two dimensional surface. (¢, s) are coordinates of the surface. peS = (0,0). v is a vector which
is parallely transported along the closed loop shown as per the given direction starting from p back to p itself.

2.3.1 Path-dependence of Parallel Transport

Now, consider the following figure :-
We want to compute the change in v® as it is parallely transported by taking its inner product with an
arbitrary dual vector w, and finding the change in this scalar. Let us set :-
61 = variation in the inner product due to At variation along constant s—curve; s = 0.
03 = variation in the inner product due to At variation along constant s—curve; s = As.
02 = variation in the inner product due to As variation along constant t—curve; ¢t = 0.
04 = variation in the inner product due to As variation along constant t—curve; t = At.
T is tangent vector to constant s—curves.
S is tangent vector to constant t—curves.

So, considering midpoint derivatives which is accurate upto 2" order in displacement we get :-

= At |TaVa(vbwb)|
(54,0)

= At ’T“vbvawbhg 0) (since TV 0" = 0)
3t

0
5 = At ’at(v“wa)

(4%,0)

Similarly, we have :-
6 = ATV awy| se 4,
50, 01+ 05 = AtHT%bVﬂwb’(%,O) - ‘Tavbvawb‘(%,m)]
14’I’I,d7 (52 + (54 = As[ ......... ]

Now, Alim0 01 + 02 + 03 + d4 = 0 (correct upto first order in At and As). So, parallel transport is independent
S—r

to first order.

For second order change consider curve t = %. Consider, parallel transport of v® and T*V ,w;, along this curve
from (%, 0) to %, As. Clearly, since parallel transport is independent to first order, parallel transport of v®
won’t contribute to the change, and change due to the parallel transport of 7%V ,w;, equals Asv? SV (T*V qwy).
This gives;
61 + 03 = —AtAsv® SV (TV ywy)
Similarly, 6o + 04 = AsAtvbTCVc(SaVawb)
Hence, §(vPwp) = AtAsv [TV (S°V qwy) — SV (TV qwy)]

Now, since T and S are coordinate basis vectors their derivatives commute and hence we have;

S(vPwy) = AtAsvP[TCS* (V. .V wy) — T*S(VVawy)]
= AtAsv?[TS¢(V VYV ewy) — TSV Vawy)]
= AtAs"T*S[(V, Ve — VeVo)wy)
= AtAsvPT*SC Ry wy (2.16)
Eq™ 2.16 shows that Riemann-Christoffel Curvature Tensor indeed measures the path-dependence of parallel

transport. This shows that the parallel transport notion of curvature is linked to the Riemann-Christoffel
Curvature Tensor.

16
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2.3.2 Properties of Riemann-Christoffel Curvature Tensor

In this section we state some useful properties of Riemann-Christoffel Curvature Tensor without proofs.
Rabcd = _Rbacd
Rabcd + Rbcad + Rcabd =0
Rabcd = Rbadc = Rcdab

Rabcd = _Rabdc

2.4 Geodesics

Before defining geodesics with all the rigor we intuitively present the idea that geodesic is the shortest possible
path or the straightest possible path between two points on the manifold.

Definition 2.4.1. Let v be a curve parametrized by AelR on a manifold M with tangent vector t. ~ is said to
be a geodesic if t is parallely transported along itself, i.e.;

t"Vat® =0 (X is af fine parameter) (2.21)

t"Vat® = at® (X is non — af fine parameter) (2.22)

where, « is arbitrary function on . We will prove the difference between the above two geodesic equations in
the penultimate section of this chapter.

In component form we have assuming A to be the affine parameter :-

t1(Dat® + T2 1) =0
d2zH dx® dxzP
e &2
D2 o N

0 (2.23)

Now we will prove that the curve of shortest distance between two points in a manifold indeed is indeed a
geodesic.

Theorem 2.4.1. Let v be a curve parametrized by \eR on M with tangent vector t and let p,geM . Furthermore,
let v be a geodesic connecting p and q. Then, v is the shortest possible path between p and q lying on M.

Proof. Without loss of generality we assume X is the affine parameter and since length of a curve is parameter-
independent we assume that it has unit-speed parametrization, i.e.; g, t't" = 1.
Now, length between p and q is :-

q
] = / [ t™ "] 2d\ (2.24)

p

From Calculus of Variations we know [ is an extremum iff % ( ol ) — 9L — 0. Now, since 9uv 18 independent

oTH Oxk
of #;
ol , » .
a? = 29aux# = Jor®" + guaxﬂ
ol 09uv ...
e Oz v
d (O _Ogaydatde”  da” | Ogayde”dzt - dat
A \die ) = Bzr dx dx I axe T awy ax ax I Tane

d (.0l al _ . .
Now, I~ ((%Q) — e = 0 gives :-

=0

6gau + 09w . aguu d.%l@_’_ d?z?
9zv | wr 0xe ) dxn dx e

17
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Multiplying above by %g”“b we get :-

}ga(b (ag(x,u + 3gm, 8glu/y> dSCJdIV

2 dzv | Oxr x> ) d\ d\
d?z? o dz¥? dx?

a2 TR T

=

Eq™ 2.25 is nothing but the geodesic equation.
So, indeed 7y is the shortest path connecting p and q lying on M.

2.4.1 Some Examples of Geodesics

Here we present some examples of geodesics.

Example 2.4.1. Here we will consider geodesics in a plane. Consider the polar flat R? metric :-

ds® = dr® + r*do?
Now let us set up the geodesic equation with affine parameter .

d2z? o dzt dx”
+ -
d)\? BYodX dA

d*z" . [ da? 2
:’w@+F%<da) =0

:d%r— Cl—g['ﬁQ—O
oz T\an) T

d2x®
a2t _
d\?
Proved.

d2 0 d 0 dx™ dx”
Similarly, ’ +Fgr< * > * >+I‘:9 <dx)\) (

d\2 )\ dx

:>d2x9+2 dx” die —0
d\? r \ d\ A/

Consider,

dX2  r \dA a\)

420 dr do
. 2,227 — -
Multiply by r=; r d\2 +2r (d)\> <d>\

o) T e
d 5 df
= TQ% = ¢y (constant)
LW
dx 72
d2r do\ >
141307 W T (d) = O
d>r c%
= W - 7"7'7 =0
#r_
T e s

2
Now d <2d9>= 2L9+2

) -0

@t
d\

dr df

Taxdx

) -0

(2.25)

18
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Now consider; unit-speed parametrization of the curve, i.e.; it is parametrized by the arc length ds = d\. Hence;

d\ rd 72
dr c? H
- — 1-— 2L
~ < 7«2)
&r_d
a2 3
_ dr 3\?
So, indeed, oo + (1 - 7ﬂ2>

r
= —————dr = +dX\ (with ¢ < 1r?)
(=)}

= :t(r2fc%)% =X+ X
=12 =c + (A + )2

Now d—a _a____a
AN 12 2+ (A + Ap)?
C1
= di = 5¥———F—=dA\
cf + (A +X)?
= @ = arctan (AiAO) + a (with ael0,2m))
1
So,
r?(A) =cf + (A + Ao)?
6(\) = arctan (A + AO)
C1
So,
tan(f — o) = A+ Ao
a

= r? = csec’ (0 — a)
=t =r?cos’(f — )
= ¢ = %rcos(d — a)

= ¢ = £[rcosfcosa+ rsinfsinal = [z cosa + ysina]
Now since, ¢ < 72, where; r¢[0, 00); so, —r < ¢; < 7 and furthermore, ¢;e(—00,00).
Hence equation of geodesic obtained is :-
rcosa+ysina =p

where peR is a constant. This is indeed the equation of a straight line in parametric form with p as the
perpendicular distance of the line from the origin. Hence, geodesics of a plain are straight lines.

Example 2.4.2. Now we will consider geodesics in a 2—sphere. Consider the 2—sphere metric :-
ds?® = db? + sin” 0d¢?

Now setting up the geodesic equation we see :-

a0 do\?
W—sm@cos@((i/\) =0

d? de do
And, V] + 2cot 6 (d)\) (d)\) =0

19



2.4. GEODESICS

CHAPTER 2. CURVATURE

Now consider,

& (r0%) <o

df dodo | d*¢ _

dOdxdX\ T d\2

d*¢ 1df (db d¢
= d/\2+fd0<d/\) (dA) =0
d*¢ dinf (df do
et s (dA) <d>\> =0
So, let :-
dinf
Z 9
20 cot
= f(0) =sin?0
So, we get :-
d (. 5, do\
P3N <sm 0d)\> =0
dgb C1
= — =
d\  sin?0
d%9 . c? 5 cosd
= Vi s1n0(:osf)sin49 = Clisin?’H

Now consider; unit-speed parametrization of the curve, i.e.; it is parametrized by the arc length ds = d\. Hence;

o\ o (do\?
(dA) =1—sin (d/\)
2 2
—1—sin®f—— =1 1
sin™ 0 sin“ 0

So,

Nl=

By (1 a
dx sin? 6

N d*0  , cosf
27 _ .
X2~ sin®e
1
de 2 \2
So, indeed; — =+ (1 — —2
o, indeed; —~ ( sin20)
sin ¢

7(sin2 o) df = £d
= cosf = (1 — )2 sin(\A + Ao)
Now, sin? =1 —cos?6 =1 — (1 — c2)sin®(\ + o)
= cZsin?(\ + o) + cos? (A + \g)
2!

dX
3 sin?(\ 4+ Ao) + cos2(\ + o)

= do =

1 1
= ¢ = ¢y tanh ' (=1 4 a?)2 tan(\ + o))

where a? = 1 — ¢2, this implies; (—1 + aQ)% = 1cq.

Now,

LT —LT

e’ —e
tanh 1z = — — = = tanx
el + et coST

-1
= tanh™ " tx = tarctanz

(=1 +a?)z

+ ¢o
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Now,

¢ =c tanhfl(bcl tan(\ + )\o)i + &g
¢ — ¢ = arctan(cy tan(A + Ag))
Now taking s = 0 at 0 = § we get; A = 0. So,
cos@(\) = fasin A
tan(p(A) — o) = c1 tan A

Now, to see what these geodesic equations mean define planes containing r—axis in R? as :-

z=my

where meR.

Now, eq™ of sphere is z? + y? + 22 = 1. Intersection of this with the above plains gives great circles con-

taining the z—axis. So,
224y my? =1
.2 2 2N 2 ain? b
= sin“fcos” ¢ + (1 +m~)sin“fsin”“ ¢ =1
= sin?0(cos? ¢ + sin? ¢ + m? sin?) = 1

1
1 2
> =cot

sin?6 — 1

= Z+sing = <

So, +sin¢ = cotd is the equation of great circles including intersection of x—axis with 2—sphere. Now, let

$o =0 (¢ =0 — x — axis; s =0 at equator). So,

cos ) = *asin A

tan ¢ = ¢y tan A

Now,
tan? \
2 2
cos®0 =a*——
1+ tan? X
N 1 , tan?0
=a
1+ tan%0 c? +tan? ¢
cot? 0 9 sin? ¢

= =a
1+ cot? 6 c2(1 — sin? @) + sin” ¢
(1= c)sin? g
A4+ (1-c)sin?¢

1—cf 2
7 sin 10)

= 1—c2 .
1+ = 1gin2 ¢
1

1— 2
= cot?f = fclsinﬂb
1
1—-¢2
= cotﬁzi( 5 L
c
1

3
) sin¢ = msin ¢

So, identifying;

we conclude that geodesics on 2—sphere are indeed parts of a great circle, i.e; arcs.
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2.4.2 Category of geodesics based on Signature of their Tangent Vector

Let v be a curve parametrized by AelR on a manifold M with tangent vector ¢. Furthermore, let v be a geodesic.
Now, if :-

i) t't, < 0, then + is said to be a timelike geodesic.

ii) t#t,, = 0, then v is said to be a nulllike geodesic.

ili) t*¢, > 0, then + is said to be a spacelike geodesic.

2.4.3 First Integral of Geodesic Equation
We state the first integral of the geodesic equation by stating a useful lemma.

Lemma 2.4.2. Let v be a curve affinely parametrized by AelR on a manifold M with tangent vector t. Further-
more, let v be a geodesic. Then,

d
S = 2.2
Proof. Consider,

d
ax (guututy) =1"Vq (gﬁwtuty)

= 1Y 0 G + GtV ot + gt tV o th

In the last eq™ the first term vanishes due to the uniqueness of the derivative operator and the rest two terms
vanish owing to the geodesic equation.
So, we get;

d
a(gwt”t”) =0 Proved.

2.4.4 Geodesic Deviation

Let 75(t) denote a smooth one-parameter family of geodesics, i.e.; for each sefR, the curve s is a geodesic
(parameterized by affine parameter t); and the map (¢,s) — 74(t) is bijective and smooth, and has smooth
inverse. Let 3 denote the two dimensional submanifold spanned by the curves v,(t). We may choose (s,t) as
coordinates of X. Now, let :-

T® is tangent vector to constant s—curves.

X% is tangent vector to constant t—curves.

We also have the following observations since 7%, X are coordinates curves their derivatives commute so (which
will be proved in detail later in geodesic deviation revisited) :-

TV, X" = X°V,T" (2.27)
Also, T*V,T* =0 (2.28)
X® is known as the deviation vector as it measures how far the geodesics are from each other. Now, let us define

velocity vector v® which gives the rate of change along a geodesic of the displacement to an infinitesimally

nearby geodesic.
v =TV, X (2.29)

Similarly, we may interpret :-
a® =TV 0 = TV (T°V,X?) (2.30)

as the relative acceleration of an infinitesimally nearby geodesic in the family. Now,
a® =TV (T°V,X?)
=TV (X°V,T)
= (T°V X" (VyT?) + X°T°V V, T
= (X°V T (VT + X°T°V, V. T — Repg* XPTT?
= (X°V )T VT + XV, (TV.T%) — (XOV,T¢) (Ve T?) — Repg® X0TT?
= —Repa X'TT? (2.31)
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Eq™ 2.31 is known as the geodesic deviation equation.
So, initially parallel geodesics, i.e.; v* = 0 will remain parallel if along ~vs; a* = 0 < Repq® = 0. This shows that
the parallelness of geodesics’ notion of curvature is indeed linked to the Riemann-Christoffel Curvature Tensor.

Thus, the Riemann-Christoffel Curvature Tensor captures the meaning of curvature on a manifold.

2.5 The two versions of Geodesic Equations

Here we will show that for affinely parametrized and non-affinely parametrized curves, the geodesic equations
are given by eq™s 2.21 and 2.22 respectively.

Consider affinely parametrized geodesic with tangent vector field ¢ such that ¢#t, = const. So, now;
IV 5(t% ) = 2tP1*V st = 2t*t°V gt
But since t*t,, is a constant by definition, we have;
PV 5(t%4) = 0
= 2PV sty =0
= Zt(,to‘tﬁvlgta = 0 (multiplying by t.)
= 2const tﬂvfgta =0
So, we finally get from above :-
Vst =0 (2.32)
Now, consider non-affinely parametrized geodesic with parameter T and tangent vector field . So,
PVt ) = 2PtV st = 2t*t°V st

But, t*t, = f(7) where f is a non-zero and non-constant smooth function of 7 by definition. So,

d
= ZtQtQtﬁVBta = tad—f (multiplying by t,)
T
d
= 2f(1)tPVsty = ta%

1 df

= PV gty = ——— =t
pla 2f(r)dr @

So, denoting g(7) = %% which is indeed an arbitrary smooth function of 7 due to arbitrariness of f(7) we
have;

PV sta = g(7T)ta (2.33)
PVt ot (2.34)

2.6 Physical Motivations

In this section we present the physical motivations behind constructing the geodesic equation and parallel
transport equation as they are.

2.6.1 Geodesic Equation

Consider first that the geodesic would be a curve where a vector defined kind of an acceleration vector in a
covariant sense would vanish (this is in analogy to particles moving in straight lines having zero accelerations).
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Now consider timelike curves (particle trajectories). Let it be x*(7). So, tangent vector u* = % would

be velocity.

Now, uf,, equals rate of change of velocity (i.e.; acceleration). Furthermore, u*.,u” equals the projection
of acceleration along timelike direction (since scalar product with a vector is nothing but the component pro-
jection along the vector’s direction).

So, following previous analogies we demand component of acceleration along timelike direction (i.e.; along
particle trajectories) to vanish. So,

ut L u” =0 (2.35)

which is nothing but the geodesic equation.

2.6.2 Parallel Transport Equation

From previous arguments we see that given a curve C'(\) with tangent vector field ¢ and affine parameter \; a
vector u to be parallely transported along C()), consider; u®,s which equals the rate of change of the vector in
a covariant sense.

Furthermore, u®, 5tﬁ equals the rate of change of vector along the curve as it is projected along the tangent vector.

Now, from Euclidean geometry parallel transport of a vector along a curve heuristically speaking “doesn’t
change anything related to the vector”. So, motivated by this we find;

u®pt? =0 (2.36)
which is nothing but the parallel transport equation.

From this it is straightaway clear that since geodesic is a curve whose tangent vector is parallely propagated
along itself, we have;

t*5t7 =0 (2.37)
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Chapter 3

Lie Differentiation

3.1 Lie Derivative

In previous chapter, given a manifold M, we saw Covariant derivative was defined by introducing a rule to
transport a tensor from a point geM to a neighbouring point pe M, at which the derivative was to be evaluated.
This rule involved the introduction of a new structure on the manifold, the connection. In this chapter we de-
fine another type of derivative, more natural one, the Lie derivative without introducing any additional structure.

Now, let v be a curve on a manifold M parametrized by AelR; with u® = % as the tangent vector. Now
let A* be a smooth vector field field defined in the nbd of peM on 7, Now consider another point geM in the
same nbd of p. Furthermore, let coordinates of p be z while ¢ be % = 2% 4 da® = 3% + udA. Now, under
this infinitesimal coordinate transformation; the vector A* becomes;
o 8:1:‘/04
A = AH
ozH
o 8u N - n
oy + 8—(1)\ A" (by transformation eq™)
ou®
= A(X
OxH
So, we get :-
ro «@ a ”w
A (q) = A%(p) + 5 A" (p)dA (3.1)

Now, let us find the value of the original vector A* at ¢; using Taylor’s theorem we see :-

A%(q) = A®(x + do)

AO/
= A%(x) + 881 dxt
So, we get :-
0A%
A%(q) = A%(p) + o utd\ (3.2)
Now let us define lie derivative of A* along - :-
Definition 3.1.1. lie derivative £(A) of A along 7 :-
oy _ A%a) — A" (q)
£a0p) = 04D (33)
_0A%(p) , Ou~

Now, recall;

VA% = 9, A% +T%, A

Multiplying by u" ; = 0, A% = u"'V,A* —T§ ulA” ... i)
Also, V,u® = 0,u™ + Fﬁyu”
Multiplying by A" ; = 0 u* A" = APV u® — Ty u” A" oo i1)
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By symmetry of lower indices of I'f,; i) — ii) gives :-
£, A%(p) = u"'V, A% (p) — A*(p)V uu” (3.5)
So, this shows for feF :-

£uf =T =) (3.6)

Furthermore, recall :-

[v, W]’ = v*Vauw® — w*V 0"

So, [u, A" = ut'V A% — A*V ,u®
Hence, we obtain :-

£,A%(p) = [u, A]*(p) (3.7)

3.2 Lie Transport along a Curve

Let v be a curve on a manifold M parametrized by AeR; with u® = % as the tangent vector. Consider a
coordinate system such that z',z2, 23 — constant on v and only x° = X varies on 7. So,
dx®
u® = —— =g 3.8
= (33)

Now,

Definition 3.2.1. A smooth vector field A is said to be lie transported along ~ if :-
£,A%=0 (3.9)

So, this becomes in the chosen coordinate system :-

@ o % aAa
£y A% = 0,A%6) — 0,65 A" = 500 0 (3.10)
x
Similar result for arbitrary smooth tensor fields. So, if a tensor is lie transported along ~, i.e.; £UT[§‘,:']_ '''' =0
with tangent vector u®; then a coordinate system can be constructed such that «® = §§ and ang'C’g,’” =0.
Conversely, if in a given coordinate system the components of if T, é" :::: in independent of 2° then £ UTBO{‘[, '''''' =0.

3.3 Geodesic Deviation revisited

Consider the following figure :-

Figure 3.1: S is a two dimensional surface. (¢, s) are coordinates of the surface. Constant s—curves are geodesics
e.g.; 70 and v; with s = 0 and s = 1 respectively. Geodesics are described with relations (¢, s), in which
s serves to specify which geodesic and t is an affine parameter along the specified geodesic. The vector field

u® = dzl”—: is tangent to the geodesics, and it satisfies the equation v’ Vgu® =0
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Now,

[

u® = (const. s — curve tangent)

ot

«
& = — (const. t — curve tangent)

0s

So,
ou a0 o
ds  0sdt  Otds Ot

Now, since £,£* = [u,&]* and £eu® = [, u]* and futhermore, since; v and & are tangent vectors to coordinate
curves, their commutator vanishes. This gives :-

L£,6% = [u,&]* = [§,u]* = £eu® =0 (3.12)
So, uPVge® = 7V gu® (3.13)

(3.11)

Eq™ 3.13 is equivalent Fq™ 2.27. This is how we derived it here.

Now,

d
P ea — B @
dt(€ Uq) =1’ V(£ ua)
= uau’V5€" + €% (uPV guy)
= uo (uPV 3E%) (owing to geodesic equation)

= ua (6P Vgu®) (owing to Eq™ 3.13)

1
= §§Bvﬁ(uaua) (by Leibnitz rule)

The last line equals zero as u®u, is a constant since u is tangent to affinely parametrized geodesic . So, we
get :-

d, .o .
(€ ua) =0 (3.14)

Hence, £“u,, is constant along . Since, 3 a gauge freedom in £ owing to the arbitrariness in its direction it can
be picked in such a way that :-

E%ue =0 (3.15)

This does away with the gauge freedom of &.

3.4 Killing Vector Fields

Definition 3.4.1. If in a given coordinate, g,,, is independent of z° then, from previous discussion we observe;
Leguy =0, where; £ = §§. Then, & is known as a killing vector field of the geometry.

Now, from the defining eq™ of lie derivative it can be shown :-
Letto = 'V ua + 1, Vol (3.16)
So, we get from induction :-
£§gaﬁ = guvugaﬁ + gaﬂvﬁfu + guﬁvagﬂ =0
But, V,gapg =0
SO, gauvﬁgu + guﬁvafu =0

So, we obtain what is known as the Killing’s Equation :-

Valg+Vgéa =0 (3.17)
= V[afg] =0 (3.18)

Sol™ of Killing’s Equation gives all the killing vector fields of the geometry.
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3.4.1 Relation to Symmetry and Constants of Motion

Let v be a curve on a manifold M affinely parametrized by AeR; with u® = % as the tangent vector and

furthermore, let £ be a killing vector field of the geometry. Then,
uPVa(ue,) = (WP Vu®)és + uP (uVpEy)

The first term in the above eq™ vanishes owing to the geodesic equation and the second term owing to the fact
that w u® is symmetric and V&, is antisymmetric in the indices. So, we get :-

WPV (uey) =0 (3.19)

So, it is clear from above that u®&, is constant along ~y. In case of timelike geodesics this will be a constant of
motion.

3.4.2 Another First Integral of Geodesic Equation
We state another first integral of the geodesic equation by stating a useful lemma.

Lemma 3.4.1. Let v be a curve affinely parametrized by Ael on a manifold M with tangent vector t. Further-
more, let v be a geodesic. Now, let; & be a killing vector field of the geometry. Then,

d
a(gwgutq -0 (3.20)

Proof. Consider,

d T v
ﬁ(guuf’t )= tava(gzwgut )

= tag'utuvaguu + guugutavaty + guutytavaglt
=tV 0 G + GtV at” + 14V 06,

In the last eq™ the first term vanishes owing to the uniqueness of the derivative operator; the second term vanishes
owing to the geodesic equation and the last term wvanishes since t¥t* is symmetric and V&, is antisymmetric
i its indices owing to the Killing’s Equation.

So, we get;

d
—_— IL v =
) (gu&H't”) =0 Proved.

3.4.3 Killing vector Lemmas
Consider, starting from eq™ 2.14 :-
vavbﬁc = Rabcdé.d + vbvaﬁc

Killing's Equation, V. + V& =0
NOU), Vavbgc + vavcgb =0

From 1% line, Rape®€q + VoVale + VoVl =0 - - - i)
Cyclic Permutation, Ryca®q + VeVipla + VoVale =0 «---- i)
Reab™a+ VaVely + VeVpla =0 - i)

Now, i) + 4i) — i) gives :-
(Rabcd + Rbcad + Rcabd)gd + 2vbva§c =0

1
= vaafc - §(Rcabd - Rbcad - Rabcd)fd
1
- §(Rcabd + Rcabd) (by Eqn 218)
= Rcabd)gd

= vaafc = _Racbdgd (by Eq" 217)
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So, we obtain :-

VaViée = —Rpeaéa (321)
Furthermore;

VaVé® = Repqa” (3.22)

FEq"™s 3.21 and 3.22 are known as the Killing Vector Lemmas.

3.4.4 Maximally Symmetric Spaces

Consider Killing’s Equation; V(4§g = 0. In d dimensional manifold M, J @ pairwise combinations of «, 8

and d same as or s to the Killing’s Fquation giving maximum d(dgl) +d = % sol™s to the Killing’s
Equation. Furthermore, consider; at any point peM; £, (p) if is given, then; V,&, + V£, = 0 can be uniquely
solved to determine linearly independent killing vectors at p.

So, in (&, V.,€,); maximum free indices equals d + @ = @.
pendent killing vectors in d dimensional manifold M.

So, 3 maximum @ linearly inde-

The above argument is just a sketchy explanation not a complete rigorous proof of the discussed fact. Now, let
us define what we mean by Mazimally Symmetric Spaces.

Definition 3.4.2. Let M be a d dimensional manifold. If M admits @ i.e.; maximum linearly independent

killing vectors of the given geometry then M is called a Maximally Symmetric Space.
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Chapter 4

Hypersurfaces

In this chapter we will deal with hypersurfaces and their relations to killing vector fields of the given geometry.

4.1 Normal Vector Fields

Let M be a n dimensional manifold with A/ as a n — 1 submanifold (a hypersurface) with its tangent plane as
n— 1 dimensional subspace of the tangent plane of M. The family of hypersurfaces X is described by coordinate
restriction as :-

D () = keR (description of N) (4.1)
Y ={®(x) = k|keR} (4.2)
The normal vector field of this family of hypersurfaces X is defined as :-

Definition 4.1.1.
od

l, = ~ D (4.3)
= 0D 0 .
— Hv >
So, 1= fg Dl B (for given feF) (4.4)

4.1.1 Category of hypersurfaces based on Signature of their Normal Vector

Let A be a n — 1 dimensional hypersurface of a manifold M with normal vector field I. Now, if :-
i) 11, < 0 at every point peN, then N is said to be a timelike hypersurface.

ii) I#l,, = 0 at every point pe, then N is said to be a nulllike hypersurface.

iii) 1#1, > 0 at every point peN, then N is said to be a spacelike hypersurface.

4.2 Null Hypersurfaces

Definition 4.2.1. Let N be a n — 1 dimensional hypersurface of a manifold M with normal vector field {. If
I#1, = 0 at every point pe, then A is said to be a nulllike hypersurface.

Note. In a nulllike hypersurface the tangent vector fields and the normal vector fields are identical.

Definition 4.2.2. Let x#()\) be null geodesics on a nulllike hypersurface N with X as the affine parameter.
Furthermore, let [* = % be tangent to the geodesics which is also normal to A. Then in this case z#()) are
called null generators of N.

Lemma 4.2.1. The null generators of N are null geodesics.
Proof. First let us consider,

Vaﬁgq) = aaaﬁq) - Fgﬂauq)
Further,Vg0,® = 050,® — I3 ,0,®
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But since partial derivatives commute and T' is symmetric in its lower indices so the above two eq™s are essen-
tially identical. Now consider,

1PVl = —0P DV 50, ®
= -0°dV,05
1 1
= —iva(aﬂcbag@) = —§va(z%)
In the last eq™ since lfng is zero everywhere on N it must be proportional to normal vector field. So,
1
5%(4%) = klqy
Va(=1P15) = 2k, (4.5)
This further shows :-
1PV 51 = KI* (4.6)
which is nothing but the geodesic equation. So, since | is tangent to null generators of N and furthermore,
satisfies the geodesic equation; the null generators of N are indeed the null geodesics. ~ Proved.
Now, we present another proof of the given lemma which produces a useful formula for normal vector fields.

Proof. Consider for some feF,
- 0D 9
— fgtv 2
I=19 ozt dxv
Now, "V, 1" ="'V, (fg* 9,P)
= g OOV o f + 1H fO, BV g% + 1M fgOUV .00
= 1G9 @O, f + 1" fg*'V 40,
= §°"0a ("0, f) + (1"Va0,®) fg"
= U (1Ho,f) + fI*VYO,®
= [T RO f) + F (VT (F )
= 1"1"9,(Inf) + 1"V"1, — 10" fI?

= (I-dlnf)l" + %V”(l“l#) — flovfi?
Now, on N ; = (I-dlnf)l" — 2kl”

So, we get :-
v ol” (4.7)
which is nothing but the geodesic equation. Proved.
Remark. Now, in case of affine parametrization of null geodesics we observe :-
261" = (1- dlnf)I¥
= K= %(l -Qlnf) =1-0Inf (absorbing % in feF)
So, for some feF we obtain the useful relation as :-

k=1-0inf (4.8)

4.2.1 Killing Horizons

Definition 4.2.3. A null hypersurface N is called a killing horizon of killing vector field & if £ is a normal vector
field of \V.

Then, by definition; £ « l = £ = fI for some feF. So, in this case :-

Va(—£P¢5) = 2k¢éa (4.9)
PV ™ = kg™ (4.10)
ke =& -0lnf (4.11)

This proportionality constant ¢ appearing over here is known as the surface gravity of the given killing horizon.
Note. From here on we would denote the surface gravity of the killing horizons just by k.
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Alternative definition of surface gravity

Let AV be a null hypersurface and a killing horizon of the killing vector field £ of the given geometry. Then, £ is
normal to A/. Now, by Frobenius’ theorem (to be proved later) :-

§uViéy =0 (4.12)
So,

1
i[guvugp + gpvugu + fuvpf,u - fpvufu - fuvugp - f,uvpfu] =0
Killing's Equation, V&, + V,&, =0

2
= a[fﬂvVgp + gpvus + §va§u] =0
= vaVgp + fpvugu + guvpgu =0
= gpvugu + fuvufp - EVVMS,) =0
Multiply by V#&¥ .-
E(VHE ) (V&) + (VHE)Eu(Vigp) — (VHEY)E(V0kp) = 0
So,
§(VHEY) (V&) = =(VHE)Eu(VEy) — (VIEM)E,(V4uEp)
= *2(VH£V)£;L(VV€p)
= —2(6,V"EN)(V.Ep)
= _2’%£Vvugp
= 7252@
Finally, we get :-

W =~ [(VA€)(Vu8)ly (113)

Now, we consider some examples where we calculate killing vector fields and killing horizons of some geometries.

Example 4.2.1. Consider ' @ ! -
ds? = —dt* + da?

From Killing’s equation we get :-

0
or 0
o
And, E =0
= & =g(z)
8€x agt _
AlSO, E + % = 0

= [(t)+9 @) =0
Possible, only if; f (t) = —g/(ac) = a(constant)
So, this gives :-
ft)=at+c
g(x) = —ax + ¢y

Choosing different values of a, ¢y, co gives different linearly independent sol™s for the killing vector fields. Lin-
early independent killing vector fields are :-

0
fl—a(azo,clzo,@—l)
=2 (a=0,c,=1,c,=0)

2 ax a=VY,c; = 1,6 =

0 0

& taf—kxa(a—l,cl:(),cQ—O)
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Now, let us consider the family of hypersurfaces containing horizons as; t* — 22 = constant. Also, we claim
that; N = t? — 22 = 0 describes horizons. Let us compute its normal vector fields. For some feF consider;

ot? —z%) 0
oxH oxv

= fg”2t2 Foe2e
ox
8 -0

Now, |IMl,|,, = —4f*t* +4f%2% = —4f* (> —2%) =0

1= fg"

Hence, t?> — 22 = 0 indeed is a null hypersurface. Now, consider;

£= té + xg
ox ot
|§M£#‘N_t —22=0
So, t? — 2% = 0 gives null hypersurfaces which are killing horizons to &. Now,
vﬂé(_fug#) = 3a(—£“§#)
= On(2? — t?) = 200,2 — 2t0ut
Now, &, = ¢10,(t* — 2?) = ¢1(2t0at — 220,)
& =201l & = —2c12
So, €', = —Aci(t* —a®) =t — 2?
Choosing the +ve sign we get :-
1
Cc1 — —5
1
So, &, = —5(2t8at — 2xd,1)
Now using Vo (—&#€,) = 2k, we get -
1
20051 — 20t = —2&5(2t6at — 2x0,1)

So, we finally obtain :-

Example 4.2.2. Consider R! ® 2 :-
ds® = —dt* + da? + dy?

Form Killing’s equation we get :-

%:0 = & = f(z,y)

%% =0 = & =gyt

%:0 = & = h(z,t)
Furthermore, Zait+ }i”” =0
(,f;+%:o
%+%:o
égiéz-o
And, az+ax:0
Also, g—f—&-%:O
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So, g—i and % are both functions of y. So, let :-

of

e f1(y); e —f1(y)
. 99 _ .\ Oh
Similarly, 3y g1(t); e g1(t)
of ~Oh _
And, 87]! = hl(!L'), E = hl('r)

So from the above three eq™s we get three pairs of equations as :-

=z + fa(y)
9=—ht+ f3(y)
g=g1(t)y + ga(t)

h=—g1(t)x + g3(t)
f=hi(z)y+ fa(z)
h = —hl(.fﬁ)t + h2(1?)

Comparing 2 f’s we get :-

f=h@z+ f2(y) = h(@)y + falz)
= fa(y) — fa(z) = ha(z)y — fr(y)z
Possible, only if; hi(x) = ¢s; fi(y) = cs

So, fa(y) = yes +c1; fa(x) = xce + 1

Similarly comparing 2 ¢’s and 2 h's we get :-

gg(t) = 70615 + C2
f3(y) = c3y + c2
g3(t) = ¢4 + tes
ha(x) = ¢4 + xcs
So,
f(x,y) = cex 4 csy + 1
9y, t) = —cet + c3y + 2
h(z,t) = —cst + ¢4 — c3x
This gives :-
0 0 0
= — 7 — _— hi
¢ f@t + e + y

0 0
= —(csx + 5y + Cl)a + (—cet + c3y + C2)£ + (—cst 4 ¢4 — c37)

dy

Now choosing different values for the constants we get different linearly independent killing vector fields as :-

0
flzg(01:1,62263204205206:0)

0
52:%(02:1,01=03=C4205206:0)

0
£3zay(04:1’02203:0120526620)
&y = ﬁ_ — (e3=1,co=ci=cq4=c5=cg=0)
4—yax Iay c3=lLco=c=ca=c=¢c =

0 0
G =ygtig, (= —Le=a=a=ca=c=0)

0 0
Eﬁzxa_‘_t%(66:_176220320420520120)
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Now, let us consider the family of hypersurfaces containing horizons as; t2 — x2 — y? = constant. Also, we claim
that; N = t2 — 22 — y? = 0 describes horizons. Let us compute its normal vector fields. For some feF consider;

ot? — 2% —y?) 0

= fg"

Oz oxV
= fgtt?tg Foreae L fgray O
or dy

= —f2t% - f2xa% - f2ya%
Now, [IM,,|,, = —4f*t* +4f%2% + 4f%y* = —4f*(t* —2” — ) =0
Hence, t? — 22 — y2 = 0 indeed is a null hypersurface.
Example 4.2.3. Consider 2—sphere metric :-
ds?® = db? + sin? 0d¢?
Now let us compute non-vanishing components of the Affine connection.
Fid, = —sinfcosf
FZ)¢ = Fie = cot 6

Now from Killing’s equation we get :-

0% B
90 0 = & = f(0)
And, 3;;, —sin 6 cos 0&y
— —sinfcosOf(¢) = &4 = —sinbcosbg(¢) + h(B) (where, g () = f(4))
0 0
Also 3£(Z + ﬁ = 2cot ¢y

= f (@) + 9(¢)[Sin2 ¢ — cos® @] + h’(9) = —2cos? Og(p) + 2 cot Oh()

Now take h = 0, so from above equation;

F () +g(6)=0

Then, f"(¢) = ~f(9)
So, f(¢) = asing + bcos ¢
And, g(¢) = bsin ¢ — acos ¢

This gives :-

&9 = asing + beos ¢

€s = sinf cosB(acos ¢ — bsin @)
€9 =asing +bcoso

€% = cot B(acos ¢ — bsin ¢)

where a, belt.

So,
9 <25
=8+

(asm¢—&—bcosq5)2 + cot f(acos ¢ — bSln¢)8¢

Choosing different values for a and b gives different linearly dependent killing vector fields as :-

& = 51n¢ + cot  cos ¢—¢

&9 = cos gb% — cot #sin ¢a—¢
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Furthermore, & = 0 also yields % = 0. This gives :-

o = f1(0)
So, % = 2cotff;

= f1(0) =sin®0
So, €% = g*%¢, =1

Hence, we finally obtain :-

f=—
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Chapter 5

Congruences of Geodesics

Definition 5.0.4. Congruence of geodesics is a family of geodesics on a manifold M such that through every
point peM there passes only one geodesic. So, they are non-intersecting family of geodesics. In general,
congruences can be defined for any curve.

5.1 Stress Tensor Properties

Stress tensor T*# as we know being a type (2,0) tensor can be decomposed as :-

T°% = pégeq + pietel + paegel + pseges (5.1)
where, p — energy — matter density and py, p2, p3 — principal pressures. Also, {é&]; = gf{i }—orthonormal basis
(usual dual basis vectors) and x* denotes locally inertial frame. So, now;

r Oxt Oxv
Jop = ngw
Az OzP
In locally inertial v = A Ga 53
n locally inertial frame, 7, B axyg 8 (5.3)

So, N = égéfgaﬂ (5.4)

(5.2)

For the inverse, g*° = éfjéfn“”

For a perfect fluid, p; = p2 = p3 = p. Substituting this in F¢™ 5.1 and using 5.5 we get :-
T8 = pefeq + p(ese] + egel + eges)
= pegeq + (g™ + é5ég)
= (p+p)é5éq +pg™”’
where é§ can be identified as the 4—velocity of the perfect fluid.
Now, for an arbitrary normalized timelike vector :-
u® = y(ég + aé + bés + cés) (5.6)

where v = (1 — a® — b2 — ¢2)"2 along with the constraint (a2 + b2 4 ¢ < 1).
Now, for an arbitrary nulllike vector (whose normalization is clearly arbitrary) :-
kY =85 +d e +bés +c ey (5.7)
. . 12 ’2 ’2
with the constraint (¢ +b +c¢ =1).

5.1.1 Energy Conditions
Weak Energy Condition

For any energy-matter distribution given an observer with 4—velocity as u®; the energy-matter density p is
evidently given by :-

P = Taﬁu"‘uﬁ (58)
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The weak energy condition (positivity of energy-matter density) is given by :-
Toputu® >0 (5.9)
This gives :-
V2 (pESeY + prelel + paeZed + pseded) (g + aéf + bes + ce§)(éy + aél +béh +céf) > 0
= 72 (p+a’py + b2p2 + ?p3) > 0

where a? 4+ b% 4+ c? < 1. Now, let us choose, a = b = c =0, then, p > 0. Now, b = ¢ = 0 gives p+ a’p; > 0; but,
a’? < 1. This implies, 0 < p+ a?p1 < p+ p1. So, p+ p1 > 0. Similarly choosing b and ¢ alternatively, we get;
p+p; >0V ie{l,2,3}.

Hence, weak energy condition gives :-

Taguauﬁ >0
=p>0 (5.10)
Furthermore, p+p; >0 (5.11)

Null Energy Condition

For arbitrary null vector £ and any energy-matter distribution, the null energy condition reads :-
T.sk®k’ =0 (5.12)
This gives similarly as above :-

/2 /2 /2
pta p1+b pa+c p3>0

’ ’ 12
where a? +b% 4+ ¢c? < 1. Now, let b = ¢ = 0; then, a = 1. So, p+ p; > 0. Similarly choosing b and ¢
alternatively, we get; p+ p; > 0V ie{1, 2, 3}.

Hence, weak energy condition gives :-
Tosk®k? >0
S ptpi>0 (5.13)

Strong Energy Condition

For any energy-matter distribution given an observer with 4—velocity as u*; the strong energy condition reads

1
(T;w - 2gW,T> utu” >0 (5.14)

where T' = g, T*”. Now, let us consider Finstein’s Field Equations :-

1
Rl“’ — igl“/R = 87TT#,,
Contracting with g"", R — 2R = 8rT

= R=-8nT
1
So, Ry, = —igw(SﬁT) + 81T, = —4ng,, T + 87Ty,
1
= R, =8 (T#V — 2gle>
So,
1 R
T, — =91 = ny 5.15
M 2gl 87T ( )
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So, the strong energy condition becomes :-
R, utu” >0 (5.16)
Now,
Gt = g, (8 + aél + bel + cély)(ey + aéy + béy + cék)
=Y (guéhel + a’gu el + b2 guehés + g ehel)
=1 -a®> -V -c*)=-1

So, from strong energy condition we get :-

1
Tufu” > —§T (5.17)
Now,
T = g.,T"
= guv (PEGEQ + 1€ €] + pach e + pséf )
=—p+p1+p2+ps3
So, we get :-
1 1
T = Z(p =11 — Do — p-
51 = 5(p=p1—p2—ps)
1
So, by strong energy condition; v*(p + a*p1 + b*py + c*p3) > =(p — p1 — P2 — p3) (5.18)

2

Furthermore, a = b = ¢ = 0 gives v = 1 and;

1
p= §(P—p1—p2—p3)

p+pr+p2+p3=>0
3

P+ pi>0
i—1

Also, b = ¢ =0 gives :-

1 ) 1
> Z(p—p1 — Do —
1_a2(P+aP1)_2(P P1 — P2 — D3)
1
p—&-a’fZ§(p—p1—p2—p3)(1—a2)2

= p+p1+p2+ps>a*(p2+ps—pi—p)
= p(l+a®) +pi(1+a®) > (a® = po + (® = 1)ps

Since a? < 1, p+ p; > 0. Similarly choosing b and c alternatively, we get; p + p; > 0V ie{1,2,3}.

Hence, strong energy condition gives :-

1
(Tuv — g,“,T> utu’ >0

2
3
=P+ pi20 (5.19)
i=1
Also, p+p; >0 (5.20)

Dominant Energy Condition

We know momentum density of energy-matter distribution as observed by observer with 4—velocity u® is
fTﬁauﬁ. Now, the dominant energy condition reads :-
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“—Tguﬁ must be nulllike or timelike, i.e.; energy-matter distribution must be along nulllike or timelike world
lines. Furthermore, —Tg‘uﬂ must be future directed too.”

Now,
—T§ = —(pe§eh + prég el + paeS e + pse§ed)(e] + aéy + béy + céf)
= —(pé§ + ap1€y + bp23 + cp3ey)
Now let us calculate the norm of ng‘uﬁ and constraint it to be nulllike or timelike :-
9ap(pEG + ap1é§ + bpaés + cpsé§ ) (pég + ap1é] + bpaéh + cpsél) = —p® + a’p} + b?p3 + *p3 < 0
= p? —a’p} — b°p3 — 3 > 0
Now, a = b = ¢ = 0 gives p?> > 0 and future directed further gives p > 0. Furthermore, b = ¢ = 0 gives :-

p> —a’pi >0
Since, a® < 1; p > |ap1|
So, p > |p1]

Similarly choosing b and c¢ alternatively, we get; p > p; V ie{1,2,3}.
Hence, dominant energy condition gives :-

—Tg‘uﬁ is timelike or nulllike and future-directed.

= p>0 (5.21)
Also, p > |pi (5.22)

5.2 Deformable Medium

Consider the following figure :-

Figure 5.1: Two dimensional deformable medium

Let the reference point be O. Consider a small time dependent displacement around it as £%(t). Now,

d€*(t) L.
7 = B () (5.23)
for some tensor Bj. Furthermore,
&P (t1) = €% (to) + AL (o) (5.24)
A& (to) = B§EP (to) At (5.25)

where At = t1 — t().

Now, for simplicity let us consider; £%(tg) = ro(cos ¢, sin @) where roeft and ¢e[0, 27).
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5.2.1 Expansion Scalar

Let,

. o 0

where feR and I» be 2x2 Identity matrix. So, BS = 6.

N

Now,
g 0 cos ¢
afp) = [ 2
AL <t0)_( 0 16 )’"O( sin ¢ )At
= %At@(cos ¢,sin @)
So,

€% (t1) = ro(cos @, sin @) + %At@(cos ¢,sing)
=1y (1 + zAt> (cos ¢, sin @)

Let us now calculate the initial and final areas :-
A, = 7T7‘(2)
4 2
Af :71'(7’0 1+§At )
AA = ﬂﬁrgAt
So, this gives :-

1 A4 1dA

I AL A dt

5.2.2 Shear Tensor
Let,

where 0, 0,€R and Bj is tracefree.

Now,
AE> (to) = BE" (to) At
(7 7 Yro((0 )
— e ( Trimo o )
So,

sin ¢ 05 COSp — oy sing

{ ro(1 + o1 At)cos ¢ + roAto, sin @
\ ro(1 — o At)sin ¢ + roAto, cos ¢

§%(t1) :7“0( cos ¢ ) +roAt( 04+ COSQ + 0y 8ing )
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Now,

x =1 cos ¢+ roAtoy cos ¢ + roAto, sin ¢

x =rosin¢ — roAtoy sin ¢ + roAto, cos ¢

22 +y? = rg + 2r2Atoy cos 2¢ + 2ri Ato, sin 2¢
So, r1(¢) = ro(1 + Atoy cos2¢ + Ato, sin 2¢)

Let us now calculate the area :-
Ty ¢f
A= //r(¢)drd¢
Ti $;
Ty ¢f
= / /r(l + Atoy cos2¢ + Atoy sin 2¢)drdd
i ¢;

70 27 0 21 0

2m
= /rdr/d¢+/rdr/AtU+ cos 2¢d¢+/rdr/Atam sin 2¢d¢
0 0 0

0 0 0

In the last eq™ the last term goes to zero as they contain integration of cos ¢ and sin ¢ over ¢e[0, 27). So, shear

transformation preserves area.

5.2.3 Rotation Tensor
Let,

where weft and B is antisymmetric.

Now,

Now,

€ (t) = < ro COS ¢ + rowAt sin ¢ >
1) =

ro sin ¢ — rowAt cos ¢
Now, let us calculate the area :-

T =719 cos ¢ + rowAt sin ¢
Yy = rosin ¢ — rowAt cos ¢

22 +y? =18 4+ 2rwAt cos ¢ sin ¢ — 2rawAt cos ¢sin ¢ = rg

So, integrating the last eq™ to get area indeed shows that rotation preserves area.

5.2.4 General form of Bg

g 0 o o 0 w
o 2 + x
m=(% u)r (5 %)+ (5 F)

1
Now, Baﬁ = 595(,[3 + Tap + Wap

Now,

So, this gives :-

9 = B

(5.26)

(5.27)

(5.28)
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Furthermore,
1
B(ag) = 57(Bas + Bga)
1/1 1
= 5 59(5043 + 595(15 + 0ap + 0o + Wap + Waa
1
0
= 508 + 0ap
So,
1
Uoc,@ = B(QB) - 59(5(15
Consider,
1
Biag) = 5(Bas — Bpa)
= wa,@
So,
Wapg = B[aﬁ] (5.29)

Similarly, in 3—dimensions :-

Bag = %eéaﬁ + Oap + Was (5-30)
= 6=B (5.31)
= Gup = Blag) — %eaaﬁ (5.32)
= wap = Blag) (5.33)

5.3 Congruence of Timelike Geodesics

Definition 5.3.1. It is a family of non-intersecting timelike geodesics on a manifold M such that their tangent
vector fields are timelike.

Let gop be the metric. u® is the tangent vector to the geodesics and ¢ is the deviation vector.

So,
u®u, = —1 (5.34)
uPV e = PV gu” (5.35)
uPVgu® =0 (5.36)
u¥€e =0 (5.37)
5.3.1 Transverse Metric
The transverse metric hog is given by :-
has = gas + uatg (5.38)
Consider its orthogonality to the tangent vectors,
h(wuﬁ = gaﬁuﬁ + uau5uﬁ = Uy — Uy =0 (5.39)
U hag = u%gap + uuqug = ug —ug =0 (5.40)

Now consider Lorentz frame;
gap = diag(—1,1,1,1)
uq = diag(—1,0,0,0)
So, hop = diag(0,1,1,1) (purely 3 dimensional)
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Furthermore, consider :-

9" hap = hiy = 65 +u''ug
So, hj, =0, +utu, =4—-1=3
Also, hy; =6 +uuy,

Now, hﬁhg = 0§ + 2uug — u“ug = 65 + u“ug = hj

So, we get :-

he =3 (5.41)
hihly = hg (5.42)

Hence, hqg as defined above is indeed the transverse metric which is transverse to the geodesics and the trans-
verse space is indeed 3—dimensional.

Now define;
Bag = Vﬁua (5.43)
So, uﬁvﬁua = uﬁBaB = Baguﬁ. So,
1
Baﬁ = 59(5(,‘5 + 0ap + Wap
= 0 = B¢
1
= OqB = B(aﬁ) — 595aﬂ
= Wap = Blag)

For the physical significance of B,g consider; u5V5§a = fﬁVmLa = §ﬂBa5. So, it is clear that B,g measures
the failure of €% to be parallely transported along the geodesics.

5.3.2 Frobenius’ Theorem for timelike geodesics

Consider timelike geodesics which are hypersurface orthogonal (to be defined soon) in the following figure :-

%3
Py}

Pyl

Figure 5.2: «s denote geodesics and s denote hypersurfaces.

Now, ®(z%) = constant describes a family of hypersurfaces. ® , is normal to hypersurface. Now, we will define
what we mean by geodesics being hypersurface orthogonal.

Definition 5.3.2. If tangent vector fields of the geodesics are proportional to normal vector fields of the
hypersurfaces then the geodesics are called hypersurface orthogonal geodesics, i.e.;

Uq = —pP o (5.44)

for some peR. So, hypersur face orthogonal = ug = —p® 4.
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Now consider,

1
UVl = g[uavﬂunY +u,Vaug + ugVaytg — Uy Vg — uaVyug — ugVat,]

Sunstitute, uq = —u® o and Vg = 03

Then explicit calculation gives :-
U Vs =0 (5.45)

So, if u, is normal to a hypersurface the above condition holds. Converse, is also true but we won’t be proving
that.

Now,
3!(ua V) = 2[taBlyp) + ty Bisa) + usBlas)]
= 2[UaWqg + UyWha + UsWay] =0
So, we get :-
Uarg + UyWaa + UswWay = 0 (5.46)
Now,
1
u*Bag = u*Vgu, = §Vﬁ(u°‘ua) =0 (5.47)
Bopu” = Vguau® = uPVgu, =0 (5.48)

So, u*Bag = Bagu” = 0 and hence, B,g is purely transversal. Since h,p is also transversal we see that
OaB = %Qha,g — B(qp) is also transversal and so is wag. Hence, multiplying F'q" 5.44 by u” we get :-

U uawyg + U Uywga + U URWAy = 0
The first two terms in the last equation vanish as wqg is transversal and we are left with :-
wag =0 (5.49)
So, finally we state Frobenius theorem for timelike geodesics :-

Theorem 5.3.1. Let vs be timelike geodesics which are hypersurface orthogonal with tangent vector as u.
Furthermore, let w be the rotation tensor. Then,

hypersur face orthogonal < u,Vgu, =0 = wap =0 (5.50)

We proved the above theorem completely except the converse requirement. We wouldn’t be requiring the
converse requirement in our discussions.

5.3.3 Interpretation of § for timelike geodesics

Consider the following figure :-

In the above figure, ¥ denotes family of hypersurfaces and 63(7,) (where Tt is geodesic parameter and peX)
is a set containing points in small nbd of p such that :-

a) Through all points p/G(SE(Tp); T =Tp.

b) Through different points p/ €dX(7,) different geodesics pass through, from the given congruence.

Proper time parametrization of geodesics with 7 is done in such a way that atleast a v is orthogonal to §3(7,).
Furthermore, 7 = 7, is the hypersurface and is the congruence cross-section around 7 at proper time 7 = 7,.

Different points on 6X(7,) are labelled as y, ae{l,2,3}. So, each v can be labelled with y* so that y* is
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Q' 5%(rg) o'

Pl s (p) \pr

14

Figure 5.3: Congruence’s cross-section about a reference geodesic.

constant along v and coordinate system thus obtained is (7,y%). So, 2% = (7, y%) is the coordinate transfor-
mation. Now, define;

u® = <&E> (tangent vector field) (5.51)
or ) e
o_ (02" L
ey = i (transverse deviation vector) (5.52)
Now,
uges =0 (by parametrization) (5.53)
uhV ey = eV, u (5.54)
Consider, £,e5 = g;z ut — gZu ek
L0 (o 0 (o ow
Oz \9ye ) Or Ozt \ Ot ) Oy
62 @ 62 el
=2r g7 _ (5.55)
aroy*  Oy*or
Define a 3—tensor (i.e.; scalar under % — 2" but tensor under yr — y,a) by :-
hap = gagege'g (5.56)
On v; uqey = 0. So using transverse metric hog we get;
hab = hagegeg (5.57)
heP = pabelel (5.58)
Furthermore, on d%(7,); dr = 0. Hence :-
ds? = gapdr®dz”
ox® 0xP
= — | (55 ) dy*dy’
g@ﬁ(aya)T(ayb>T y y
= galgeg‘efdyadyb
= hapdy®dy® (5.59)

So, hap is a metric on 0%(7,).

Now, h = det[hqsp) and 0V = h%d?’y. Since, d®y is constant on 7 between two points p and ¢ on ~y; 6V is
due to hz. So,

Nl

1d(6V) 1 dh

_ 11dh _ 1 .pdhas
oV dr 5 dr _thT_Qh dr (5.60)
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Now,

dhab
dr

= qu,uhab

= u"'Vyu(gapea 65)

= ugas(Vaeq)ey +ugap(Vpey s
= gap(ehV,u)ey + gas(ey Viu')eq
= 'V uge) + bV uqel
= ¢! Bg,ey + e Bapel
= (Bap + Bga)eaey

So, hab% = (Bag + Bpa)h®ele)
= (Bag + Bga)h™”
= (BaB + Bﬂa)gaﬁ (on )
= 9°"Bag + 9" Bga
=20

So,

Lyavdhay _ 1 dhz 1 d(6V)

9 — - -
2 dr h3 dr oV dr

(5.61)

So, 6 is equal to the fractional rate of change of §V which is the congruence’s cross-sectional volume. Hence,
6 > 0 means the geodesics are diverging and # < 0 means the geodesics are converging.

5.3.4 Raychaudhuri Equation for timelike geodesics
Consider,
U*V  Bag = UV, V gy
=u"(VaVyua + Ruga”uy)
= u”(VﬁVHua — Rﬁ,m”ul,)
= Va(u'V,ua) — (Vauh)(Vuua) — Rape” uy,u”
= —Bg — Rgpa”uyu

Now, gw —

utV,B) = —B" By, — R}, u"u"
tracing (A = o); u''V, By = —B"*B,, — R, u”ut
do
= o = WV,Bg = —B"Ba, — Ruu'u

1 1
Now, B**Bg,, = (30h"a + ot + w“a> (3‘9hau toaut+ wau)
1

2
= 59 + o0 oau — wHway

So, we finally obtain :-

do 1
e —592 — aaﬁaaﬂ + waﬁwaﬁ — Raﬂuo‘uﬂ (5.62)
-

Eq™ 5.62 is known as the Raychaudhuri Equation for timelike geodesics.

Focusing theorem for timelike geodesics

Now consider timelike geodesics which are hypersurface orthogonal and obey the strong energy condition;
R, utu” > 0; then :-

1
— = —=0?— 00,5 — Rapu™u’ >0 (5.63)
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Eq™ 5.63 is known as the focusing theorem for timelike geodesics. So, we can see that if ; < 0 then geodesics
converge rapidly in future while if 6; > 0 then geodesics diverge less rapidly in future. This is in accordance
with Newtonian Gravity of Attraction.

Now consider;

i '
dr — 3

L 40 _dr
62 — 3

Upon Integration; — (7' —6;7%) < —g

1 1

=52tz (5.64)

7

So, within proper time 7 < |93 ;

)

So, if 6; < 0 (initially converging geodesics) then 6(7) — —oo within 7 < | 2

il

il

geodesics form a caustic singularity (where some geodesics meet).

5.4 Congruence of Nulllike Geodesics

Definition 5.4.1. It is a family of non-intersecting nulllike geodesics on a manifold M such that their tangent
vector fields are nulllike.

Let gog be the metric. £ is the tangent vector to the geodesics and £ is the deviation vector.

So,
k%q =0 (5.65)
kPV € = PV gk (5.66)
kPN gk™ =0 (5.67)
k%, =0 (5.68)
5.4.1 Transverse Metric
Consider a null vector field N¢ such that :-
KNy = —1 (5.69)
N*N, =0 (5.70)
Note. The above cond™s on N“ do not give unique N¢.
Now, the transverse metric hog is given by :-
hag = gap + kalNp + Naks (5.71)

Consider its orthogonality to k and N :-
hapk? = gapk? + kaNgk® + Nokgh® = ko — ko +0=10 (5.72)
/{iahag = k?aga,@ + kak‘aNg + kaNakJB = ]42,3 +0-— k‘5 =0 (5.73)
hapN? = gag NP + ko NgNP + NykgN? = N, —0— N, =0 (5.74)
Nahag:Naga,@—l—Nak‘aNg—i-NaNak’B:Nﬁ—Ng—f—O:O ( )

Furthermore consider;
ga’uhag = hg = 5; +k?#N/3 —|—N‘ukﬂ
So, hj, =0, + k"N, + Nk, =4—-1-1=2
Consider, hghg =05 —k"Ng — N%p + k"Ng + N%kp + k*Np + k* N, N"kg + N%kg + Nk, k" Ng
= 53 + kaNg —I—Nakg = hg
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So, we get :-
ho =2
o = 1

S0, hap is indeed the transverse metric and the transverse space is 2—dimensional.

Now define;
Bag = Vgka
Also, €% = hOg! = £ + (N,£")k”
Now,
KIVaE* = KV (hoét)
= KOV 3[(0% + KONy, + Nk, )E"]
= kPVg[¢™ + k*N,.£"]
= kPV 5™ + kPV 5 (K™ N ")
= kPV 56" + KV (N £k
Also, kPV3¢* = PV k™ = B§¢P
So, kK'V 5™ = kPV5(hoeH)
= hBEE” + (KPV gh )¢
Now, k°Vsh} = k°V (85 + k"N, + N°k,)
= (VN k™ + (k°V 5Nk,
= k'VE" = W BYEP + (KPV N, ke + (kP VN )k, &
= hZ‘Bg&B + (KPV 5N, )k*¢" (it has component along k*)
So, hikPV €™ = i (hgB4EP + (KPV 5N, ) k€M)
=2BL¢” + W (KP VN, )k ¢"
=2BLE” + (08 + K" No + N'ko)k*EH(KPVN,,)
=2B4¢’
= i (hg BEE®) = hiByg”
Now, B4E? = B4€P + BY(N,&")K"
= BY4¢? + (N, &) BykP = By¢?
So, hA(KPV5EY) = hi Byl
Now, h3&H = (85 + k*N,, + Nk,.) (6" + (Ng&P)k*)
= £+ (NP )k + kN, E" = £ + (N EME®
Now, ht(k°V ™) = hiByEP
= hiBY(h{E — (N,&")k)
= hhBEE
So, (K9Vaé") = hih§ By = BLe
where, Béf = hly‘thE
Multiplying by g, — Bapg = hihi B,
Now, Bag = (8% + k" Ny + N"ko) (8% + k”Ng + N"kg) By,
= (8" + k" Ny + N*"ko)(B,g + ks B NY)
= Bop + kgBay N” 4 ko N*B,g + kokg B, NN
Furthermore, it is really straightforward to check that :-
Busk? = kB, =0
BogNP = N°Bos =0

(5.80)

(5.81)

(5.82)

(5.83)

(5.84)
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So, Bag is purely transversal as we desired. Now,

1
Baﬁ = §9ha5 + 0ap + Wap

- 1
Now, Bj = §0hg +o§ +ws

So, By = %th =0
Hence, 0 = g°” Bag
— §°%(Bug + kg Baw N” + ko N*Byg + kokg B N*N)
= 9 Bag = ¢*%(Vska) = Vsk? (independent of choice of N*) (5.91)

5.4.2 Frobenius’ Theorem for nulllike geodesics

The general version of the Frobenius’ Theorem holds here too (as no assumption was made on the nature of
tangent vector on the first part of the proof), i.e.;

hypersur face orthogonal < ki,Vgk, =0 (5.92)
Now,
kiaVgky) = 2[kaBiyg) + Ky Biga) + kg Bay] = 0
= kaByg + kyBlga) + ksBlay =0 (5.93)
Now,
Blapky + Biyarks + Bjgyjka =0
So, B[am ka_N7 + B['ya] ng’y + B[ﬁ,y]kan =0
Furthermore,
Blag) = Blyalks N + Bigyka N7
1 1
= (2(B,ya — Ba,y)kjﬁ + 5(357 — B,ygka)) N7
= By[akﬁ] N7 + k[aBB],yN'Y (5.94)
Now,

- 1 . -
Blag) = i(Baﬁ — Bga)
1
= 5(Bag + ksBoyNY + kaN*Byj + kaksBuy N' N — Bgo — kgN"Bua — kskaBu N*NY — kaBs, N¥)

= Blag) = N"Byujaks) — kjaBep N”
=0 (by Eq"™ 5.94)

So, we finally get :-

Wap = B[aﬁ] =0 (5.95)

So, finally we state Frobenius theorem for nulllike geodesics :-

Theorem 5.4.1. Let s be nulllike geodesics which are hypersurface orthogonal with tangent vector as k.
Furthermore, let w be the rotation tensor. Then,

hypersur face orthogonal < kio,Vgk, =0 = wap =0 (5.96)

Remark. Here the hypersurfaces considered are null hypersurfaces.
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5.4.3 Interpretation of ¢ for nulllike geodesics

We proceed by the same consideration as was done in the timelike case. Only difference is that the transverse
space here is 2—dimensional. Let us pick a particular geodesic v from the null congruence, and on this geodesic
we select a point p at which A = A, for some Aelt. We then consider the null curves to which N is tangent,
and we let peR be the parameter on these auxiliary curves; we adjust the parameterization so that p is constant
on the null geodesics. The auxiliary curve that passes through p is called 3, and we have that u = p, at p. The
cross-section 65(\p) is defined to be a small set of points p in a nbd of p such that :-

a) At each point p,A= Ap and p = .

b) Through different points p e5S()\,) different auxiliary curves different geodesics pass through from the given
null congruence.

This set forms a two-dimensional region, the intersection of small segments of the hypersurfaces A = X\, and
p = . We assume that the parameterization has been adjusted so that both v and 3 intersect 6S(\,) orthog-
onally (no requirements on other curves).

We introduce coordinates in dS(\,) by assigning a label 84 where, (Ae{2,3} to each point in the set. Re-
calling that through each of these points there passes a geodesic from the congruence, we see that we may use
64 to label the geodesics themselves. By demanding that each geodesic keep its label as it moves away from
§S(\,), we simultaneously obtain a coordinate system 4 in any other cross-section §S(A,). This construction
therefore produces a coordinate system (X, iz, 64) in a nbd of the geodesic v, and 3 a transformation between
this system and the one originally in use :-

= z(\, 1, 64) (5.97)

Because p and 4 are constant along the geodesics, we have :-

8 «

k¢ = <m) (tangent vector field) (5.98)

ON ) 04

o _ (02" L

2=\ 392 (transverse deviation vector) (5.99)

A, p

Furthermore as before,

KV e4 = eV kS (5.100)
And, koe% = 0= Nye% (by parametrization) (5.101)
Also, £1e4 =0 (5.102)

Now we define a 2— tensor as which as before would be a metric on 65(\,) :-

OAB = gaﬂeie% (5.103)
Also, as before :-

oaB = hapeSe?, (5.104)

heb = gABes el (5.105)

Now, 0 = det[oap] and A = o2d264. Since, d264 is constant on ~ between two points p and ¢ on ; A is due
1
to o2. So,

1 d(6A) 1doz 11do 1 ,pdoap
_— = —— = - = — .].
A dN g3 d\ 20d\ 2 A (5.106)
Now,
doap
d)\ :]{?HVMO'AB
=K'V ,(gapetiep)

= 9o (€4 Vuk)elh + gap(ehV k" el
= 6:Bﬁu€% + el Banel

= e%ep(Bag + Bga)

o1
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So,
UAB% = JABeje%(Bag + Bga)
= 9°"Bag + ¢"* Bga (0n )
= 9" Bap + 9" Bsa
=20
So,

g_ 1 apdoap _ 1 doz 1 d(6A)
= —0 = — = -
2 dX oz d\ 0A d\
So, 0 is equal to the fractional rate of change of § A which is the congruence’s cross-sectional area. Hence, 6 > 0

means the null geodesics are diverging and 6 < 0 means the null geodesics are converging.

(5.107)

5.4.4 Raychaudhuri Equation for nulllike geodesics

We know,
1 R
Ty — =g T = =~
" 29” 8T
1 R,
So, T, k*kY — §ngk“kV = ]’; k¥8m

Hence, R, k"'E" = 8nT,, k"'E"
Now, T,,,k"'kE" >0 = R, k"'E" >0

Now consider;

—BH By, = —(B" 4 K*NVBY + k*BENY + kk® By, N'N)(Boy + ko N B, + kuBay N7 + kok, B, N'N)

= —-B"*B,,
Now, as before;
« RUC T 1 « @
B"*B,,, = B"B,, = 592 + 00 oy — W W, (5.108)
Now, as before we see that :-
do o Y
oy = B oy — Ry kk (5.109)
do 1
a = —592 — O'aMO'a# + Wauwa,u - Ryukuky (5110)

Eq™ 5.110 is known as the Raychaudhuri Equation for nulllike geodesics.

Focusing theorem for nulllike geodesics

Now consider nulllike geodesics which are hypersurface orthogonal and obey the null energy condition; R, u*u” >
0; then :-
g

1
e P 005 — Rapk®k® >0 (5.111)

Eq™ 5.111 is known as the focusing theorem for nulllike geodesics. So, we can see that if §; < 0 then geodesics
converge rapidly in future while if 6; > 0 then geodesics diverge less rapidly in future. This is in accordance
with Newtonian Gravity of Attraction.

Now consider;

< _Zp?
dx — 2
L0 D
02 — 2
. 71 _1 A
Upon Integration; — (67 —0,7") < -3
1 1 A
2+ 112
= 526 + 5 (5 )
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2

So, if 6; < 0 (initially converging geodesics) then #(\) — —oo within A < Ak

So, within A < ﬁ; null geodesics
form a caustic singularity (where some null geodesics meet).

5.4.5 Some more properties of null congruence

Consider,

B(;w) = (BMV + Bvu)

e A

1 1
= 5 (29]1&,3 + 0ap + Wap + ieh[ga + 08a +w5a>

1
5 (QUaﬁ + Hhu/;)

1
= Oap + *aha/;
2
Now for null geodesics which are hypersurface orthogonal; weg = 0. So,

Bap = B(ag) = hh5 B

Bpa = hERS By,

1 - 1
So, -(Bap + Bga) = ihghE(Buv + Buu)

2
So, B(aﬂ) = hghgé(uu) (5.113)
Hence,
Bag = B(ag) = hZB(W)hE (5.114)
= th(V]{iH)hfé (5.115)

Now, let us suppose N is a killing horizon and € is a killing vector field. So, for some feF; € = fkor, k= f'€.
So,
Bap = MoV [~ €

= Wh[0 [~ & + £ Vb
= ht [6(,,]"715“)]@'& (as V&, is completely antisymmetric)

Now we know;
hap” = 0= E"hag (5.116)

So, we get B,z = 0 on . Furthermore, since w,p = 0 on A; we obtain from expression of Byg :-

1
§0ha5 = —0apB
But, § = ¢*?B,s =0 (on N) (5.117)
Hence, oo =0 (on N) (5.118)
So, finally we get :-
do
—1| =0(asf0=0o0nAN) (5.119)
dX |
Now by Raychaudhuri Eq" 5.110; |R,,k"k"|\, =0 (5.120)
This also gives; T, k"k"|,\, =0 (5.121)
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Chapter 6

Black Holes and Black Rings

We won’t go into details of defining a black hole but just for the sake of defining we would say that, “any finite
solution of Einstein’s Field Equations with a horizon (which is essentially a null hypersurface) is a black hole”.
The most important feature of a black hole spacetime is the event horizon, a null hypersurface which acts as a
causal boundary between two regions of the spacetime, the interior and exterior of the black hole.

A spacetime containing a black hole possesses two distinct regions, the interior and exterior of the black hole;
they are distinguished by the property that all external observers are causally disconnected from events occur-
ring inside. Physically speaking, this corresponds to the fact that once one has entered a black hole, an observer
can no longer send signals to the outside world.

Black hole singularity to be considered here will be defined later.

6.1 4—dimensional Black Holes

Here we will present some stationary black hole solutions in vacuum in a 4—dimensional spacetime manifold.

6.1.1 Schwarzschild Black Hole
The Schwarzschild metric, which is the spacetime solution of Einstein’s Field Equations for a point mass M, in
polar coordinates (¢,7,6, ¢) is given by :-

-1
ds? — — <1 _ W) dt? + <1 — W) dr? + r2d0? (6.1)
r T

where dQ? = df? + sin® 0d¢? is the S? metric. Coordinate singularity is at ¢"” = 0, i.e.; r = 2M. True
singularity /singularity is at r = 0.

Event Horizon

Now, let us examine the family of hypersurfaces r = constant denoted by X. From this family let us fix our
discussion on r = 2M. Now, examine the Schwarzschild metric :-

For r > 2M; r—coordinate is spacelike.

For 0 < r < 2M; r—coordinate is timelike.

Hence, for r < 2M region; causality allows r to be unidirectional and hence ingoing observer can’t escape
the singularity. Also, they can receive outside signal but can’t send signal (due to maximum speed limit c).

Now, let us compute the normal vector field for » = 2M hypersurface :-

5 or 0
— Fouv Y
L=19 Oxt dxv
Forr 6
=fg E

So, " =1"= fg""
Now, Zu = gm/lu = grrlT = grrfgrr = f
=0(as g™ =0atr=2M) (6.2)

Finally, 1], _ypr = W, o0 = | 297"

r=2
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So, r = 2M is a null hypersurface. From above consideration we conclude that » = 2M is indeed the event
horizon and the family of hypersurfaces ¥ contains the event horizon.

6.1.2 Reissner-Nordstrom Black Hole

The Reissner-Nordstrom metric, which is the spacetime solution of Finstein’s Field Equations for a point mass
M with charge @, in polar coordinates (¢,7,0, ¢) is given by :-

2 2
ds* = (1 - ¥ + Q) dt* + ( % + Q) dr? 4 r2dQ? (6.3)

where dQ? = d02 + sin? 0d¢? is the S? metric. Coordinate singularities are at ¢'" = 0, i.e; r = ry =
M £ (M? — QQ) True singularity /singularity is at r = 0.

Event Horizon

Now, let us examine the family of hypersurfaces r = constant denoted by . From this family let us fix our
discussion on 7 = r1. Now, examine the Reissner-Nordstrém metric :-

For r > r4; r—coordinate is spacelike.

For r_ < r < ry; r—coordinate is timelike.

For 0 < r < r_; r—coordinate is again spacelike.

Now observe here that for r_ < r < r region; causality allows r to be unidirectional and ingoing observes would
definitely enter into the 0 < r < r_ region. But something really interesting happens in the region 0 < r < r_
where r—coordinate is again spacelike and so the ingoing observer has a choice whether to go towards the
singularity at » = 0 or go away from it. This is something like the notion of repulsive gravity and is mediated by
what is known as the black hole tunnels but when the ingoing observer comes out moving away from the singu-
larity then he reaches an external spacetime different from where he had started entering towards the black hole.

Now, let us compute the normal vector field for r = r4 hypersurface :-

~ or 0
I = fg"
19 ozt Oxv
Forr 0
=/g aor
SO, l;,b — l’l‘ — fg’r"l‘
]VO’U_)7 l'u = guyl = grr gT‘Tf f

Finally, [I"l,),_, = "L, = ‘fzg”"

=0(as g™ =0atr=ry) (6.4)
r=r4q
So, r = ry are null hypersurfaces. r = ry is termed as the outer horizon and r = r_ is termed as the inner
horizon. From above consideration we conclude that » = r is indeed the event horizon and the family of
hypersurfaces ¥ contains the event horizon.

If |Q] = M then both the horizons coincide and the Reissner-Nordstrom black hole obtained is known as
an extreme Reissner-Nordstrom black hole. If |Q| > M, then the Reissner-Nordstrom metric describes a naked
singularity at r = 0.

6.1.3 Kerr Black Hole

The Kerr metric, which is the spacetime solution of Einstein’s Field Equations for a rotating point mass M
with angular momentum J, in Boyer-Lindquist coordinates (¢,7,0, ¢) is given by :-

oM AM >
ds? = — (1 - T) dt? — $119017xz<;54r Z sin20de? + Py p2d6? (6.5)
p? p? p? A
QA N 2
_ _—dtQ + ysin 20(d¢ — wdt)? + "Adﬂ + p2do? (6.6)
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where;

_J
02 =r2+a’cos?d (6.8)
A =712 —2Mr + a? (6.9)
¥ = (12 +a?)? — a®Asin? 0 (6.10)
2M
w=-2 a (6.11)
9o 2

Coordinate singularities are at ¢g"™ = 0, i.e. at A = 0, which means at; r = ry = M + (M? — a2?)2. True
singularity /singularity is at r = 0.

Now consider, with 7 as the proper time parametrization;

L =u®¢, = 0 (observer with zero angular momentum) (6.12)
= guute’ =0
dt ot dt 0¢ d¢ 0¢
= _— _— _—— =
9 96 T 06 T 9% dr g
= gwt‘ + g¢¢¢ =0 (6.13)
d
= 9 _ 9w _ w (dimension of angular velocity) (6.14)
dt 9o

Event Horizon

Now, let us examine the family of hypersurfaces r = constant denoted by S. From this family let us fix our
discussion on r = r4. Now, examine the Kerr metric :-

For r > r;; r—coordinate is spacelike.

For r_ < r < ry; r—coordinate is timelike.

For 0 < r < r_; r—coordinate is again spacelike.

Now observe here that for r— < r < r4 region; causality allows r to be unidirectional and ingoing observes
would definitely enter into the 0 < r < r_ region. Again like previously, in the region 0 < r < r_ where
r—coordinate is again spacelike and so the ingoing observer has a choice whether to go towards the singularity
at r = 0 or go away from it.

Now, let us compute the normal vector field for r = ro hypersurface :-

< or 0
— fauv ZT
1=y oxt dxv
Forr 0
=fg E

So, M =1" = fg”

Now, llt = gl“’ly = g7‘7'lr = g”_fgrr = f~
Finally, |lﬂlﬂ|7:ri = |lv"lr|7:7ﬂi = ‘fzgm« 0

(as g™ =0atr=ry) (6.15)

r=r4

So, r = ry are null hypersurfaces. r = ry is termed as the outer horizon and r = r_ is termed as the inner
horizon. From above consideration we conclude that » = 7 is indeed the event horizon and the family of
hypersurfaces S contains the event horizon.

If |a|] = M then both the horizons coincide and the Kerr black hole obtained is known as an extreme Kerr
black hole. If |a| > M, then the Kerr metric describes a naked singularity at r = 0.

6.1.4 Kerr-Newman Black Hole

This has exactly the same computations as that of the Kerr black hole. The Kerr-Newman metric, which is the
spacetime solution of Einstein’s Field Equations for a rotating point mass M with angular momentum J and
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also with charge @, in Boyer-Lindquist coordinates (t,r,0, ¢) is given by :-

2A b 2
ds® = _%d# + e sin? 0(d¢ — wdt)? + %dﬁ + p?db? (6.16)
where;
J
=2 1
a= S 6.17
02 =r2+a’cos’d 6.18

A =7r*—2Mr+a®+Q?
¥ = (12 +a?)? — a®Asin? 0
gte  a(r’+a%—A)

w=s-—-—"—=—— = 6.21
o0 > (6.21)

Coordinate singularities are at ¢"" = 0, i.e. at A = 0, which means at; r = ry = M + (M? — a® — Q2)%. True
singularity /singularity is at » = 0.

Event Horizon

Now, let us examine the family of hypersurfaces r = constant denoted by S. From this family let us fix our
discussion on r = r4. Now, examine the Kerr-Newman metric :-

For r > r4; r—coordinate is spacelike.

For r_ < r < r4; r—coordinate is timelike.

For 0 < r < r_; r—coordinate is again spacelike.

Now observe here that for r_ < r < r, region; causality allows r to be unidirectional and ingoing observes
would definitely enter into the 0 < r < r_ region. Again like previously, in the region 0 < r < r_ where
r—coordinate is again spacelike and so the ingoing observer has a choice whether to go towards the singularity
at r = 0 or go away from it.

Now, let us compute the normal vector field for r = r4 hypersurface :-

~ or 0
— fauv ZT
I=19 ox* Oxv
Forr 0
=fg ar

So, I =1"= fg'"
Now, lu = g;wly = grrlr = ngngT = f
0

Finally, [I",],_,, = I"L|,_,, = ‘ Py (as g™ =0 at r=ry) (6.22)

r=r4

So, r = ry are null hypersurfaces. r = ry is termed as the outer horizon and r = r_ is termed as the inner
horizon. From above consideration we conclude that » = 7y is indeed the event horizon and the family of
hypersurfaces S contains the event horizon.

If a2 + Q?> = M? then both the horizons coincide and the Kerr-Newman black hole obtained is known as
an extreme Kerr-Newman black hole. If a? + Q% > M?, then the Kerr-Newman metric describes a naked
singularity at r = 0.

6.2 Horizons of Black Holes

Here we do some discussions on topology of horizons of 4—dimensional black holes and the concept of Bifurcation
2-sphere along with the notion of singularities of black holes.

6.2.1 Topology of Black Holes

In this discussion we restrict ourselves to studying the horizons of Schwarzschild and Reissner-Nordstrém black
hole and without proof generalise the result to all stationary 4—dimensional black holes. Both the Schwarzschild
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and Reissner-Nordstrom metrics can be written in the form :-

dr? 9

—— +r2dQ? 6.23
7 (0:29)
where f(r) is a smooth real valued function of . Now, observe the metric for r = constant hypersurfaces. This
gives :-

ds* = —f(r)dt* +

ds* = — f(r)dt* + r2dQ? (6.24)
Now, perform time slicing of this metric, i.e.; consider ¢ = constant cross-sections of it. This gives :-
ds® = r2d0? (6.25)

which is nothing but the metric for S2?. Hence, the topology of all stationary 4—dimensional black holes is
spherical, i.e; same as that of S2.

Bifurcation 2—sphere

If the event horizon would be a killing horizon of the killing vector field of the spacetime then since it has
spherical topology 3 a 2—sphere about the singularity » = 0; where the killing vector field vanishes. This
2-sphere is known as the Bifurcation 2-sphere.

6.2.2 Singularities

A singularity of the metric is a point at which the determinant of either it or its inverse vanishes. However,
a singularity of the metric may be simply due to a failure of the coordinate system. If no coordinate system
exists for which the singularity is removable then it is irremovable, i.e. a genuine singularity of the spacetime.
Any singularity for which some scalar constructed from the Riemann-Christoffel Curvature Tensor blows up
as it is approached is irremovable. Such singularities are called curvature singularities. It is virtually always
true that the existence of a singularity as just defined can be detected by the incompleteness of some geodesic,
i.e. there is some geodesic that cannot be continued to all values of its affine parameter. For this reason, we
shall be defining a spacetime singularity in terms of geodesic incompleteness. Thus, a spacetime is non-singular
iff all geodesics can be extended to all values of their affine parameters, changing coordinates if necessary.
Furthermore, geodesically complete black holes will always contain a Bifurcation 2-sphere.

6.3 The Zeroth Law

Let us first state the Zeroth Law of Black Hole Mechanics :-
Theorem 6.3.1. “Surface gravity k of a stationary black hole is uniform over the entire event horizon.”

Proof. The proof will be done in two steps. First we will prove that k is constant along horizon’s null genera-
tors. Then, we would prove that k is constant from generator to generator.

Let N be the null hypersurface which is also a killing horizon to a killing vector field & of the spacetime.
Here we introduce the same familiar coordinates on event horizon cross-sections as was considered in the null
congruence’s cross-section, i.e; (v, u,04) (where v is the geodesic parameter); with same definition of tangent
vector field and deviation vector applying here too. Now,

K = 1 [(Vo€) (Vats)
Also, V, V£ = Ro‘uyﬁgﬁ
So, V, V6% = Rayupé”
Now, €93 = £95(— (V7€) (V)
= 260hrE = —(VHEP)EVA(Vadp)
= —(V*EM)E"' Vo (Viéa)
= — (V") Ry p”
_(vufa)Ra#uﬁfny (6.26)
(V") Rappn”e”
(VHEY) R P (by Eq™ 2.20)
=0 (6.27)
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Since, k # 0; so, eq™ 6.27 implies :-

OEEN =0 (6.28)
= £ 0k=0 (6.29)

. K 1s constant along horizon’s each null generator.
Now in transverse direction we have from eq™ 6.26 :-
260zkey = —(VPEY) Ropnpes &° (6.30)

Now suppose, the black hole is geodesically complete. Then, it contains a Bifurcation 2-sphere; on which €% = 0.
So, Oxke = 0 on the Bifurcation 2-sphere. Now,

{“Vu(ﬁ,\nej) - gﬂﬁu(ax\"ieﬁ)

(9 0 [0k (0\Y _ 0 (o (o
S\ dv ) Oz \ 0z \ 994 T 9v \ 9z \ 994
0 ([ Ok 0%k 9%k

o <89A> T 9vdA ~ 9040v

But % =0 as k is constant horizon’s null generators parametrized by v. So,

€MV, (Orkey) = 0 (6.31)
/ﬁ)\eﬁ is constant on horizon’s each null generator. This means the variation of k along 64 is constant along
v (on null generators). Now, pick v = ci(constant). Then, on this variation of x along 04 is constant. Now,
at v = cy(constant); again variation of k along 84 is constant but the value of k here can be different than that
of the value at v = c¢1. But, this wouldn’t be different as it has been already proved that x is constant along v
(on null generators). So, we see that n)\eﬁ is constant on v = constant cross-sections of the event horizon.
Now since at (v,04) = (0,0), i.e.; on the Bifurcation 2-sphere k ye\ = 0; we conclude that ¥V v k yey =0, i.e.;
it doesn’t vary along v. Hence, finally from the above discussion we conclude that n)\eﬁ =0 on v = constant
cross-sections of the event horizon. Thus, k doesn’t vary from generator to generator. Hence, for a geodesically

complete black hole; K is uniform over the entire event horizon.

Now consider if the black hole is not geodesically complete. Then, say there are two black holes A and B,
out of which A is geodesically complete and B is geodesically incomplete but both are identical in their space-
times ¥V v > 0 (in future). Then, B is stationary only for v > 0 and A is stationary ¥ veR. Now since k ye’y =0
on v = constant cross-sections of the event horizon of A; and furthermore, A and B are identical in their
spacetimes ¥ v > 0 so, we conclude thatV v > 0; 117,\6% =0 on v = constant cross-sections of the event horizon

of B too.

This shows that for a stationary black hole the surface gravity k is indeed uniform over the entire event horizon.
Proved.

6.3.1 The Hawking Temperature

Sir Hawking’s discovery that quantum processes give rise to a thermal flux of particles from black holes implies
they do indeed behave as thermodynamic systems. Black holes have a well-defined temperature, which as a
matter of fact is proportional to the black hole’s surface gravity x given as :-

Ty = — 6.32
H= o (6.32)

The Zeroth Law of Black Hole Mechanics can be seen therefore as a special case of the corresponding Law of
Thermodynamics, which states that a system in thermal equilibrium has a uniform temperature.

6.4 Surface Gravity Calculations

In this section we present the surface gravity calculations of the 4—dimensional stationary black holes considered
earlier.
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6.4.1 Schwarzschild and Reissner-Nordstrom Metrics

Both the Schwarzschild and Reissner-Nordstrom metrics can be written in the form :-

ds* = —f(r)dt* + Jil(f) + r2dQ? (6.33)

where f(r) is a smooth real valued function of r. So, we have :-
guu = —Ff, grr =71 900 =12, ggp =17 sin* 0 (6.34)
gtt _ _%, g =f g%,: %2’ g¢¢> — 3 511112 ; (6.35)

Now consider the Killing’s Equation :-

Viaég =0
= 0als + 0pla = 2I0 560 (6.36)

Now let us compute the non-vanishing components of the Affine Connection :-

I -
Ly == L = “op Lo = —fr (6.37)
I, =—frsin0, FZ¢ = —sinfcos¥, 1";% = Fﬁe = cot 0 (6.38)
f 1 1
Fi'r = Ffﬂt = ﬁ7 P?”G = Fzr = ;7 qub = Fgr = ; (639)

Now observe since g, is independent of ¢ we have a straightforward killing vector field as :-

0]
=
=1
Now, putting &, = 0, and intuitively setting up the remaining Killing’s Equation we get :-
9
— =0 6.40
50 (6.40)
%—gg = —sinf cos &y (6.41)
08y | 0%
— 4+ —=— = 2cotf 42
20 + 96 cot 6, (6.42)

The above eq™s are similar to the ones we set up for the killing vector fields of S?. Hence, linearly independent
killing vector fields of given spacetime are :-

& = % (6.43)
§2 = % (6.44)
{3 = sin ¢% + cot 0 cos %% (6.45)
€4 = cos ¢% — cot @sin %% (6.46)

For calculation of the surface gravity of the black hole consider the metric in ingoing FEddington-Finkelstein
coordinates (v,r,6, @) :-

ds® = — f(r)dv? + 2dvdr + r*dQ> (6.47)

where,
v=t+r" (6.48)
= dr (6.49)

(r)
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Furthermore, roots of f(r) = 0 will be r = r1 in case of Reissner-Nordstrém black hole and r = ry in case of
Schwarzschild black hole.

So, for v = constant we have ingoing rays and v is known as the advance time coordinate. Furthermore,
the metric in this form clearly suggests that root of f(r) = 0 is just a coordinate singularity as the metric is
well behaved there. Now for computation of x just consider :-

s? = — fdv? + 2dvdr (6.50)
Now,
—f 1 . 0 1
g;wz( 1f 0>;9’ =(1 f) (6.51)
Now,
vrgr =0 = arfr = F;\rfA =0 (652)
= & =g(v)
avgv = ]-—‘)\ = qu + igr
0% Ji ﬁ
So, 5 v+ g(v) (6.53)
a ' a v
-y o —2rA o= &=~ g
851} _ ¢ _ 89(’0)
= 5 = f g(v) E® (6.54)
Upon Integrating w.r.t. r; & = —gf — %r + h(v) (6.55)
agv _ ’ " !
So, 5 = fg —rg +h (6.56)
= f;[h —rg —gf] + ig (by eq" 6.53)
_hf g
== 5 (6.57)
From eq" 6.56 and eq" 6.57; —fg —rg +h = % — TJ;Q (6.58)

Let in eq™ 6.58; h = 0 and g = ¢1(constant). This choice satisfies eq™ 6.58. So, we get taking ¢; = 1 for linear
independence :-

=-f&=1 (6.59)
& =1, =0 (6.60)
= =G =—f (6.61)
Furthermore, 88|, /., = (6.62)
So, indeed r = ry /ry are/is killing horizon(s) to the killing vector field :-
0
&= ke (6.63)

Now,

QW(V;L&/F = grr(vrgr) + grv(vr&)) + gvr(vvfr) = grv(vr&}) + gvr(vvfr)
But, V,.&, = —V,&,

So, (Vr‘fv)Q = (var)Q
Hence, g"(V,.£,)% = 2(V.&,)?

Now, Vi6y = 0,6 ~T1br = —f + 5 =%

N\ 2
Finally, (V,&)° = (2)
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We know :-

1
K2 = D) |gw(vu&/)2|

r=ry/ry

1
= _52 |(Vr£v)2’

0

Choosing the +ve sign for k we arrive (denoting RN for Reissner-Nordstrom) at :-

f(rs) (M2 - Q%)%

r=ry/ry

r=rs/rn

= = - 6.64
HRN+ 2 (M—F(MQ—QQ)E)Q ( )
——— f/ (7’+) _ (M2 B QQ)% (665)
o 2 (M — (M2 —Q?)3)?
“(r 1
RSchwarzschild = f (QH) = m (666)
Hence we also obtain :-

M2 — 02 1

Ty = FRN: _ ( @) — (as r =14 is the event horizon) (6.67)
21 2n(M + (M — Q2)3)?
KSchwarzschild 1

THSchwarzsch'ild = 271_ = 87TM (6.68)

6.4.2 Kerr and Kerr-Newman Metrics

Here we present the computation of surface gravity of the Kerr black hole. The surface gravity of the Kerr-
Newman black hole has exactly the same computation as that of the Kerr only with very slight modifications,
so we will directly present the result for the Kerr-Newman case.

Now, the null hypersurfaces are r = ry and inspection of the Kerr metric suggests two obvious linearly in-
dependent killing vector fields :-

0
&= pn (6.69)
o0
&= 9 (6.70)
We take their linear combination as :-
0 0

gﬂ::a+QHi87¢

Now, we would like to make r = r4 as killing horizons for £&4+. So, we seek the value of Qp, such that
|§/"§M|T:ri = 0. So,

16, = 16 + €%y
= git + 916Qm + Qi (gps + gor)
= Qi gog + 2 gsn + 9u
Q2 [E sin? 0} 20, <w2 sin? 0) N wY sin? 9w2 p2A

p? p? p? by
Y sin? 0 p2A
= Oy —w)? — —
p2 [ H (U] E
Now at r =r4+, A = 0. So,
Zi sin2 0
1€ Euler, = T[QHi — wy)?

B (r+? +a?)? sin? 0

Qp, —ws)? 6.71
r+2 4+ a2cos2 6 [Qrs — w] (6.71)
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Now from eq™ 6.71, [€#y[,_,, = 0 holds only if Qp, = ws = ;54,z. Now, dimensionally; [Qy] = [w] and
hence, on r = 71 (the event horizon); Q. is termed as the angular velocity of the black hole. So, we get the

desired killing vector field as :-

0 0 0 a 0

i:a—’—QHiai(b:&—’_iriQ—FaQ% (6.72)

3

We know that the normal vector field is, [, = 887’;. Now, we know since £ is normal to r = r4; we have :-

or

= (6.73)
Furthermore, £"¢, = g"€,6, = ¢" c1%0,10,r = c1%g""
s &M p*sin®f ,  pPA
= = —r = — QO — N
c1 g A 2 [Qp — W] 5
Qg —w 4
2 _ .92 . H P+
= ‘61 ‘r:ri = Y4 sin erl—lgli X _ Z
. Ow 1 pit
= Y.sin?0|2(Qy — w)— e
+ sin (Qm —w) 5|, o3 " 5
_pet
Yy
p+”
etlr=rs = 53 (6.74)
EiQ

We know, |V, (—£%,)] = [2K&ul,_,, - Furthermore,

r=r4

4 2 2
P+ P+ P+
= = =2(ry —M)0,r =25+ —F 0,7
Hence;
rL+ — M
So, we finally obtain :-
- M
Ty, = K+ ™ (6.76)

Kor o 2m(ry? 4 a?)

where K denotes Kerr.
Now, in the case of Kerr-Newman black hole the exact result holds with r4. = M 4 (M? — a? — Q2)%. So,

r4+ — M
KKNy = =2t a2 (6.77)
So, we finally obtain :-
KKN ro —M
T = t = .
Hien 2 27(r2 + a?) (6.78)

where KN denotes Kerr-Newman.

6.4.3 Extreme Black Holes

In the extreme cases of Reissner-Nordstrom, Kerr and Kerr-Newman black holes one can see that they all yield
identically the same surface gravity, i.e.;

Feg =0 = T, =0 (6.79)

6.5 Black Holes Uniqueness Theorems

In this section we qualitatively present some of the black hole uniqueness theorems in a 4—dimensional spacetime
manifold. In the absence of any matter in their exterior, stationary black holes admit an extremely simple
description.
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6.5.1 Static Black Holes

If the black hole is static, then it must be spherically symmetric and it can only be described by the Schwarzschild
solution. It implies that in the absence of angular momentum, complete gravitational collapse must result in
a Schwarzschild black hole. This might seem puzzling, because the statement is true irrespective of the initial
shape of the progenitor, which might have been strongly nonspherical. If the black hole is static and carries an
electric charge, then it must be a Reissner-Nordstrom black hole

6.5.2 Axially Symmetric Black Holes

If the black hole is axially symmetric, then it must be a Kerr black hole. Furthermore, if it also carries an
electric charge then it must be a Kerr-Newman black hole.

6.5.3 Prelude to the No Hair Theorem

Thus, we see that a black hole in isolation can be characterized, uniquely and completely, by just three param-
eters: its mass, angular momentum, and charge. No other parameter is required, and this remarkable property
is at the origin of the Black Holes’ No Hair theorem.

These above black hole uniqueness theorems are one of the main reasons why the event horizons of the black
holes in 4—dimensions always have spherical topologies, i.e.; of S2.

Finally, we end this section by quoting S.Chandrasekhar :- “Black holes are macroscopic objects with masses
varying from a few solar masses to millions of solar masses. To the extent that they may be considered as
stationary and isolated, to that extent, they are all, every single one of them, described exactly by the Kerr so-
lution. This is the only instance we have of an exact description of a macroscopic object. Macroscopic objects,
as we see them all around us, are governed by a variety of forces, derived from a variety of approximations to
a variety of physical theories. In contrast, the only elements in the construction of black holes are our basic
concepts of space and time. They are, thus, almost by definition, the most perfect macroscopic objects there
are in the universe. And since the general theory of relativity provides a single unique two-parameter family of
solutions for their descriptions, they are the simplest objects as well.”

6.6 D > 4 Black Holes

In d > 4 dimensions, there exists multitudes of solutions to Einstein’s Field Equations whose event horizons have
non-spherical topologies. Also their characterization requires more than three parameters. So, the uniqueness
theorems for the solutions no longer holds generally for d > 4 dimensions.

6.6.1 Myers-Perry Black Holes

Myers-Perry black holes are the generalization of Kerr black hole to higher dimensional spacetime. In this

section we would compute their surface gravities. Also we would denote p = 2M and a; = % where M is the

mass and J;s are angular momenta of the black hole in specific directions.

Flat metric in Higher Odd dimensions

Let d = 2n + 1 where, 2 < neN.

Now,
ds? = —dt* + Y da;® + dy;’ (6.80)
i=1
Now, define for p;eR, where ie{1,2,------ ,n} -
Ti = T COS @y, Yi = Th; SN G; (6.81)
Now using;

dx; = p; cos ¢;dr + 1 cos ¢;dp; — 7 sin ¢;do;
dy; = p; sin @;dr + rsin ¢;dp; + rp; cos ¢;de;
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Furthermore, using :-

n
D iyl =2l + g sin20;) =1
i=1

= Y (1 +sin2¢;) =1

i=1

= ZMQ =1 (as, /sin 2¢;d¢p; — 0)
i=1

So, we finally obtain :-

ds® = —dt* + dr® +1* Y (dp} + plde7) (6.82)
i=1
Constraint; Zuf =1 (6.83)
i=1

Flat metric in Higher Even dimensions

Let d = 2n + 2 where, 1 < neN.

Now,
ds® = —dt* + dz* + ) dw;® + dy;” (6.84)
i=1
Now, define for p;, aeR, where ie{1,2,------ ,n} -
Xy = T COS Py, Yi = T Sing;, z =ra (6.85)

As before one can exactly compute the same way to obtain :-

ds* = —dt* + dr* + r*da® +r? Z(dlﬁ + p2de?) (6.86)
i=1
Constraint; o® + Z p? =1 (6.87)
i=1

Myers-Perry metric in d = 2n + 1 dimension

Here,d=2n+1and n > 2

2
ds? = —dt> + = [ dt u2dd; dr? 2 4 a2)(dp? + p2dg? 6.88
s + oF +;aul o) Tl +;<r +ai)(dp + pidg?)  (6.88)
Constraint, Zu? =1 (6.89)
=1
where,
n a2l
F=1- i 6.90
;ruag (6.90)
n=[]¢*+a}) (6.91)
=1
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Myers-Perry metric in d = 2n + 2 dimension

Here,d=2n+2and n>1

2
ds® = —dt? + — (dt + Z il d@) + dr + Z 2\ (dp? + p2de?) 4 rda?
(6.92)
Constraint, o® + Z,uf =1 (6.93)
i=1
where,
22

F=1- el 6.94
> (6.99)
=[]0 +a?) (6.95)

Family of hypersurfaces

For d = 4 case the even dimensional Myers-Perry metric reduces to the familiar Kerr metric. So, motivated
by d = 4; we take r = constant as the family of hypersurfaces containing the horizons. Also, from the above
Myers-Perry metrics we see that const(t,r) have indeed spherical topology, i.e.; S9~2 topology. Furthermore,
like before; roots of g"" = 0 describe the horizons. So,

Odd case : — T — pr? = 0 (describe horizons) (6.96)

Even case : — II — ur = 0 (describe horizons) (6.97)

Also observe that intuitively we can deduce that since at the roots of the above eq™s the r—coordinate changes
sign; hence, these definitely account for the horizons. Let us denote the roots (only the event horizons) in both
the cases by r = rp.

Normal Vector Fields calculation

In both cases for fe]-" -

or 0
— fgv 9T
= f oxt dxv
rr a
- fg or

Now, I"l, = f?¢'"
So, [I"],_,,, =0

So, this shows that in both the cases r = rg is a indeed null hypersurface.

Killing Vector Field calculation for odd dimensions

Observing the Myers-Perry metric for the odd dimensions we observe that g, is independent of (¢, ¢;). Hence
motivated by the Kerr case we demand the killing vector field to be :-

0 - 0
a9t + ; Bi 96,
Now as previously we seek to find 5; such that |§#5#|r:m =0.

Now,

§'8 = g ke = gttgtff +206,6,677 €9 + 9,6,£71 €7 + 2g19,°€

n n—1 n
[ pr pr? 212 9 2ur2
(1 1)+ [ Xk + ( iE 2 ) it 2 it |

=1

Smaiu i+ adud

1=
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Now, |§M£u|r:m =0 gives :-

n 4 2 n—1 n
(S ) o Sttt + 35 Ty S5~ el oSt 523 g =0
1= 1 "H

i=1 j=1 i=1 j=1 =1 j>1

n
Now, using the constraint relation, Y. u? = 1; we see that :-
i=1

pi=1-=> ul (6.98)

Using this in above equation we see that the constant terms obtained on putting 7,j =1 is :-

2 2,.2
arry

5 +2a1B1 + aiBf + 2 BT+

6.99
H+ H + Qﬂl ( )

12L1+a1

But since |§“£M|7,:7,H = 0 this implies that expression 6.99 must vanish as it just contains the constant term of
|£IL§N|1’:1”H' Hence;

i W e
r2 +a r2 4 a2t
H H
Bl(2afr?{ +at+7rY) + 2a1(rH +ad)Bi+al=0
= Bi(af +1%)? +2a1(rf +af)By +af =0
a1

5 +2a1B1 + aiBi + 2 BT +
H -‘r

= fi=—g 6.100
ﬂl a% +7“%I ( )
Similarly, for other Bis we get; [3; = —% (6.101)
a; + 1y
So, we finally obtain :-
8 a; 8
- _ " 7 6.102
Sodd ot a?+r% 0¢; ( )

This makes r = rg a killing horizon for £,44.

Killing Vector Field calculation for even dimensions

n
Here consider the constraint relation, o + > u? = 1. So,
i=1

= —é ; pidpti
N 2

— (Z Hz’duz)
i=1

So, as z = ra -

2
2 n
r
dz? = r2da? = = (Z uidM) (6.103)
i=1
From eq" 6.103 we see that dz? doesn’t contain constant term since there is always an é term present in all of

its terms V ¢{1,2,------ ,n}. Hence the killing vector field doesn’t differ from that of the odd case :-

0 a; 0

Eeven = T m@ (6.104)

This makes r = rg a killing horizon for £eyen.
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Surface gravity in odd dimensions
Consider, £V ,£% = k€%; this with £, = ¢1047(c1 15 constanteR) gives :-

V=870, + T % = kE (as € has only r — coordinate)

rr2
= k=009 + g2 Orgrr| (as T}, is the only non — vanishing in given case)
_ a.q"" 97,7028 rr—1
= Cl[ g+ T rd ]
g’!"r‘2 1
:Cl[argrr_ 9 Wargrr
c
= Elargrr
So,
Cl rr
K= Eﬁrg (6.105)
Now we know that, c% = lim 5;,.57,“ = lim aa"(f;,ﬁf‘)). Now, let us deduce c% without actual computation (since
rT—=>TH T—=TH s

its too long and tedious) but by using mathematical logic as follows.

Consider,

O Il — 2ur

8.q"" _
‘ ’I“g ‘ ,U’I"QF

TH

#0

TH
So, limit exists. As limit exists and [0,¢""|,, # 0 and furthermore, since the metric doesn’t describe a extreme
black hole so; [0,9(§"€,)l,,, # 0. Given metric doesn’t describe a extreme black hole as other real roots to
I — pur? = 0 exists other than r = ry. So, in general it is not the extreme case. Now from eq™ 6.105 we see
that :-

¢ O 11— 2pr

2 wr?F

Now at r = rp; 8H7;22‘” is constant. But, since; F' = F(r, u;) it is not a constant at » = rg. Now, since by the
zeroth law we have that x must be a constant throughout the entire event horizon we observe that at r = rg :-
¢ =~F (6.106)
for some constant yeR. ¢ can’t be a function of r as limit r — rp is taken to get ¢;. This gives :-
O 11 — 2ur
Fodd = (15— — (6.107)
MT‘ T=TH
Surface gravity in even dimensions
Exactly following similar logic and calculation we get with just ¢"" modified in the even dimensions :-
oIl —
Reven = ‘7 72 (6108)
Mr T=TH

Deducing the value of v from kg
For Kerr, d =4 and n = 1. So,
0=r*+a3; 0,11=2r
Also, r? +a} —ur =0
pt (p? —4d3)"

= r=
" 2
Now,
' oIl — p
KKerr = |V~ .
2ur —
o rH—h
T a
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Since, p = 2M; we get :-

TH — M
err =V 55 6.109
RKe Y T?{ T a% ( )
Comparing this with the previous obtained result we see that v = 1.
Hence, we get for;
0dd d :-
011 — 2
Kodd = e (6.110)
2ur S
oI — 2ur
T = 6.111
Hoaa 477,&7“2 o ( )
r=rg
Even d :-
o011 —
Keven = o (6.112)
2ur rery
0,11 —
Hopen = | b (6.113)
drpr |,
So, Myers-Perry even metric is a higher dimensional generalization of the Kerr metric.
6.6.2 Higher dimensional Schwarzschild and RN cases
Higher dimensional Schwarzschild metric is of the form :-
H poNTE 2 1002
— (1 — m) + (1 — Td?) +r de_2 (6114)

where p = 2M and alQﬁ_2 is the S92 metric. Clearly for d = 4 case we obtain the Schwarzschild metric.
Observe that the above metric can be made into the form as that of eq™ 6.33 with only the metric of the sphere
being changed with doesn’t affect surface gravity calculations. So, the surface gravity would turn out to be the
same as before in both higher dimensional Schwarzschild and RN cases.

Now, 7473 = const is the family of hypersurfaces containing horizons and r¢=3 = ju describes the horizons.
Now,
| = f~gl“, 87" 8
Oxt Ox¥
s 0
_ rr_—
=19 or

Now, I"l, = f?¢'"
So, [I"],_,, =0

So, indeed roots of 7973 = y are null hypersurfaces.

Like the Schwarzschild case we can select the killing vector field to be :-

&= % (6.115)
So, €6y = &' = gu =~ (1- —15)
Now, &, = ¢10,7; S0,
66 =g = (1- 5)
Hence, we see taking the +ve sign that ¢; = 1. So,
o = Oar (6.116)
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Now, using Vo (—£"E,) = 2k, ; we see :-

9a(f(r)) = 26&q (as §"&, = —f(r))
= f’ (r)0ar = 2K0,T

where f(r) = (1 - -5).

Hence;
g |10 (6.117)
2 —
f(r)
Ty = 11
H p (6.118)
T=rH

6.7 Black Rings

Definition 6.7.1. Black rings are black holes in 5—dimensional spacetime with topology of their event horizons
as S ® S2.

Note. A circular string has # ® S? topology and so intuitively string bent into a circle has S' ® S? topology.

Remark. The black ring due to the ring’s own gravitation might try to self contract onto itself if the ring is
static. Hence to counter balance the self gravity, stable black ring solutions must correspond to rotating black
rings where the inward gravity is counterbalanced by the outward centrifugal force.

6.7.1 Neutral Black Ring
3

Consider flat metric in 4—dimensional space with coordinates (z!, 2%, 23, %) as :-

ds? = dr? +ridpg + dri + rady? (6.119)
where ! = rjcos¢, 2% = r1sing, 3 = rocostp,x* = rysiney; done by grouping (z',22) and (22, 2*). Now,
define new coordinates (z,y, ¢, ¥) :-

1—22)2 2_1)2
PRI AN VLR
r—y r—y
with, —co<y<—1; -1 <2< 1

(6.120)

where R has dimensions of length, and for thin large rings it corresponds roughly to the radius of the ring circle.

In this coordinate system the metric takes the following form :-

R? dy? dx?
dsj = ——— | (y* — 1)dyp? 1 —2?)d¢? 6.121
54 (1’—y)2 (y )¢+y2_1+1_$2+( .73)¢ ( )
From the ranges of x,y values and observing the metric it can be seen that y = —oo indeed makes the metric

truly singular and it therefore refers to the ring’s source where the singularity is located. Asymptotic limit is
recovered at * — y — —1.

Now, define new coordinates (r,0, @, ¢) :-

r:—ﬁ; cosf =z (6.122)
Y
with, 0<r<R; 0<0<m (6.123)
So, the metric becomes :-
ds? = ! 122 g s 2(d6? + sin? 0d¢? 6.124
S4—m —ﬁ ’l/J'i‘j—f'T( + sin (b) ( )
(14 rest) (1-%)
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Let r = r. be constant in the above metric, then the metric becomes :-
1

ds? = ————M—
4 (1+ 7'(;3359)2

2
[(1 R2> R2d? + r2(d6* + sin? 0d¢?) (6.125)
Now we know S' metric is ds®> = r2dy?; and S? metric is ds? = r2(df? + sin® d$?). So, observing the above
metric one can clearly see that it is the metric for S @ S? topology. This intuitively justifies that black rings
have S! ® S? topology for their event horizons (constant 7 then time slicing, i.e; constant t). Also, notice that
constant 7 = constant y. This intuitively motivates us to choose y = constant as the family of hypersurfaces
containing the event horizon. Now, let us write down the metric for the neutral rotating black ring containing
a rotating 2—sphere as :-

:_ _Fly) pLtTY R L [CW) . AP de? G
R E) (dt ()Cw) BT )[ o™ T e T ew  Fw™ ] (0120

where F(2) = 1+ Mz; G(2) = (1 = 23 (1 +v2); C = (/\()\—1/)%) ,with; 0 < v <A< 1. Nowif A=v=0
then, we obtain the flat metric in the form as eq™ 6.121 .

=

To remove a conical singularity at x = 1 we have to relate A\ with v as :-

2v

= 6.127
1 + 1/2 ( )
=X [(1-v\"
— = — 6.128
14+ A <1 + V) ( )
Now consider the hypersurface y = —%. This clearly makes the metric singular and constant time slicing gives
S ® S? topology for its cross-section. Lets compute its normal vector field. Consider, for some fe}" ;
oy 0
| = pr 2J
I ozt dxv
s gy O
— foyv 2
fg 3y
So, 1", =11, = f2g"¥
Hence, Wlu|y:_% =0 (as g vanishes here)
So, y = —% is indeed a null hypersurface. Hence, from the above discussions we conclude that, y = —% is indeed

the event horizon of the black ring.

Now, we would compute the killing vector field. Observing the metric we see that g"” is independent of
(t, ¢,1), so; the three linearly independent killing vector fields we get from this observation are :-

& = % (6.129)
§o= a% (6.130)
{3 = % (6.131)
So, we choose the killing vector field to be :-
2000 50

So, &' =1,£% = o, &Y = 5. Now,

1€ = Gun€t ey = gt + 20160 + 20108 + 29408 + gps0® + gy B2
_ Fly) 2CR(+y) ., RG@) , (023%1 Ly RF(2)G() ) )
= * e " UForw Teovrw)”

F(z) F(z)
Now as before we find 8 by demanding; |§Hfu‘y=_l = 0. This gives at y = —= -

R2G(x)F(x) o2 C’R*(1+vy

—Fy) +2CRA+y)f+ = F(y)
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Since, a and B should be constant they can’t be functions of x. So, &« = 0 as only its coefficients contains
functions of x. Hence,

0 0
So, we obtain :-
1 1 1\*> p2
F< V)+2C’R(1 V)ﬁ CR(I y) F (=1 0
2 2
= —1+/\+20R(1—1>3_0232 (1_1) B -
v v v) (1-3)
_1)232
= A—u+2CR(u—1)5—CQRQ%=o
= C?R?*(v — 1?2 +20R(v —1)(A —v)B+ (A —v)> =0
~ 5= A-v 1 A=v)(1=X))\"?
CR(1-v) R(l1-v) A1+ X)
So, this makes; y = —% a killing horizon for the killing vector field £ with £ given as :-
9 1L (A=-»-N)*
S=atRI-Y ( GESY) 90 (6.132)

Now, using V,(—£%¢5) = 2k€,; we get :-

A A1+ Ay) 2 A—v
ety N g ALTAY _
( § §u>,a 1+ \z ) (1+>\x)2 ol 1+ e <1y)0ay

A1 +y) (A—v 21+ y) A—v)? A1 +y)? P
+(1+)\x)2 (1—u>aax+(l+)\x)(l+)\y) <1—u> 8ay_(l—l—)\y)Q(l—F)\x) <1—u> Oay

A1+ y)? A—v\?
() (1 + M) <1 —v> Oat
N 1+ Xz A =v)(1 =X

(=)L + ) AL+ -v)
+ terms with (1 4+ vy)Oay

A A A 2 A—v
N =)l 1 =70y s (L ) (77— ) Oa
ow, (=" &)l s = 757 Oay (1+A9:)2( V>8x 1+M:(1—V)8y

2A(1i)<k—v)aax ( 2(1-7) (A—u)zaay_(lm;)?

(A—u>2a
I+ xx)2 \1-v 1+Az) (1-2)\1-v —%)2(1—1-/\10) 1-v oy

R AV 14 Az A-n(-N (1
(1_3)2<1+Ax)2<1—v)8“ +(x+%)2(1—%))‘(1+)‘)(1_1/) (1 v?)a“y

1+ Az 1 /A=v)° LYY,
(14+vz)?F(-1)C \1-v V2 4
Now, &, = c10,y, where; (c1eR) and ¢? = |9yy&" €l = 1. Now, since we know that at y = —1 both G(y) and
&HE,, vanish so taking limit y — —% and applying L-Hopital’s rule we finally observe that the term containing
G(y) in &€, survives and so;

[(1—y*)v + terms with (14 vy)]0ay

e ()
RF(z) 1 (A—u)

c1 = —
1—v

(e—y?F(-3)iC

Now, |va(_§#§u)|y77% = [26a| = |2Kkc104y] gives -

vh (1+1/)(/\—V)< 1- A )%
(v—2A)2 v AN =v)(1+ )

2kR =

72



6.7. BLACK RINGS CHAPTER 6. BLACK HOLES AND BLACK RINGS

Hence, we obtain :-

1+v /[ 1-X \?

"7 TR <m(1+/\)> (6.133)
l4v( 1-Xx \?

™= "1n (u)\(l—i-/\)) (6.134)

6.7.2 Charged Black Ring

Following similar coordinate construction, we present the metric for the charged rotating black ring :-

2 _Fly) (H@)\* L+y
a5 = 503 ( H(y)> (dt+CR an )d¢> (6.135)
R et [ G e A de? Gl
i (m—y)zF( NHE=EWY) { F(y)H(y)NCM + dﬁﬂ (6.136)

Gly) " Glx) " Flo)H(x)

where F(2) =1+ A2;G(2) = (1 = 22)(1 +vz2); H(2) = 1 — pz; C—[)\( V)27, with; (0<v < A< 1) and
(0 < u < 1). Furthermore, R has dimensions of length, and for thin large rings it corresponds roughly to the
radius of the ring circle and p is a parameter related to local charge Q of the ring.

Here again to remove the conical singularity we have the relation :-

1=X/1+p 1—-v\?
= 6.137
() - () (@137
Now, putting 4 = v = A = 0 we get back the flat metric in the form of eq™ 6.121 . Also, the ring source’s
location is at y = —oo. Here also we would choose (motivated by previous case) the family of hypersurfaces to
be y = constant which would contain horizons. y = f% is the hypersurface describing the event horizon. Now
let us compute the normal vector fields. Consider, for some fe]-" ;
5 oy 0
L= fg =
Ozt Ox¥
0
— foyv 2
= fg 3y

So, ", =Y, = g%y
Hence, \l“lu|y=_% =0 (as g¥¥ vanishes here)
So, y = —% is indeed a null hypersurface. Hence, from the above discussions we conclude that, y = —% is indeed
the event horizon of the black ring.

Now, we would compute the killing vector field. Observing the metric we see that ¢g*” is independent of
(t, &,1), so; the three linearly independent killing vector fields we get from this observation are :-

0

&= En (6.138)
0
§o= 9% (6.139)
0
£y = 7 (6.140)
So, we choose the killing vector field to be :-
8 0
§=+ + a% + 5%
So, &' =1,£% = o, &Y = . Now,
§" = get + 20008 + oo + gy
_F) (H@))%V _20R(+y) (H(x))z; oo PH@HEDE (o CR(+y)? (H(@)%V
F(z) \ H(y) F(x) H(y) (z —y)?H(z)N F(y)F(z) \H(y)
| R*F(x)(H@)H@y)*) S Gl) 52
(x—y)? F(y)H(y)N
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Now as before we find 8 by demanding; |§"f#\y:71 = 0. This gives at y = —% -

N N
1 3 Kl

e (2T 1 RE@HEDY L, CRO+y? 1\
F<y)(H<y>) 20R(1+y) <H<y>) Pt e praEy W 2 <H<y>) =0

Since, a and S should be constant they can’t be functions of . So, @ = 0 as only its coefficients contains
functions of x. Hence,

0 0
fza‘i‘ﬁﬁ

So, we obtain :-

C*R*(1 +y)?

— F(y) —2CR(1 +y)B - ) B*=0
= C’R*(1+y)?8% +2CRF(y)(1 +y)B + F(y)* =0
A—v
=P =GR =)

So, this makes; y = —% a killing horizon for the killing vector field & with £ given as :-

0 A—v 0
E=5+ CRO-T)3% (6.141)

Now, using V,(—£%¢5) = 2k€,; we get :-

_ 5 _ ¥ AN
A (1 /w> o, _A(1+Ay)<1 uaf) aax_u(HAy)ﬂ(l pr)s

a2 = 3
(=€"8u)se 14+ Xz \1—py (I1+Ax)2 \1—py L+Xz 3 (1—puy)s ot
p(1+Xy) N (1 —px)® 2 1—pzx T ia—v 22X1+vy) (1—px T ia—v
= 0oy + Oy —
L+Az 3 (1—py)st? 1+ xx \1— puy v—1 (I+Xx)?2 \1— puy v—1

2ty N )5 (A =v o 2l y) N (L= pa)S (A=
1+ Xz 3 (1—#2{)% ¢ 1+Xx 3 (1—uy)%+1 v—1 oy

e (25) G5 o o (i) (=4)
? — pT T -V 2 — )31 — 2
o +AA(;)j(LlyJ)rM/)z G—fw) (i—1> Ot~ (1+§1;1y)+Ay)N<1(1uu;)§ (A ) Oot

pl+y? N (1—px)¥ (A—V)2 y 1+ Az (1—px)5 1
L+ 2) L+ M) 3 (1—py) 51 \v 1) 7 (=)’ (L+ M) (1 - py) 41 C2

x [(1=y?)v + terms with (14 vy)day] + terms with (14 vy)day

_|_

Now, at y = —%; after a messy calculation we obtain :-
1+ 12 (1 ¥ A
+Ar v — §x vV —
—ERE) — z 18,
|( 3 5#)7 |y:7,l/ (1+V.’L‘)202 <1+;;> <V—1>(V+ ) Y

Now, &, = ¢10,Yy, where; (c1eR) and ¢} = |gyy§“§u|y:_g~ Now, since we know that at y = —2 both G(y) and
&M, vanish so taking limit y — —% and applying L-Hopital’s rule we finally observe that the term containing
G(y) in €4, survives and so at y = —1;

v’

o B2 H@ <>¥1(A—u>2
“a= ( —y)* 1+ Ay Cz\v-1

RF(x) H(z)%H (y)lﬁvl()\v>
(z—y)? (A+xrxy): C\v-1
Now, |va(_£ﬂfu)|y:7% = |2kn| = |2kc104y| gives :-

c1 =

11 1+v (1—A)%
R(l—i—%)% vi (1+A\)2A2

2kR =
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Hence, we obtain :-

Ty =

=

1+v V(Ngl) 11—\ 2
2R (u+v)¥ ()\(1+)\)> (6.142)
1+v o(55) 1) \2
AR (n4v) % <)\(1+)\)> (6.143)

Taking ¢ = 0 in eq™s 6.142 and 6.143 gives back eq™s 6.133 and 6.134 .

(0]



Future Prospects

After this project work there are various other related works left to be done in this summer which could not be
done due to the time constraint of the summer project. These works include :-

Lagrangian and Hamiltonian Formulation of General Relativity
Justifying the name surface gravity using Rindler spacetime observer
Remaining Laws of Black Hole Mechanics including Smarr’s Formula
The Quantum Field Theoretic proof of Ty = 5=
Hawking-Bekenstein radiation

Singularity Theorems

Wald Entropy

N otk e
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