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Abstract

In this project we have studied how to define temperature in general relativity by which we mean, how to
define temperature of black holes using the concept of surface gravity of black holes and associating it with the
Hawking Temperature. Then we went on to study the Raychaudhuri Equation and Zeroth Law of Black Hole
Mechanics. Finally, we computed surface gravities for some already known stationary black hole solutions and
ultimately moved onto the realm of higher dimensional (d > 4) black holes and stationary black ring solutions
(some of them) and computed their temperatures too.
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Chapter 1

Notion of Manifold

We begin by presenting in this and few of the subsequent chapters; some mathematical tools of Differential
Geometry needed for the understanding of the concept of surface gravity and related concepts often associated
with black hole physics.

1.1 Manifold

Before rigorously defining a manifold, we would like to state that a manifold of dimension n is intuitively an
entity which is locally Euclidean or in other words, whose certain class of subsets (locally observing the mani-
fold) are in one-to-one correspondence with open subsets of <n.

Definition 1.1.1. A set ∅ 6= M is said to be a n-dimensional C∞ − real manifold along with a collection of
subsets {Oα}αεI (I − index set), if it satisfies the following property :-
i) M = ∪αεI Oα.
ii) ∀ αεI ∃ a bijection ψα : Oα → Uα ⊆open <n.
iii) Let Oα and Oβ be two subsets of M such that Oα ∩Oβ 6= ∅. Now, consider the map;
ψβ ◦ψ−1

α : ψα(Oα ∩Oβ)→ ψβ(Oα ∩Oβ) where ψα(Oα ∩Oβ) ⊆ Uα ⊆ <n and ψβ(Oα ∩Oβ) ⊆ Uβ ⊆ <n. In the
above consideration we demand the map defined to be of the class of C∞ and both the domain and range of
the map to be open of <n.

Remark. The ψα are called as coordinate chart or coordinate system of the manifold.
{ψα}αεI is an atlas.

Note. Demanding ∀ αεI, ψα to be homeomorphisms we can define a topology on M .

Remark. From here on the word manifold would mean a C∞− real manifold.
Also wherever the word smooth map would be used it would mean the map belongs to class of C∞ maps.
Further, Einstein summation convention is assumed and calculations are done in natural units.

1.1.1 Product Manifold

Definition 1.1.2. Let M and M
′

be two n, n
′
-dimensional manifolds with atlases as {ψα}αεI and {ψ′β}βεI′ .

Now, M ⊗ M
′

consists of points (p, p
′
) where pεM and p

′
εM

′
. Further, ψα : Oα → Uα ⊆open <n and

ψ
′

β : O
′
β → U

′
β ⊆open <n

′

. We define M ⊗M ′
to be the product manifold with atlas {ψαβ}αεI, βεI′ where,

ψαβ : Oαβ → Uαβ and, Oαβ = Oα ⊗O
′
β ; also, Uαβ = Uα ⊗ U

′
β ⊆open <n+n

′

as:-

ψαβ(p, p
′
) = (ψα(p), ψ

′

β(p
′
)).

Remark. M ⊗M ′
with above defined atlas can be checked to be a manifold indeed.

This particular way of construction of manifolds given a number of manifolds is particularly useful in physics
as we will see in the following sections where we would see that event horizons of black ring solutions are of
S1 ⊗ S2 topology.

1.1.2 Differentiability on Manifold

Definition 1.1.3. Let M and M
′

be two manifolds as defined in the preceding section. Let f : M →M
′

be a
map. It is said to be differentiable iff the map ψ

′

β ◦ f ◦ ψ−1
α is differentiable.

3



1.2. TANGENT PLANE CHAPTER 1. NOTION OF MANIFOLD

1.2 Tangent Plane

Before going into the concept of tangent plane, we would like to introduce the concept of tangent vectors by
using the notion of differentiability on manifolds we presented in the preceding section. We start by stating a
theorem of multivariable calculus.

Theorem 1.2.1. In <n ∃ a one-to-one correspondence between vectors and directional derivatives. In other
words, a vector v = (v1, v2, · · · · · · , vn) defines a directional derivative operator vµ ∂

∂xµ (where xµ’s are the
Cartesian coordinates of <n) and vice-versa.

Now, directional derivative operator are linear and obey the Leibnitz rule when acting on functions. Moti-
vated by this we define a tangent vector on a manifold.

Definition 1.2.1. Let M be a n-dimensional manifold and pεM . Let F = {f |f : M → < is smooth}. Define
a map, v : F → < such that it satisfied the following properties:-
i) Linearity - v(αf + βg) = αv(f) + βv(g) ∀ α, βε<; f, gεF .
ii) Leibnitz rule - v(fg) = fv(g) + gv(f) ∀ f, gεF
where, v(f) = v(f(p)). Then, v is said to be a tangent vector at the point p.

This definition leads us to the following lemma.

Lemma 1.2.2. Let M be a n-dimensional manifold and pεM . Let F = {f |f : M → < is smooth}. Let hεF .
Now, let h(p) = c(const). Then, v(h) = 0.

Proof. Since h(p) = c, h(h(p)) = h(c) = ch = h2. So, v(h2) = v(ch) = cv(h).
Alternatively consider, v(h2) = hv(h) + hv(h) = 2cv(h). This gives 2cv(h) = cv(h).
Hence, we obtain the result, v(h) = 0. Proved.

Definition 1.2.2. Let Vp = {v|v is a tangent vector at p}. Then, Vp is called the tangent plane at p.

Note. Vp is a vector space over the field < under :-
i) Addition - (v1 + v2)(f) = v1(f) + v2(f) ∀ v1, v2εVp; fεF .
ii) Scalar Multiplication - (av)(f) = av(f) ∀ vεVp; aε<; fεF .

Vp can be indeed shown to be an inner-product space.

Another useful property of Vp is the content of the following theorem.

Theorem 1.2.3. dim(Vp) = n.

Proof. We prove the theorem by constructing n linearly independent tangent vectors that span Vp.
Let ψ : O → U be a chart with pεO and let fεF . Now since both f and ψ−1 are smooth so f ◦ ψ−1 : U → < is
smooth. ∀ µ = 1, 2, · · · · · · , n define; Xµ : F → < as :-
Xµ(f) =

∣∣ ∂
∂xµ (f ◦ ψ−1)

∣∣
ψ(p)

.

Consider the set {Xµ}. Clearly, the set consists of linearly independent tangent vectors as partial derivative in
linear and follows Leibnitz rule.

To prove that this set spans Vp consider Taylor’s theorem in <n. It states :-

“If F : <n → < is smooth, then for each aε<n ∃ smooth functions Hµ such that ∀ xε<n, we have;−
F (x) = F (a) + (xµ − aµ)Hµ(x).
Furthermore,
Hµ(a) =

∣∣ ∂F
∂xµ

∣∣
x=a

.”

Now in the above result letting F = f ◦ ψ−1 and a = ψ(p), we have ∀ qεO :-

f(q) = f(p) + (xµ ◦ ψ(q)− xµ ◦ ψ(p))Hµ(ψ(q)) (1.1)

Let vεVp act on f . Then from Eqn 1.1 we get using Leibnitz rule;
v(f) = v(f(p)) + |(xµ ◦ ψ(q)− xµ ◦ ψ(p))|q=p v(Hµ ◦ ψ) + |(Hµ ◦ ψ)|p v(xµ ◦ ψ(q)− xµ ◦ ψ(p)).

Since, by Lemma 1.2.2, we have v(f(p)) = 0, we get :-
v(f) = (Hµ ◦ ψ(p))v(xµψ).
Now, by using the form of Hµ in Taylor’s theorem we see, Hµ(ψ(p)) = Xµ(f).
Thus, ∀ fεF we have :-

v(f) = vµXµ(f) (1.2)

v = vµXµ (1.3)

4
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where,
vµ = v(xµ ◦ ψ) (1.4)

So, the set constructed indeed spans Vp. Hence, dim(Vp) = n. Proved.

The basis constructed above is known as the coordinate basis. Coordinate chart ψ gave rise to basis {Xµ}
while choosing a different coordinate chart ψ

′
would give rise to new basis {X ′ν}. By using chain rule one

obtains :-

Xµ =
∂x
′ν

∂xµ
X
′

ν (1.5)

where, x
′ν denotes the νth component of the map ψ

′ ◦ ψ−1.
Thus, by using Eqns 1.3 and 1.5 we see that :-

v
′ν =

∂x
′ν

∂xµ
vµ (1.6)

Above is the vector transformation law.

1.2.1 Tangent to a Curve on a Manifold

Lets define a curve on a manifold first.

Definition 1.2.3. A smooth curve C on a manifold is a smooth map C : I →M , where; I is an open interval
of <.

Now let us introduce the concept of tangent vector to a curve.

Definition 1.2.4. Let ψ : O → U be a chart and pεC and O is a nbd of p. The tangent vector at p is defined
as :-
T a : F → < by :-

T a(f) =
d

dλ
(f ◦ C) =

∂

∂xµ
(f ◦ ψ−1)

dxµ

dλ
=
dxµ

dλ
Xµ(f) (1.7)

where λ is a parameter for the curve and λεI.

So, components of tangent vector to the curve are :-

Tµ =
dxµ

dλ
(1.8)

1.2.2 Affine Parametrization of a Curve

Definition 1.2.5. A curve C on a manifold M is said to be affinely parametrized by affine paramete λ if the
norm of its tangent vector at every point on the curve is independent of the parameter i.e.;

Tµ =
dxµ

dλ
= const (1.9)

1.2.3 Tangent Vector Field

In all the above discussions we have focused on a fixed point pεM and defined the tangent plane Vp at that
point. Similarly, we can consider another point on the manifold p 6= qεM and can in a similar fashion define its
respective tangent plane Vq. Now, Vp should be identified with Vq in order to find the rate of change of a vector
along a curve. But there is no immediate identification of Vp with Vq. In <n this identification is trivial. We
will consider this general identification in following sections while discussing the concept of parallel transport in
which the identification is unique upto a given curve.

Definition 1.2.6. A tangent vector field v on a manifold M is an assignment of a tangent vector, v↓pεVp, at
each point pεM .

Despite the fact that Vp is different from Vq ∃ a natural notion of v varying smoothly from point to point
on M . If fεF is smooth on M then v(f)↓p is a number i.e. v(f) is a function on M . The tangent field v is said
to be smooth if for each smooth function f on M , the function v(f) is also smooth.

Since, the coordinate basis fields Xµ are smooth, it follows that a vector field v is smooth iff its coordinates
basis components, vµ, are smooth functions.
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Commutator of Vector Fields

Let v, w be smooth vector fields on a manifold M and fεF . Their commutator is defined as :-

[v, w](f) = (v ◦ w)(f)− (w ◦ v)(f) (1.10)

Now we present a useful lemma regarding commutator of vector fields.

Lemma 1.2.4. If v, w are smooth vector fields occurring in coordinate bases then their commutator vanishes.

Proof. Given; v = Xµ and w = Xν . Now, explicit calculation shows;

v(w(f)) = Xµ(Xν(f))

= Xµ

(
∂

∂xν
(f ◦ ψ−1)

)
=

∂2

∂xµ∂xν
(f ◦ ψ−1)

w(v(f)) = Xν(Xµ(f))

= Xν

(
∂

∂xµ
(f ◦ ψ−1)

)
=

∂2

∂xν∂xµ
(f ◦ ψ−1)

This shows from Eqn 1.9;

[v, w](f) = 0 Proved.

1.3 Metric Tensor

1.3.1 Linear Functionals and Dual Spaces

We start this section by introducing the notions of linear functional and Dual Space.

Definition 1.3.1. Let V be a finite dimensional vector space over the field <. Let T : V → < be a linear map.
Then T is called a linear functional.

Definition 1.3.2. Let V ∗ = {T |T : V → <}. Then, this set of all linear functionals on V is termed as the
Dual Space of V .

Note. One check that V ∗ is indeed a vector space. Elements of V ∗ are called dual vectors.

If {vν} is a basis of V then we can define {v∗µεV ∗} by :-

v∗µ(vν) = δµν (1.11)

where δµν is the Kronecker Delta.

Indeed {v∗µ} is a basis of V ∗, called the dual basis to the basis {vµ} of V . In particular, dim(V ∗) = dim(V ).
The correspondence vµ ↔ v∗µ gives rise to an isomorphism between V and V ∗, but this isomorphism depends
on the choice of basis {vµ}.

We now can apply the above construction starting with the vector space V ∗, thereby obtaining the double
dual vector space to V , denoted V ∗∗. A vector v∗∗εV ∗∗, is a linear map from v∗∗ : V ∗ → <. However, V ∗∗ is
naturally isomorphic to the original vector space V . To each vector vεV we can associate the map in V ∗∗ whose
value on the vector ω∗εV ∗ is just ω∗(v). In this way, we obtain a 1 − 1 linear map of V into V ∗∗ which must
be onto since dimV = dimV ∗∗. Thus, taking the double dual gives nothing new; we can naturally identify V ∗∗

with the original vector space V . With this we are ready to define tensors in the next section.
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1.3.2 Tensors

Definition 1.3.3. Let V be a finite dimensional vector space and let V ∗ denote its dual vector space. A tensor,
T , of type (k, l) over V is a multilinear map;
T : V ∗ ⊗ V ∗ ⊗ · · · · · · ⊗ V ∗ ⊗ V ⊗ V ⊗ · · · · · · ⊗ V → <
where V ∗ occurs k times and V occurs l times.

Note. Let T (k, l) = {T |T : V ∗ ⊗ V ∗ ⊗ · · · · · · ⊗ V ∗ ⊗ V ⊗ V ⊗ · · · · · · ⊗ V → <}. With usual rules for addition
and scalar multiplication for maps one can show T (k, l) has the structure of a vector space.

Remark. Since there are nk+l independent ways of filling the slots of a tensor of type (k, l) with such basis
vectors (where n = dimV = dimV ∗); dim(T (k, l)) = nk+l.

Operations on Tensors

We describe two useful operations on tensors.

Contraction

Definition 1.3.4. Let TεT (k, l). The contraction of T w.r.t ith (dual vector) and jth (vector) slots is a map
C : T (k, l)→ T (k − 1, l − 1) defined as :-

CT = T (· · · · · · , v∗σ, · · · · · · ; · · · · · · , vσ, · · · · · · ) (1.12)

where {vσ} is a basis for V and {v∗σ} is its dual basis; and these are inserted in the jth and the ith slots
respectively.

Outer Product

Given a tensor Tεk(k, l) of type and another tensor T
′
εT (k

′
, l
′
) we can construct a new tensor of type

(k+k
′
, l+l

′
) called the outer product of T and T

′
and denoted T⊗kT

′
by the following simple rule. Given (k+k

′
)

dual vectors {v∗k+k
′

} and (l + l
′
) vectors {wl+l′}, we define T ⊗k T

′
acting on these vectors to be the product

of T (v∗1, v∗2, · · · · · · , v∗k;w1, w2, · · · · · · , wl) and T (v∗k+1, v∗k+2, · · · · · · , v∗k+k
′

;wl+1, wl+2, · · · · · · , wl+l′ ).

Thus, one way of constructing tensors is to take outer products of vectors and dual vectors. A tensor which can
be expressed as such an outer product is called simple. If {vν} is a basis of V and {v∗µ} is its dual basis, then
nk+l simple tensors {vµ1 ⊗k vµ2 ⊗k · · · · · · ⊗k vµk ⊗k v∗ν1 ⊗k v∗ν2 ⊗k · · · · · · v∗νl} yields a basis of T (k, l). Thus,
every tensor Tεk(k, l) can be expressed as a sum of simple tensors in this collection as :-

T = Tµ1µ2······µk
ν1ν2······νlvµ1

⊗k vµ2
⊗k · · · · · · ⊗k vµk ⊗k v∗ν1 ⊗k v∗ν2 ⊗k · · · · · · v∗νl (1.13)

The basis expansion coefficients Tµ1µ2······µk
ν1ν2······νl are called the components of the tensor T . In terms of

component;

Contraction − (CT )µ1µ2······µk−1
ν1ν2······νl−1

= Tµ1µ2···σ···µk−1
ν1ν2···σ···νl−1

(1.14)

Outer Product − S = T ⊗k T
′

= S
µ1µ2······µk+k

′
ν1ν2······νl+l′

= Tµ1µ2······µk
ν1ν2······νlT

′µk+1µk+2······µk+k
′
νl+1νl+2······νl+l′

(1.15)

The above discussion applies to an arbitrary finite dimensional vector space V . Let us now consider the
case where V = Vp. In this case, V ∗p is commonly called the cotangent space and vectors in V ∗p are called
cotangent vectors. We also commonly refer to vectors in Vp as contravariant vectors and vectors in V ∗p as
covariant vectors as they transform like the basis vectors (hence the name covariant) while the former like the
dual basis vectors. Basis of Vp is { ∂

∂xν } and basis of V ∗p is denoted by {dxµ} (as these are just differentials
transforming like contravariant vectors). Furthermore;

dxµ
(

∂

∂xν

)
= δµν (1.16)

Now,

T
′µ
′
1µ
′
2······µ

′
k
ν′1ν

′
2······ν′ l =

∂x
′µ
′
1

∂xµ1

∂x
′µ
′
2

∂xµ2
· · · · · · ∂x

′µ
′
k

∂xµk
∂xν1

x′ν
′
1

∂xν2

x′ν
′
2
· · · · · · ∂x

νl

x′ν
′
l
Tµ1µ2······µk

ν1ν2······νl (1.17)

Eqn 1.17 is the tensor transformation law.
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Definition 1.3.5. An assignment of a tensor over Vp for each point p in the manifold M is called a tensor field.

A tensor TεT (k, l) is said to be smooth if for all smooth covariant vectors fields ω1, ω2, · · · · · · , ωk and
smooth contravariant vector fields v1, v2, · · · · · · , vl; T (ω1, ω2, · · · · · · , ωk; v1, v2, · · · · · · , vl) is a smooth function.
is a smooth function.

1.3.3 Metric

Intuitively, a metric is supposed to tell us the ”infinitesimal squared distance” associated with an infinitesimal
displacement. The intuitive notion of an infinitesimal displacement is precisely captured by the concept of a
tangent vector. Thus, since infinitesimal squared distance should be quadratic in the displacement, a metric, g,
should be a linear map from g : Vp ⊗ Vp → < i.e. a tensor of type (0, 2). Further, the metric should satisfy the
following properties :-
i) Symmetry - ∀ v1, v2εVp we have g(v1, v2) = g(v2, v1).
ii) Non-degenrate - If ∀ vεVp and given v1εVp g(v, v1) = 0 then v1 = 0.

Thus, a metric, g, on a manifold M is a symmetric, nondegenerate tensor field of type (0, 2).

In coordinate basis, g can be expanded in terms of its components gµν as :-

g = gµνdx
µ ⊗ dxν (1.18)

This is often written as :-
ds2 = gµνdx

µdxν (1.19)

Given a metric g, we always can find an orthonormal basis {vµ} of Vp (by Grahm-Schmidt orthogonalization),
i.e., a basis such that; g(vµ, vν) = 0 if µ 6= ν and g(vµ, vµ) = ±1.

Now, gµν is the matrix inverse of gµν .

With this we can define the inner product between two vectors u, v as :-

uµvµ = gµνu
µvν (1.20)

Signature of Metric

If g(vµ, vµ) = 1 then metric is said to be positive− definite and is called Riemannian while if g(vµ, vµ) = −1
the metric is a spacetime metric and is called Lorentzian.

1.3.4 Symmetric and Antisymmetric Tensors

For a tensor Ta1,a2,······ ,al of type (0, l) we have :-

T(a1,a2,······ ,al) =
1

l!

∑
π

Taπ(1),aπ(2),··· ,··· ,aπ(l)
(1.21)

T[a1,a2,······ ,al] =
1

l!

∑
π

δπTaπ(1),aπ(2),··· ,··· ,aπ(l)
(1.22)

where the sum is taken over all permutations, π, of 1, 2, · · · · , l and δπ = +1 for even permutations and δπ = −1
for odd permutations.
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Chapter 2

Curvature

Intuitively, we seek to understand the notion of curvature. They are of types; extrinsic curvature and intrin-
sic curvature. The former determines how curved a manifold is when it is embedded in a higher-dimensional
manifold and w.r.t it. But the notion of intrinsic curvature determines how curved a manifold is intrinsically
without reference to anything external. This is extremely useful as one can observe in the defn of manifold that
a manifold to start with with all generality is never considered to be the subset of any other set which is aptly
justified for applications to our universe as it is not embedded in any external higher dimensional universe. So,
from here on by curvature we mean only intrinsic curvature.

Now, one interpretation of curvature is linked to the parallel transport of a vector along a closed curve on
a surface. Since, intuitively we know that if the vector returns to its initial direction then the surface is not
curved.

Another interpretation is linked to concept of geodesics to be rigorously defined later in this chapter. A geodesic
is the straightest possible curve on a manifold. If a family of geodesics initially parallel remain parallel through-
out the submanifold spanned by them, then the curvature vanishes, else not.

We will build upon these intuitions in this section. Now, we seek to define a derivative operator ∇ on a
manifold M .

2.1 Derivative Operator

Definition 2.1.1. A derivative operator ∇ also known as covariant derivative on a manifold M is a map
∇ : T (k, l)→ T (k, l + 1) satisfying the following properties :-
i) Linearity - ∇a(αT + βT

′
) = α(∇aT ) + β(∇aT

′
) ∀ T, T ′εT (k, l); α, βε<.

ii) Leibnitz rule - ∇a(TT
′
) = T∇aT

′
+ T

′∇aT ∀ T, T
′
εT (k, l).

iii) Commutativity with Contraction - ∇a(C, T ) = C(∇aT ) ∀ TεT (k, l) and C is the contraction map.
iv) Consistency with notion of tangent vectors as directional derivatives of scalar fields - ∀ smooth functions
fεF and ∀ tεVp given pεM we have :- t(f) = ta∇af .
v) Torsion free - ∇a∇bf = ∇b∇af .

Note. Due to condn iv) ∇af = ∇̃a(f) at given pεM , where ∇̃a is a different derivative operator than ∇a.

Remark. Existence of derivative operator - Take a coordinated basis on M and then one can show that ∂a = ∂
∂xa

is indeed a derivative operator satisfying above conditions.

2.1.1 Commutators Revisited

Consider two smooth vector fields v, w and let fεF . Now,

[v, w](f) = v(w(f))− w(v(f))

= va∇a(wb∇b(f))− wa∇a(vb∇b(f)) (by condn iv))

= ∇b(f)va∇a(wb) + vawb∇a(∇bf)−∇b(f)wa∇a(vb)− wavb∇a(∇bf)

= ∇b(f)va∇a(wb)−∇b(f)wa∇a(vb) (by condn v))

= (va∇awb − wa∇avb)∇b(f)

9
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So,
[v, w]b = va∇awb − wa∇avb (2.1)

2.1.2 Christoffel Symbol

Consider,

(∇̃a −∇a)(fwb) = f(∇̃awb −∇awb); by note to condn iv).

So, given pεM we can observe that the map (∇̃a − ∇a) takes dual vectors at p to tensors of type (0, 2) at
p and its action is a type (1, 2) tensor. So, ∇̃awb −∇awb = Ccabwc. Hence,

∇awb = ∇̃awb − Ccabwc (2.2)

Now let for some fεF ,

wb = ∇b(f) = ∇̃b(f)

⇒ ∇a∇b(f) = ∇̃a∇̃b(f)− Ccab∇c(f)

But, ∇b∇a(f) = ∇̃b∇̃a(f)− Ccba∇c(f)

So, this gives :-
Ccab = Ccba (2.3)

Furthermore, for dual vector field wb and vector field tb we have :-

(∇̃a −∇a)(tbwb) = 0

This gives;

⇒ tb∇̃awb + wb∇̃atb − tb∇awb − wb∇atb = 0

⇒ tb(∇̃a −∇a)wb + wb(∇̃a −∇a)tb = 0

⇒ tbCcabwc + wb(∇̃a −∇a)tb = 0

⇒ tcCbacwb + wb(∇̃a −∇a)tb = 0

⇒ wb[(∇̃a −∇a)tb + Cbact
c] = 0

So,
∇atb = ∇̃atb + Cbact

c (2.4)

Similarly, it can be shown that by induction :-

∇agbc = ∇̃agbc − Cdabgdc − Cdacgbd (2.5)

Now, if ∇̃a = ∂a then, Ccab = Γcab where, Γcab is called the Christoffel Symbol. Then,

∇atb = ∇̃atb + Γbact
c (2.6)

2.2 Parallel Transport

Let γ be a curve parametrized by λε< on a manifold M with tangent vector t and let pεM . A vector w is said
to be parallely transported along γ if :-

ta∇awb = 0 (2.7)

⇒ ta∂aw
b + taΓbacw

c = 0 (2.8)

⇒ dwµ

dλ
+ Γµσρ

dxσ

dλ
wρ = 0 (2.9)

The meaning of the Parallel Transport equation will be clear in the following examples.
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Example 2.2.1. Consider <2 in which consider the flat metric in polar form given as :-

ds2 = dr2 + r2dθ2

Consider the following curve on <2 :-

C(λ) : − r(λ) = 1

θ(λ) = λ

where λε<. C(λ) describes the unit circle in <2. Now, let us compute the non-vanishing components of the
Affine Connection.

Γrθθ = −r

Γθrθ = Γθθr =
1

r

Now let us compute the tangent vector fields to the curve C(λ).

tr =
dr

dλ
= 0

tθ =
dθ

dλ
= 1

So, tµtµ = 1

So, given curve C(λ) is affinely parametrized with affine parameter λ. Now, we would like to parallely transport
a vector u along curve C(λ). So, let us set up the parallel transport equations for this.

duµ

dλ
+ Γµνρt

νuρ = 0

⇒ dur

dλ
+ Γrθθt

θuθ = 0

⇒ dur

dλ
− uθ = 0

Similarly,
duθ

dλ
+ Γθθrt

θur + Γθrθt
ruθ = 0

⇒ duθ

dλ
+ ur = 0

Now consider,

d2ur

dλ2
− duθ

dλ
= 0 =

d2ur

dλ2
+ ur

Solution of the above equation is :-

ur(λ) = A cosλ+B sinλ

Hence,

uθ(λ) = B cosλ−A sinλ

where A,Bε<.

Now consider the given initial conditions for u :-

ur(0) = v0 cosα

uθ(0) = v0 sinα

where αε< and v0ε< is the length of the vector u.

Using this we obtain :-

A = v0 cosα

B = v0 sinα
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So, finally;

ur(λ) = v0(cosα cosλ+ sinα sinλ) = v0 cos(α− λ)

uθ(λ) = v0(sinα cosλ− cosα sinλ) = v0 sin(α− λ)

Now consider λ = π
2 ;

ur
(π

2

)
= v0 sinα = v0 cos

(
α− π

2

)
uθ
(π

2

)
= −v0 cosα = v0 sin

(
α− π

2

)
Initially the vector u was making α angle with the x−axis. Now, one can clearly see in the above sets of pair
of eqns that, u makes (α − λ) angle with r−axis and r makes λ angle with x−axis. So, u makes α angle with
x−axis. So it stays parallel to initial vector all throughout even at λ = π

2 . This justifies the name parallel
transport but this notion will become less trivial in the upcoming examples.

Example 2.2.2. Now consider 2−sphere metric :-

ds2 = a2dθ2 + a2 sin2 θdφ2

where aε< is the radius of the 2−sphere.

Now, consider the following curve on it :-

C(λ) : − θ(λ) =
π

2
φ(λ) = λ

Clearly, C(λ) describes the equator. Now, let us compute the tangent vector fields to the curve.

tθ =
dθ

dλ
= 0

tφ =
dθ

dλ
= 1

So, tµtµ = a2(constant)

So, the curve C(λ) is affinely parametrized with affine parameter λ. Now, let us compute the non-vanishing
components of the Affine connection.

Γθφφ = − sin θ cos θ

Γφθφ = Γφφθ = cot θ

Now, we would like to parallely transport a vector u along curve C(λ). So, let us set up the parallel transport
equations for this.

duµ

dλ
+ Γµνρt

νuρ = 0

⇒ duθ

dλ
+ Γθφφt

φuφ = 0

⇒ duθ

dλ
= 0

Similarly,
duφ

dλ
+ Γφθφt

θuφ + Γφφθt
φuθ = 0

⇒ duφ

dλ
= 0

So,

uθ(λ) = c1

uφ = c2
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where c1, c2ε<.

Consider the given initial :-

uθ(0) = 0

uφ = 1

Using this we obtain :-

c1 = 0

c2 = 1

Hence,

uθ(λ) = 0

uφ(λ) = 1

So even at λ = 2π this holds. So, parallely transporting a vector along the equator doesn’t change anything and
the parallely transported vector remains parallel to the initial vector at all times. Non-triviality is introduced
in the next example.

Example 2.2.3. Here consider exactly the same scenario as before but the curve C(λ) being redefined as :-

C(λ) : − θ(λ) = α

φ(λ) = λ

where αε<. This curve clearly describes the latitudes. It can be easily checked like before that this is also
affinely parametrized with affine parameter λ.

Now setting up the parallel transport equations we see :-

duθ

dλ
− sinα cosαuφ = 0

And,
duφ

dλ
+ cotαuθ = 0

So,

d2uθ

dλ2
− sinα cosα

duφ

dλ
= 0

⇒ d2uθ

dλ2
+ cos2 αuθ = 0

Soln; uθ(λ) = A sin(cosαλ) +B cos(cosαλ)

where A,Bε<. Now using the given initial conditions same as before we see :-

uθ(0) = B = 0

Hence,

uθ(λ) = A sin(cosαλ)

This gives :-

uφ =
A

sinα
cos(cosαλ)

Now using another initial condition we get :-

uφ(0) =
A

sinα
= 1

⇒ A = sinα

13



2.2. PARALLEL TRANSPORT CHAPTER 2. CURVATURE

So, we finally obtain :-

uθ(λ) = sinα(cosαλ)

uφ(λ) = cos(cosαλ)

Consider λ = 2π :-

uθ(2π) = sinα(2π cosα)

uφ(2π) = cos(2π cosα)

So, after parallel transport the initial and final vectors are identical. Now,

uµ,iuµ,f = a2 sin2 θ cos(2π cosα)

uµ,iuµ,i = a2

uµ,fuµ,f = a2 sin2 α

So, net change in final and initial norm of the given vector is :-

∆ = a2(1− sin2 α) = a2 cos2 α

So, from the parallel transport equation it is clear that; given w at pεM and curve γ; ∃ a unique soln of
Eqn 2.9 throughout the curve. In this way a curve-dependent identification can be made for vectors at pεM
and vectors at p 6= qεM i.e., a curve-dependent identification of Vp and Vq, though they are still different. This
curve-dependent identification adds a new mathematical structure on M known as a connection.

Now, we state a useful lemma involving parallel transport.

Lemma 2.2.1. Let γ be a curve parametrized by λε< on M with tangent vector t. Let u, v be two vectors to
parallely transported along γ. Then, their inner product is a constant iff a unique derivative operator ∇a is
chosen such that ∇agbc = 0; i.e.,

d

dλ
(gµνu

µvν) = 0 ⇔ ∇agbc = 0 (2.10)

Proof.

d

dλ
(gµνu

µvν) = tα∇α(gµνu
µvν)

= gµνt
α∇α(uµvν) + tαuµvν∇αgµν

= gµν(uµtα∇αvν + vνtα∇αuµ) + tαuµvν∇αgµν

Now the first two terms in the last eqn vanishes owing to the parallel transport equation as u, v are parallely
transported vectors along γ. So,

d

dλ
(gµνu

µvν) = tαuµvν∇αgµν (2.11)

So, vanishing of the inner product of parallely transported vectors ⇔ ∇αgµν = 0.

Selecting such a derivative operator ∇a for which ∇agbc = 0 provides us with a unique derivative operator.
So, we obtain;

d

dλ
(gµνu

µvν) = 0 Proved.

2.2.1 Affine Connection

Let us evaluate ∇αgµν = 0 to obtain the unique derivative operator ∇a for which the former condn holds.

∇agbc = ∇̃agbc − Cdabgdc − Cdacgbd = 0

Now, ∇̃agbc = Cdabgdc + Cdacgbd · · · · · · i)
∇̃bgac = Cdbagdc + Cdbcgad · · · · · · ii)
∇̃cgab = Cdcbgda + Cdcagdb · · · · · · iii)
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Now, i) + ii) − iii) along with symmetric nature of gab and lower indices of Ccab gives :-

∇̃agbc + ∇̃bgac − ∇̃cgab = Cdacgdc + Cdabgdc

⇒Cdabgdc =
1

2
(∇̃agbc + ∇̃bgac − ∇̃cgab)

⇒Ccab =
1

2
(∇̃agbc + ∇̃bgac − ∇̃cgab)

⇒gdcCcab =
1

2
gdc(∇̃agbc + ∇̃bgac − ∇̃cgab)

⇒Cdab =
1

2
gdc(∇̃agbc + ∇̃bgac − ∇̃cgab)

Hence,

Γdab =
1

2
gdc(∂agbc + ∂bgac − ∂cgab) (2.12)

Γφαβ =
1

2
gφλ

(
∂gαλ
∂xβ

+
∂gβλ
∂xα

− ∂gαβ
∂xλ

)
(2.13)

In the above Eqns; Γ is known as the Affine Connection in accordance with the mathematical notion of
connection presented earlier.

2.3 Riemann-Christoffel Curvature Tensor

We will show in this section that the Riemann-Christoffel Curvature Tensor captures the essence of intrinsic
curvature of a manifold M .

Let fεF and w be a smooth vector field. Consider,

∇a∇b(fwc) = (∇af)(∇bwc) + f∇a∇bwc + (∇awc)(∇bf) + wc∇a∇bf
∇b∇a(fwc) = (∇bf)(∇awc) + f∇b∇awc + (∇bwc)(∇af) + wc∇b∇af

So,

(∇a∇b −∇b∇a)(fwc) = f(∇a∇b −∇b∇a)wc

So, given pεM we can observe that the map (∇a∇b −∇b∇a) takes dual vectors at p to tensors of type (0, 3) at
p and its action is a type (1, 3) tensor.

(∇a∇b −∇b∇a)wc = Rabc
dwd (2.14)

Rabc
d is the Riemann-Christoffel Curvature Tensor.

Furthermore, for dual vector field wb and vector field tb we have :-

(∇a∇b −∇b∇a)(tcwc) = 0

This gives :-

⇒ ∇a∇b(tcwc)−∇b∇a(tcwc) = 0

⇒ tc(∇a∇bwc −∇b∇awc) + wc(∇a∇btc −∇b∇atc) = 0

⇒ tcRabc
dwd + wc(∇a∇btc −∇b∇atc) = 0

⇒ wcRabd
ctd + wc(∇a∇btc −∇b∇atc) = 0

So,
(∇a∇b −∇b∇a)tc = −Rabdctd (2.15)
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Figure 2.1: S is a two dimensional surface. (t, s) are coordinates of the surface. pεS = (0, 0). v is a vector which
is parallely transported along the closed loop shown as per the given direction starting from p back to p itself.

2.3.1 Path-dependence of Parallel Transport

Now, consider the following figure :-
We want to compute the change in va as it is parallely transported by taking its inner product with an

arbitrary dual vector wb and finding the change in this scalar. Let us set :-
δ1 = variation in the inner product due to ∆t variation along constant s−curve; s = 0.
δ3 = variation in the inner product due to ∆t variation along constant s−curve; s = ∆s.
δ2 = variation in the inner product due to ∆s variation along constant t−curve; t = 0.
δ4 = variation in the inner product due to ∆s variation along constant t−curve; t = ∆t.
T is tangent vector to constant s−curves.
S is tangent vector to constant t−curves.

So, considering midpoint derivatives which is accurate upto 2nd order in displacement we get :-

δ1 = ∆t

∣∣∣∣ ∂∂t (vawa)

∣∣∣∣
( ∆t

2 ,0)

= ∆t
∣∣T a∇a(vbwb)

∣∣
( ∆t

2 ,0)

= ∆t
∣∣T avb∇awb∣∣( ∆t

2 ,0)
(since T a∇avb = 0)

Similarly, we have :-

δ3 = ∆t
∣∣T avb∇awb∣∣( ∆t

2 ,∆s)

So, δ1 + δ3 = ∆t[
∣∣T avb∇awb∣∣( ∆t

2 ,0)
−
∣∣T avb∇awb∣∣( ∆t

2 ,∆s)
]

And, δ2 + δ4 = ∆s[· · · · · · · · · ]

Now, lim
∆s→0

δ1 + δ2 + δ3 + δ4 = 0 (correct upto first order in ∆t and ∆s). So, parallel transport is independent

to first order.

For second order change consider curve t = ∆t
2 . Consider, parallel transport of va and T a∇awb along this curve

from (∆t
2 , 0) to ∆t

2 ,∆s. Clearly, since parallel transport is independent to first order, parallel transport of va

won’t contribute to the change, and change due to the parallel transport of T a∇awb equals ∆svbSc∇c(T a∇awb).
This gives;

δ1 + δ3 = −∆t∆svbSc∇c(T a∇awb)
Similarly, δ2 + δ4 = ∆s∆tvbT c∇c(Sa∇awb)
Hence, δ(vbwb) = ∆t∆svb[T c∇c(Sa∇awb)− Sc∇c(T a∇awb)]

Now, since T and S are coordinate basis vectors their derivatives commute and hence we have;

δ(vbwb) = ∆t∆svb[T cSa(∇c∇awb)− T aSc(∇c∇awb)]
= ∆t∆svb[T aSc(∇a∇cwb)− T aSc(∇c∇awb)]
= ∆t∆svbT aSc[(∇a∇c −∇c∇a)wb]

= ∆t∆svbT aScRacb
dwd (2.16)

Eqn 2.16 shows that Riemann-Christoffel Curvature Tensor indeed measures the path-dependence of parallel
transport. This shows that the parallel transport notion of curvature is linked to the Riemann-Christoffel
Curvature Tensor.
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2.3.2 Properties of Riemann-Christoffel Curvature Tensor

In this section we state some useful properties of Riemann-Christoffel Curvature Tensor without proofs.

Rabc
d = −Rbacd (2.17)

Rabc
d +Rbca

d +Rcab
d = 0 (2.18)

Rabcd = Rbadc = Rcdab (2.19)

Rabcd = −Rabdc (2.20)

2.4 Geodesics

Before defining geodesics with all the rigor we intuitively present the idea that geodesic is the shortest possible
path or the straightest possible path between two points on the manifold.

Definition 2.4.1. Let γ be a curve parametrized by λε< on a manifold M with tangent vector t. γ is said to
be a geodesic if t is parallely transported along itself, i.e.;

ta∇atb = 0 (λ is affine parameter) (2.21)

ta∇atb = αtb (λ is non− affine parameter) (2.22)

where, α is arbitrary function on γ. We will prove the difference between the above two geodesic equations in
the penultimate section of this chapter.

In component form we have assuming λ to be the affine parameter :-

ta(∂at
b + Γbact

c) = 0

d2xµ

dλ2
+ Γµσρ

dxσ

dλ

dxρ

dλ
= 0 (2.23)

Now we will prove that the curve of shortest distance between two points in a manifold indeed is indeed a
geodesic.

Theorem 2.4.1. Let γ be a curve parametrized by λε< on M with tangent vector t and let p, qεM . Furthermore,
let γ be a geodesic connecting p and q. Then, γ is the shortest possible path between p and q lying on M .

Proof. Without loss of generality we assume λ is the affine parameter and since length of a curve is parameter-
independent we assume that it has unit-speed parametrization, i.e.; gµνt

µtν = 1.
Now, length between p and q is :-

l =

q∫
p

[gµνt
µtν ]1/2dλ (2.24)

From Calculus of Variations we know l is an extremum iff d
dλ

(
∂l
∂ẋµ

)
− ∂l

∂xµ = 0. Now, since gµν is independent
of ẋµ;

∂l

∂ẋα
= 2gαµẋ

µ = gαν ẋ
ν + gµαẋ

µ

∂l

∂xα
=
∂gµν
∂xα

ẋµẋν

d

dλ

(
∂l

∂ẋα

)
=
∂gαν
∂xµ

dxµ

dλ

dxν

dλ
+ gαν

d2xν

dλ2
+
∂gαµ
∂xν

dxν

dλ

dxµ

dλ
+ gαµ

d2xµ

dλ2

Now, d
dλ

(
∂l
∂ẋα

)
− ∂l

∂xα = 0 gives :-(
∂gαµ
∂xν

+
∂gαν
∂xµ

− ∂gµν
∂xα

)
dxµ

dλ

dxν

dλ
+ 2gαφ

d2xφ

dλ2
= 0

17
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Multiplying above by 1
2g
αφ we get :-

1

2
gαφ

(
∂gαµ
∂xν

+
∂gαν
∂xµ

− ∂gµν
∂xα

)
dxµ

dλ

dxν

dλ
+
d2xφ

dλ2
= 0

⇒d2xφ

dλ2
+ Γφµν

dxµ

dλ

dxν

dλ
= 0 (2.25)

Eqn 2.25 is nothing but the geodesic equation.
So, indeed γ is the shortest path connecting p and q lying on M . Proved.

2.4.1 Some Examples of Geodesics

Here we present some examples of geodesics.

Example 2.4.1. Here we will consider geodesics in a plane. Consider the polar flat <2 metric :-

ds2 = dr2 + r2dθ2

Now let us set up the geodesic equation with affine parameter λ.

d2xφ

dλ2
+ Γφµν

dxµ

dλ

dxν

dλ
= 0

⇒ d2xr

dλ2
+ Γrθθ

(
dxθ

dλ

)2

= 0

⇒ d2xr

dλ2
− r

(
dxθ

dλ

)2

= 0

Similarly,
d2xθ

dλ2
+ Γθθr

(
dxθ

dλ

)(
dxr

dλ

)
+ Γrrθ

(
dxr

dλ

)(
dxθ

dλ

)
= 0

⇒ d2xθ

dλ2
+

2

r

(
dxr

dλ

)(
dxθ

dλ

)
= 0

Consider,

d2θ

dλ2
+

2

r

(
dr

dλ

)(
dθ

dλ

)
= 0

Multiply by r2; r2 d
2θ

dλ2
+ 2r

(
dr

dλ

)(
dθ

dλ

)
= 0

Now,
d

dλ

(
r2 dθ

dλ

)
= r2 d

2θ

dλ2
+ 2r

dr

dλ

dθ

dλ

⇒ d

dλ

(
r2 dθ

dλ

)
= 0

⇒ r2 dθ

dλ
= c1(constant)

⇒ dθ

dλ
=
c1
r2

Also,
d2r

dλ2
− r

(
dθ

dλ

)2

= 0

⇒ d2r

dλ2
− r c

2
1

r4
= 0

⇒ d2r

dλ2
=
c21
r3

18
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Now consider; unit-speed parametrization of the curve, i.e.; it is parametrized by the arc length ds = dλ. Hence;(
dr

dλ

)2

+ r2

(
dθ

dλ

)2

= 1

⇒
(
dr

dλ

)2

= 1− r2 c
2
1

r4
= 1− c21

r2

⇒ dr

dλ
= ±

(
1− c21

r2

) 1
2

⇒ d2r

dλ2
=
c21
r3

So, indeed;
dr

dλ
= ±

(
1− c21

r2

) 1
2

⇒ r

(r2 − c21)
1
2

dr = ±dλ (with c21 ≤ r2)

⇒ ± (r2 − c21)
1
2 = λ+ λ0

⇒ r2 = c21 + (λ+ λ0)2

Now,
dθ

dλ
=
c1
r2

=
c1

c21 + (λ+ λ0)2

⇒ dθ =
c1

c21 + (λ+ λ0)2
dλ

⇒ θ = arctan

(
λ+ λ0

c1

)
+ α (with αε[0, 2π))

So,

r2(λ) = c21 + (λ+ λ0)2

θ(λ) = arctan

(
λ+ λ0

c1

)
So,

tan(θ − α) =
λ+ λ0

c1

⇒ r2 = c21 sec2(θ − α)

⇒ c21 = r2 cos2(θ − α)

⇒ c1 = ±r cos(θ − α)

⇒ c1 = ±[r cos θ cosα+ r sin θ sinα] = ±[x cosα+ y sinα]

Now since, c21 ≤ r2, where; rε[0,∞); so, −r ≤ c1 ≤ r and furthermore, c1ε(−∞,∞).

Hence equation of geodesic obtained is :-

x cosα+ y sinα = p

where pε< is a constant. This is indeed the equation of a straight line in parametric form with p as the
perpendicular distance of the line from the origin. Hence, geodesics of a plain are straight lines.

Example 2.4.2. Now we will consider geodesics in a 2−sphere. Consider the 2−sphere metric :-

ds2 = dθ2 + sin2 θdφ2

Now setting up the geodesic equation we see :-

d2θ

dλ2
− sin θ cos θ

(
dφ

dλ

)2

= 0

And,
d2φ

dλ2
+ 2 cot θ

(
dθ

dλ

)(
dφ

dλ

)
= 0
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Now consider,

d

dλ

(
f(θ)

dφ

dλ

)
= 0

⇒ df

dθ

dθ

dλ

dφ

dλ
+ f

d2φ

dλ2
= 0

⇒ d2φ

dλ2
+

1

f

df

dθ

(
dθ

dλ

)(
dφ

dλ

)
= 0

⇒ d2φ

dλ2
+
dlnf

dθ

(
dθ

dλ

)(
dφ

dλ

)
= 0

So, let :-

dlnf

dθ
= 2 cot θ

⇒ f(θ) = sin2 θ

So, we get :-

d

dλ

(
sin2 θ

dφ

dλ

)
= 0

⇒ dφ

dλ
=

c1

sin2 θ

⇒ d2θ

dλ2
= sin θ cos θ

c21
sin4 θ

= c21
cos θ

sin3 θ

Now consider; unit-speed parametrization of the curve, i.e.; it is parametrized by the arc length ds = dλ. Hence;(
dθ

dλ

)2

= 1− sinθ
(
dφ

dλ

)2

= 1− sin2 θ
c21

sin4 θ
= 1− c21

sin2 θ

So,

dθ

dλ
= ±

(
1− c21

sin2 θ

) 1
2

⇒ d2θ

dλ2
= c21

cos θ

sin3 θ

So, indeed;
dθ

dλ
= ±

(
1− c21

sin2 θ

) 1
2

⇒ sin θ

(sin2 θ − c21)
1
2

dθ = ±dλ

⇒ cos θ = (1− c21)
1
2 sin(λ+ λ0)

Now, sin2 θ = 1− cos2 θ = 1− (1− c21) sin2(λ+ λ0)

= c21 sin2(λ+ λ0) + cos2(λ+ λ0)

⇒ dφ =
c1

c21 sin2(λ+ λ0) + cos2(λ+ λ0)
dλ

⇒ φ = c1 tanh−1((−1 + a2)
1
2 tan(λ+ λ0))

1

(−1 + a2)
1
2

+ φ0

where a2 = 1− c21, this implies; (−1 + a2)
1
2 = ιc1.

Now,

tanh ιx =
eιx − e−ιx

eιx + e−ιx
= ι

sinx

cosx
= ι tanx

⇒ tanh−1 ιx = ι arctanx
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Now,

φ = c1 tanh−1(ιc1 tan(λ+ λ0)
1

ιc1
+ φ0

φ− φ0 = arctan(c1 tan(λ+ λ0))

Now taking s = 0 at θ = π
2 we get; λ = 0. So,

cos θ(λ) = ±a sinλ

tan(φ(λ)− φ0) = c1 tanλ

Now, to see what these geodesic equations mean define planes containing x−axis in <3 as :-

z = my

where mε<.

Now, eqn of sphere is x2 + y2 + z2 = 1. Intersection of this with the above plains gives great circles con-
taining the x−axis. So,

x2 + y2 +m2y2 = 1

⇒ sin2 θ cos2 φ+ (1 +m2) sin2 θ sin2 φ = 1

⇒ sin2 θ(cos2 φ+ sin2 φ+m2 sinφ) = 1

⇒ ± sinφ =

(
1

sin2 θ − 1

) 1
2

= cot θ

So, ± sinφ = cot θ is the equation of great circles including intersection of x−axis with 2−sphere. Now, let
φ0 = 0 (φ = 0→ x− axis; s = 0 at equator). So,

cos θ = ±a sinλ

tanφ = c1 tanλ

Now,

cos2 θ = a2 tan2 λ

1 + tan2 λ

⇒ 1

1 + tan2 θ
= a2 tan2 θ

c21 + tan2 φ

⇒ cot2 θ

1 + cot2 θ
= a2 sin2 φ

c21(1− sin2 φ) + sin2 φ

=
(1− c21) sin2 φ

c21 + (1− c21) sin2 φ

=

1−c21
c21

sin2 φ

1 +
1−c21
c21

sin2 φ

⇒ cot2 θ =
1− c21
c21

sin2 φ

⇒ cot θ = ±
(

1− c21
c21

) 1
2

sinφ = ±m sinφ

So, identifying;

m =

(
1− c21
c21

) 1
2

we conclude that geodesics on 2−sphere are indeed parts of a great circle, i.e; arcs.
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2.4.2 Category of geodesics based on Signature of their Tangent Vector

Let γ be a curve parametrized by λε< on a manifold M with tangent vector t. Furthermore, let γ be a geodesic.
Now, if :-
i) tµtµ < 0, then γ is said to be a timelike geodesic.
ii) tµtµ = 0, then γ is said to be a nulllike geodesic.
iii) tµtµ > 0, then γ is said to be a spacelike geodesic.

2.4.3 First Integral of Geodesic Equation

We state the first integral of the geodesic equation by stating a useful lemma.

Lemma 2.4.2. Let γ be a curve affinely parametrized by λε< on a manifold M with tangent vector t. Further-
more, let γ be a geodesic. Then,

d

dλ
(gµνt

µtν) = 0 (2.26)

Proof. Consider,

d

dλ
(gµνt

µtν) = tα∇α(gµνt
µtν)

= tαtµtν∇αgµν + gµνt
µtα∇αtν + gµνt

νtα∇αtµ

In the last eqn the first term vanishes due to the uniqueness of the derivative operator and the rest two terms
vanish owing to the geodesic equation.
So, we get;

d

dλ
(gµνt

µtν) = 0 Proved.

2.4.4 Geodesic Deviation

Let γs(t) denote a smooth one-parameter family of geodesics, i.e.; for each sε<, the curve γs is a geodesic
(parameterized by affine parameter t); and the map (t, s) → γs(t) is bijective and smooth, and has smooth
inverse. Let Σ denote the two dimensional submanifold spanned by the curves γs(t). We may choose (s, t) as
coordinates of Σ. Now, let :-
T a is tangent vector to constant s−curves.
Xa is tangent vector to constant t−curves.
We also have the following observations since T a, Xa are coordinates curves their derivatives commute so (which
will be proved in detail later in geodesic deviation revisited) :-

T a∇aXb = Xa∇aT b (2.27)

Also, T a∇aT b = 0 (2.28)

Xa is known as the deviation vector as it measures how far the geodesics are from each other. Now, let us define
velocity vector va which gives the rate of change along a geodesic of the displacement to an infinitesimally
nearby geodesic.

va = T b∇bXa (2.29)

Similarly, we may interpret :-
aa = T c∇cva = T c∇c(T b∇bXa) (2.30)

as the relative acceleration of an infinitesimally nearby geodesic in the family. Now,

aa = T c∇c(T b∇bXa)

= T c∇c(Xb∇bT a)

= (T c∇cXb)(∇bT a) +XbT c∇c∇bT a

= (Xc∇cT b)(∇bT a) +XbT c∇b∇cT a −RcbdaXbT cT d

= (Xc∇c)(T b∇bT a) +Xb∇b(T c∇cT a)− (Xb∇bT c)(∇cT a)−RcbdaXbT cT d

= −RcbdaXbT cT d (2.31)
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Eqn 2.31 is known as the geodesic deviation equation.
So, initially parallel geodesics, i.e.; va = 0 will remain parallel if along γs; a

a = 0⇔ Rcbd
a = 0. This shows that

the parallelness of geodesics’ notion of curvature is indeed linked to the Riemann-Christoffel Curvature Tensor.

Thus, the Riemann-Christoffel Curvature Tensor captures the meaning of curvature on a manifold.

2.5 The two versions of Geodesic Equations

Here we will show that for affinely parametrized and non-affinely parametrized curves, the geodesic equations
are given by eqns 2.21 and 2.22 respectively.

Consider affinely parametrized geodesic with tangent vector field t such that tµtµ = const. So, now;

tβ∇β(tαtα) = 2tβtα∇βtα = 2tαtβ∇βtα

But since tαtα is a constant by definition, we have;

tβ∇β(tαtα) = 0

⇒ 2tαtβ∇βtα = 0

⇒ 2tαt
αtβ∇βtα = 0 (multiplying by tα)

⇒ 2const tβ∇βtα = 0

So, we finally get from above :-

tβ∇βtα = 0 (2.32)

Now, consider non-affinely parametrized geodesic with parameter τ and tangent vector field t. So,

tβ∇β(tαtα) = 2tβtα∇βtα = 2tαtβ∇βtα

But, tαtα = f(τ) where f is a non-zero and non-constant smooth function of τ by definition. So,

tβ∇β(f(τ)) =
df

dτ

⇒ 2tαtβ∇βtα =
df

dτ

⇒ 2tαt
αtβ∇βtα = tα

df

dτ
(multiplying by tα)

⇒ 2f(τ)tβ∇βtα = tα
df

dτ

⇒ tβ∇βtα =
1

2f(τ)

df

dτ
tα

So, denoting g(τ) = 1
2f(τ)

df
dτ which is indeed an arbitrary smooth function of τ due to arbitrariness of f(τ) we

have;

tβ∇βtα = g(τ)tα (2.33)

tβ∇βtα α tα (2.34)

2.6 Physical Motivations

In this section we present the physical motivations behind constructing the geodesic equation and parallel
transport equation as they are.

2.6.1 Geodesic Equation

Consider first that the geodesic would be a curve where a vector defined kind of an acceleration vector in a
covariant sense would vanish (this is in analogy to particles moving in straight lines having zero accelerations).

23



2.6. PHYSICAL MOTIVATIONS CHAPTER 2. CURVATURE

Now consider timelike curves (particle trajectories). Let it be xµ(τ). So, tangent vector uµ = dxµ

dτ would
be velocity.

Now, uµ;ν equals rate of change of velocity (i.e.; acceleration). Furthermore, uµ;νu
ν equals the projection

of acceleration along timelike direction (since scalar product with a vector is nothing but the component pro-
jection along the vector’s direction).

So, following previous analogies we demand component of acceleration along timelike direction (i.e.; along
particle trajectories) to vanish. So,

uµ;νu
ν = 0 (2.35)

which is nothing but the geodesic equation.

2.6.2 Parallel Transport Equation

From previous arguments we see that given a curve C(λ) with tangent vector field t and affine parameter λ; a
vector u to be parallely transported along C(λ), consider; uα;β which equals the rate of change of the vector in
a covariant sense.

Furthermore, uα;βt
β equals the rate of change of vector along the curve as it is projected along the tangent vector.

Now, from Euclidean geometry parallel transport of a vector along a curve heuristically speaking “doesn’t
change anything related to the vector”. So, motivated by this we find;

uα;βt
β = 0 (2.36)

which is nothing but the parallel transport equation.

From this it is straightaway clear that since geodesic is a curve whose tangent vector is parallely propagated
along itself, we have;

tα;βt
β = 0 (2.37)
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Chapter 3

Lie Differentiation

3.1 Lie Derivative

In previous chapter, given a manifold M , we saw Covariant derivative was defined by introducing a rule to
transport a tensor from a point qεM to a neighbouring point pεM , at which the derivative was to be evaluated.
This rule involved the introduction of a new structure on the manifold, the connection. In this chapter we de-
fine another type of derivative, more natural one, the Lie derivative without introducing any additional structure.

Now, let γ be a curve on a manifold M parametrized by λε<; with uα = dxα

dλ as the tangent vector. Now
let Aµ be a smooth vector field field defined in the nbd of pεM on γ. Now, consider another point qεM in the
same nbd of p. Furthermore, let coordinates of p be xα while q be x

′α
= xα + dxα = xα + uαdλ. Now, under

this infinitesimal coordinate transformation; the vector Aµ becomes;

A
′α

=
∂x
′α

∂xµ
Aµ

=

(
δαµ +

∂uα

∂xµ
dλ

)
Aµ (by transformation eqn)

= Aα +
∂uα

∂xµ
Aµdλ

So, we get :-

A
′α

(q) = Aα(p) +
∂uα

∂xµ
Aµ(p)dλ (3.1)

Now, let us find the value of the original vector Aµ at q; using Taylor’s theorem we see :-

Aα(q) = Aα(x+ dx)

= Aα(x) +
∂Aα

∂xµ
dxµ

So, we get :-

Aα(q) = Aα(p) +
∂Aα

∂xµ
uµdλ (3.2)

Now let us define lie derivative of Aµ along γ :-

Definition 3.1.1. lie derivative £(A) of A along γ :-

£uA
α(p) =

Aα(q)−A′
α

(q)

dλ
(3.3)

=
∂Aα(p)

∂xµ
uµ − ∂uα

∂xµ
Aµ(p) (3.4)

Now, recall;

∇µAα = ∂µA
α + ΓαµνA

ν

Multiplying by uµ ; ⇒ ∂µA
αuµ = uµ∇µAα − Γαµνu

µAν · · · · · · i)
Also, ∇µuα = ∂µu

α + Γαµνu
ν

Multiplying by Aµ ; ⇒ ∂µu
αAµ = Aµ∇µuα − Γαµνu

νAµ · · · · · · ii)
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By symmetry of lower indices of Γαµν ; i) − ii) gives :-

£uA
α(p) = uµ∇µAα(p)−Aµ(p)∇µuα (3.5)

So, this shows for fεF :-

£uf =
df

dλ
= u(f) (3.6)

Furthermore, recall :-

[v, w]b = va∇awb − wa∇avb

So, [u,A]α = uµ∇µAα −Aµ∇µuα

Hence, we obtain :-

£uA
α(p) = [u,A]α(p) (3.7)

3.2 Lie Transport along a Curve

Let γ be a curve on a manifold M parametrized by λε<; with uα = dxα

dλ as the tangent vector. Consider a
coordinate system such that x1, x2, x3 − constant on γ and only x0 ≡ λ varies on γ. So,

uα =
dxα

dλ
= δα0 (3.8)

Now,

Definition 3.2.1. A smooth vector field A is said to be lie transported along γ if :-

£uA
α = 0 (3.9)

So, this becomes in the chosen coordinate system :-

£uA
α = ∂µA

αδµ0 − ∂µδα0Aµ =
∂Aα

∂x0
= 0 (3.10)

Similar result for arbitrary smooth tensor fields. So, if a tensor is lie transported along γ, i.e.; £uT
α······
β······ = 0

with tangent vector uα; then a coordinate system can be constructed such that uα = δα0 and
∂Tα······β······
∂x0 = 0.

Conversely, if in a given coordinate system the components of if Tα······β······ in independent of x0 then £uT
α······
β······ = 0.

3.3 Geodesic Deviation revisited

Consider the following figure :-

Figure 3.1: S is a two dimensional surface. (t, s) are coordinates of the surface. Constant s−curves are geodesics
e.g.; γ0 and γ1 with s = 0 and s = 1 respectively. Geodesics are described with relations xα(t, s), in which
s serves to specify which geodesic and t is an affine parameter along the specified geodesic. The vector field
uα = dxα

dt is tangent to the geodesics, and it satisfies the equation uβ∇βuα = 0

26



3.4. KILLING VECTOR FIELDS CHAPTER 3. LIE DIFFERENTIATION

Now,

uα =
∂xα

∂t
(const. s− curve tangent)

ξα =
∂xα

∂s
(const. t− curve tangent)

So,

∂uα

∂s
=
∂2xα

∂s∂t
=
∂2xα

∂t∂s
=
∂ξα

∂t
(3.11)

Now, since £uξ
α = [u, ξ]α and £ξu

α = [ξ, u]α and futhermore, since; u and ξ are tangent vectors to coordinate
curves, their commutator vanishes. This gives :-

£uξ
α = [u, ξ]α = [ξ, u]α = £ξu

α = 0 (3.12)

So, uβ∇βξα = ξβ∇βuα (3.13)

Eqn 3.13 is equivalent Eqn 2.27. This is how we derived it here.

Now,

d

dt
(ξαuα) = uβ∇β(ξαuα)

= uαu
β∇βξα + ξα(uβ∇βuα)

= uα(uβ∇βξα) (owing to geodesic equation)

= uα(ξβ∇βuα) (owing to Eqn 3.13)

=
1

2
ξβ∇β(uαuα) (by Leibnitz rule)

The last line equals zero as uαuα is a constant since u is tangent to affinely parametrized geodesic γ. So, we
get :-

d

dt
(ξαuα) = 0 (3.14)

Hence, ξαuα is constant along γ. Since, ∃ a gauge freedom in ξ owing to the arbitrariness in its direction it can
be picked in such a way that :-

ξαuα = 0 (3.15)

This does away with the gauge freedom of ξ.

3.4 Killing Vector Fields

Definition 3.4.1. If in a given coordinate, gµν is independent of x0 then, from previous discussion we observe;
£ξgµν = 0, where; ξα = δα0 . Then, ξ is known as a killing vector field of the geometry.

Now, from the defining eqn of lie derivative it can be shown :-

£ξuα = ξµ∇µuα + uµ∇αξµ (3.16)

So, we get from induction :-

£ξgαβ = ξµ∇µgαβ + gαµ∇βξµ + gµβ∇αξµ = 0

But, ∇µgαβ = 0

So, gαµ∇βξµ + gµβ∇αξµ = 0

So, we obtain what is known as the Killing’s Equation :-

∇αξβ +∇βξα = 0 (3.17)

⇒ ∇[αξβ] = 0 (3.18)

Soln of Killing’s Equation gives all the killing vector fields of the geometry.
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3.4.1 Relation to Symmetry and Constants of Motion

Let γ be a curve on a manifold M affinely parametrized by λε<; with uα = dxα

dλ as the tangent vector and
furthermore, let ξ be a killing vector field of the geometry. Then,

uβ∇β(uαξα) = (uβ∇βuα)ξα + uβ(uα∇βξα)

The first term in the above eqn vanishes owing to the geodesic equation and the second term owing to the fact
that uβuα is symmetric and ∇βξα is antisymmetric in the indices. So, we get :-

uβ∇β(uαξα) = 0 (3.19)

So, it is clear from above that uαξα is constant along γ. In case of timelike geodesics this will be a constant of
motion.

3.4.2 Another First Integral of Geodesic Equation

We state another first integral of the geodesic equation by stating a useful lemma.

Lemma 3.4.1. Let γ be a curve affinely parametrized by λε< on a manifold M with tangent vector t. Further-
more, let γ be a geodesic. Now, let; ξ be a killing vector field of the geometry. Then,

d

dλ
(gµνξ

µtν) = 0 (3.20)

Proof. Consider,

d

dλ
(gµνξ

µtν) = tα∇α(gµνξ
µtν)

= tαξµtν∇αgµν + gµνξ
µtα∇αtν + gµνt

νtα∇αξµ

= tαξµtν∇αgµν + gµνξ
µtα∇αtν + tαtν∇αξν

In the last eqn the first term vanishes owing to the uniqueness of the derivative operator; the second term vanishes
owing to the geodesic equation and the last term vanishes since tνtα is symmetric and ∇αξν is antisymmetric
in its indices owing to the Killing’s Equation.

So, we get;

d

dλ
(gµνξ

µtν) = 0 Proved.

3.4.3 Killing vector Lemmas

Consider, starting from eqn 2.14 :-

∇a∇bξc = Rabc
dξd +∇b∇aξc

Killing′s Equation, ∇bξc +∇cξb = 0

Now, ∇a∇bξc +∇a∇cξb = 0

From 1st line, Rabc
dξd +∇b∇aξc +∇a∇cξb = 0 · · · · · · i)

Cyclic Permutation, Rbca
dξd +∇c∇bξa +∇b∇aξc = 0 · · · · · · ii)

Rcab
dξd +∇a∇cξb +∇c∇bξa = 0 · · · · · · iii)

Now, i) + ii) − iii) gives :-

(Rabc
d +Rbca

d +Rcab
d)ξd + 2∇b∇aξc = 0

⇒ ∇b∇aξc =
1

2
(Rcab

d −Rbcad −Rabcd)ξd

=
1

2
(Rcab

d +Rcab
d) (by Eqn 2.18)

= Rcab
d)ξd

⇒ ∇b∇aξc = −Racbdξd (by Eqn 2.17)
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So, we obtain :-

∇a∇bξc = −Rbcadξd (3.21)

Furthermore;

∇a∇bξc = Rcbadξ
d (3.22)

Eqns 3.21 and 3.22 are known as the Killing Vector Lemmas.

3.4.4 Maximally Symmetric Spaces

Consider Killing’s Equation; ∇[αξβ] = 0. In d dimensional manifold M , ∃ d(d−1)
2 pairwise combinations of α, β

and d same αs or βs to the Killing’s Equation giving maximum d(d−1)
2 + d = d(d+1)

2 solns to the Killing’s
Equation. Furthermore, consider; at any point pεM ; ξµ(p) if is given, then; ∇νξρ +∇ρξν = 0 can be uniquely
solved to determine linearly independent killing vectors at p.

So, in (ξµ,∇νξρ); maximum free indices equals d + d(d−1)
2 = d(d+1)

2 . So, ∃ maximum d(d+1)
2 linearly inde-

pendent killing vectors in d dimensional manifold M .

The above argument is just a sketchy explanation not a complete rigorous proof of the discussed fact. Now, let
us define what we mean by Maximally Symmetric Spaces.

Definition 3.4.2. Let M be a d dimensional manifold. If M admits d(d+1)
2 i.e.; maximum linearly independent

killing vectors of the given geometry then M is called a Maximally Symmetric Space.
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Chapter 4

Hypersurfaces

In this chapter we will deal with hypersurfaces and their relations to killing vector fields of the given geometry.

4.1 Normal Vector Fields

Let M be a n dimensional manifold with N as a n− 1 submanifold (a hypersurface) with its tangent plane as
n−1 dimensional subspace of the tangent plane of M . The family of hypersurfaces Σ is described by coordinate
restriction as :-

Φ(xα) = kε< (description of N ) (4.1)

Σ = {Φ(xα) = k|kε<} (4.2)

The normal vector field of this family of hypersurfaces Σ is defined as :-

Definition 4.1.1.

lµ = − ∂Φ

∂xµ
(4.3)

So, l = f̃gµν
∂Φ

∂xµ
∂

∂xν
(for given f̃εF) (4.4)

4.1.1 Category of hypersurfaces based on Signature of their Normal Vector

Let N be a n− 1 dimensional hypersurface of a manifold M with normal vector field l. Now, if :-
i) lµlµ < 0 at every point pεN , then N is said to be a timelike hypersurface.
ii) lµlµ = 0 at every point pεN , then N is said to be a nulllike hypersurface.
iii) lµlµ > 0 at every point pεN , then N is said to be a spacelike hypersurface.

4.2 Null Hypersurfaces

Definition 4.2.1. Let N be a n − 1 dimensional hypersurface of a manifold M with normal vector field l. If
lµlµ = 0 at every point pεN , then N is said to be a nulllike hypersurface.

Note. In a nulllike hypersurface the tangent vector fields and the normal vector fields are identical.

Definition 4.2.2. Let xµ(λ) be null geodesics on a nulllike hypersurface N with λ as the affine parameter.
Furthermore, let lµ = dxµ

dλ be tangent to the geodesics which is also normal to N . Then in this case xµ(λ) are
called null generators of N .

Lemma 4.2.1. The null generators of N are null geodesics.

Proof. First let us consider,

∇α∂βΦ = ∂α∂βΦ− Γµαβ∂µΦ

Further,∇β∂αΦ = ∂β∂αΦ− Γµβα∂µΦ
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But since partial derivatives commute and Γ is symmetric in its lower indices so the above two eqns are essen-
tially identical. Now consider,

lβ∇βlα = −∂βΦ∇β∂αΦ

= −∂βΦ∇α∂βΦ

= −1

2
∇α(∂βΦ∂βΦ) = −1

2
∇α(lβlβ)

In the last eqn since lβlβ is zero everywhere on N it must be proportional to normal vector field. So,

1

2
∇α(−lβlβ) = κlα

∇α(−lβlβ) = 2κlα (4.5)

This further shows :-

lβ∇βlα = κlα (4.6)

which is nothing but the geodesic equation. So, since l is tangent to null generators of N and furthermore,
satisfies the geodesic equation; the null generators of N are indeed the null geodesics. Proved.

Now, we present another proof of the given lemma which produces a useful formula for normal vector fields.

Proof. Consider for some f̃ εF ,

l = f̃gµν
∂Φ

∂xµ
∂

∂xν

Now, lµ∇µlν = lµ∇µ(f̃gαν∂αΦ)

= gαν∂αΦlµ∇µf̃ + lµf̃∂αΦ∇µgαν + lµf̃gαν∇µ∂αΦ

= lµgαν∂αΦ∂µf̃ + lµf̃gαν∇α∂µΦ

= gαν∂αΦ(lµ∂µf̃) + (lµ∇α∂µΦ)f̃gαν

= f̃−1lν(lµ∂µf̃) + f̃ lµ∇ν∂µΦ

= f̃−1lν(lµ∂µf̃) + f̃ lµ(∇ν(f̃−1)lµ)

= lν lµ∂µ(lnf̃) + lµ∇ν lµ − f̃−1∂ν f̃ l2

= (l · ∂lnf̃)lν +
1

2
∇ν(lµlµ)− f̃−1∂ν f̃ l2

Now, on N ; = (l · ∂lnf̃)lν − 2κlν

So, we get :-

lµ∇µlν α lν (4.7)

which is nothing but the geodesic equation. Proved.

Remark. Now, in case of affine parametrization of null geodesics we observe :-

2κlν = (l · ∂lnf̃)lν

⇒ κ =
1

2
(l · ∂lnf̃) = l · ∂lnf (absorbing

1

2
in fεF)

So, for some fεF we obtain the useful relation as :-

κ = l · ∂lnf (4.8)

4.2.1 Killing Horizons

Definition 4.2.3. A null hypersurface N is called a killing horizon of killing vector field ξ if ξ is a normal vector
field of N .

Then, by definition; ξ α l ⇒ ξ = fl for some fεF . So, in this case :-

∇α(−ξβξβ) = 2κξξα (4.9)

ξβ∇βξα = κξξ
α (4.10)

κξ = ξ · ∂lnf (4.11)

This proportionality constant κξ appearing over here is known as the surface gravity of the given killing horizon.

Note. From here on we would denote the surface gravity of the killing horizons just by κ.
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Alternative definition of surface gravity

Let N be a null hypersurface and a killing horizon of the killing vector field ξ of the given geometry. Then, ξ is
normal to N . Now, by Frobenius’ theorem (to be proved later) :-

ξ[µ∇νξρ] = 0 (4.12)

So,

1

3!
[ξµ∇νξρ + ξρ∇µξν + ξν∇ρξµ − ξρ∇νξµ − ξν∇µξρ − ξµ∇ρξν ] = 0

Killing′s Equation, ∇µξν +∇νξµ = 0

⇒ 2

3!
[ξµ∇νξρ + ξρ∇µξν + ξν∇ρξµ] = 0

⇒ ξµ∇νξρ + ξρ∇µξν + ξν∇ρξµ = 0

⇒ ξρ∇µξν + ξµ∇νξρ − ξν∇µξρ = 0

Multiply by ∇µξν :-

ξρ(∇µξν)(∇µξν) + (∇µξν)ξµ(∇νξρ)− (∇µξν)ξν(∇µξρ) = 0

So,

ξρ(∇µξν)(∇µξν) = −(∇µξν)ξµ(∇νξρ)− (∇νξµ)ξν(∇µξρ)
= −2(∇µξν)ξµ(∇νξρ)
= −2(ξµ∇µξν)(∇νξρ)
= −2κξν∇νξρ
= −2κ2ξρ

Finally, we get :-

κ2 = −1

2
|(∇µξν)(∇µξν)|N (4.13)

Now, we consider some examples where we calculate killing vector fields and killing horizons of some geometries.

Example 4.2.1. Consider <1 ⊗<1 :-

ds2 = −dt2 + dx2

From Killing’s equation we get :-

∂ξx
∂x

= 0

⇒ ξx = f(t)

And,
∂ξt
∂t

= 0

⇒ ξt = g(x)

Also,
∂ξx
∂t

+
∂ξt
∂x

= 0

⇒ f
′
(t) + g

′
(x) = 0

Possible, only if ; f
′
(t) = −g

′
(x) = a(constant)

So, this gives :-

f(t) = at+ c1

g(x) = −ax+ c2

Choosing different values of a, c1, c2 gives different linearly independent solns for the killing vector fields. Lin-
early independent killing vector fields are :-

ξ1 =
∂

∂t
(a = 0, c1 = 0, c2 = 1)

ξ2 =
∂

∂x
(a = 0, c1 = 1, c2 = 0)

ξ3 = t
∂

∂x
+ x

∂

∂t
(a = 1, c1 = 0, c2 = 0)
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Now, let us consider the family of hypersurfaces containing horizons as; t2 − x2 = constant. Also, we claim
that; N ≡ t2 − x2 = 0 describes horizons. Let us compute its normal vector fields. For some f̃ εF consider;

l = f̃gµν
∂(t2 − x2)

∂xµ
∂

∂xν

= f̃gtt2t
∂

∂t
− f̃gxx2x

∂

∂x

= −f̃2t
∂

∂t
− f̃2x

∂

∂x

Now, |lµlµ|N = −4f̃2t2 + 4f̃2x2 = −4f̃2(t2 − x2) = 0

Hence, t2 − x2 = 0 indeed is a null hypersurface. Now, consider;

ξ = t
∂

∂x
+ x

∂

∂t

|ξµξµ|N = t2 − x2 = 0

So, t2 − x2 = 0 gives null hypersurfaces which are killing horizons to ξ. Now,

∇α(−ξµξµ) = ∂α(−ξµξµ)

= ∂α(x2 − t2) = 2x∂αx− 2t∂αt

Now, ξα = c1∂α(t2 − x2) = c1(2t∂αt− 2x∂αx)

ξt = 2c1t ξx = −2c1x

So, ξµξµ = −4c21(t2 − x2) = t2 − x2

Choosing the +ve sign we get :-

c1 = −1

2

So, ξα = −1

2
(2t∂αt− 2x∂αx)

Now using ∇α(−ξµξµ) = 2κξα we get :-

2x∂αx− 2t∂αt = −2κ
1

2
(2t∂αt− 2x∂αx)

So, we finally obtain :-

κ = 1

Example 4.2.2. Consider <1 ⊗<2 :-

ds2 = −dt2 + dx2 + dy2

Form Killing’s equation we get :-

∂ξt
∂t

= 0 ⇒ ξt = f(x, y)

∂ξx
∂x

= 0 ⇒ ξx = g(y, t)

∂ξy
∂y

= 0 ⇒ ξy = h(x, t)

Furthermore,
∂ξt
∂x

+
∂ξx
∂t

= 0

∂ξx
∂y

+
∂ξy
∂x

= 0

∂ξt
∂y

+
∂ξy
∂t

= 0

⇒ ∂f

∂x
+
∂g

∂t
= 0

And,
∂g

∂y
+
∂h

∂x
= 0

Also,
∂f

∂y
+
∂h

∂t
= 0
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So, ∂f
∂x and ∂g

∂t are both functions of y. So, let :-

∂f

∂x
= f1(y);

∂g

∂t
= −f1(y)

Similarly,
∂g

∂y
= g1(t);

∂h

∂x
= −g1(t)

And,
∂f

∂y
= h1(x);

∂h

∂t
= −h1(x)

So from the above three eqns we get three pairs of equations as :-

f = f1(y)x+ f2(y)

g = −f1(y)t+ f3(y)

g = g1(t)y + g2(t)

h = −g1(t)x+ g3(t)

f = h1(x)y + f4(x)

h = −h1(x)t+ h2(x)

Comparing 2 f ′s we get :-

f = f1(y)x+ f2(y) = h1(x)y + f4(x)

⇒ f2(y)− f4(x) = h1(x)y − f1(y)x

Possible, only if ; h1(x) = c5; f1(y) = c6

So, f2(y) = yc5 + c1; f4(x) = xc6 + c1

Similarly comparing 2 g′s and 2 h′s we get :-

g2(t) = −c6t+ c2

f3(y) = c3y + c2

g3(t) = c4 + tc5

h2(x) = c4 + xc3

So,

f(x, y) = c6x+ c5y + c1

g(y, t) = −c6t+ c3y + c2

h(x, t) = −c5t+ c4 − c3x

This gives :-

ξ = −f ∂
∂t

+ g
∂

∂x
+ h

∂

∂y

= −(c6x+ c5y + c1)
∂

∂t
+ (−c6t+ c3y + c2)

∂

∂x
+ (−c5t+ c4 − c3x)

∂

∂y

Now choosing different values for the constants we get different linearly independent killing vector fields as :-

ξ1 =
∂

∂t
(c1 = 1, c2 = c3 = c4 = c5 = c6 = 0)

ξ2 =
∂

∂x
(c2 = 1, c1 = c3 = c4 = c5 = c6 = 0)

ξ3 =
∂

∂y
(c4 = 1, c2 = c3 = c1 = c5 = c6 = 0)

ξ4 = y
∂

∂x
− x ∂

∂y
(c3 = 1, c2 = c1 = c4 = c5 = c6 = 0)

ξ5 = y
∂

∂t
+ t

∂

∂y
(c5 = −1, c2 = c3 = c4 = c1 = c6 = 0)

ξ6 = x
∂

∂t
+ t

∂

∂x
(c6 = −1, c2 = c3 = c4 = c5 = c1 = 0)
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Now, let us consider the family of hypersurfaces containing horizons as; t2−x2− y2 = constant. Also, we claim
that; N ≡ t2−x2− y2 = 0 describes horizons. Let us compute its normal vector fields. For some f̃ εF consider;

l = f̃gµν
∂(t2 − x2 − y2)

∂xµ
∂

∂xν

= f̃gtt2t
∂

∂t
− f̃gxx2x

∂

∂x
− f̃gyy2y

∂

∂y

= −f̃2t
∂

∂t
− f̃2x

∂

∂x
− f̃2y

∂

∂y

Now, |lµlµ|N = −4f̃2t2 + 4f̃2x2 + 4f̃2y2 = −4f̃2(t2 − x2 − y2) = 0

Hence, t2 − x2 − y2 = 0 indeed is a null hypersurface.

Example 4.2.3. Consider 2−sphere metric :-

ds2 = dθ2 + sin2 θdφ2

Now let us compute non-vanishing components of the Affine connection.

Γθφφ = − sin θ cos θ

Γφθφ = Γφφθ = cot θ

Now from Killing’s equation we get :-

∂ξθ
∂θ

= 0 ⇒ ξθ = f(θ)

And,
∂ξφ
∂φ

= − sin θ cos θξθ

= − sin θ cos θf(φ) ⇒ ξφ = − sin θ cos θg(φ) + h(θ) (where, g
′
(φ) = f(φ))

Also,
∂ξθ
∂φ

+
∂ξφ
∂θ

= 2 cot θξφ

⇒ f
′
(φ) + g(φ)[sin2 φ− cos2 φ] + h

′
(θ) = −2 cos2 θg(φ) + 2 cot θh(θ)

Now take h = 0, so from above equation;

f
′
(φ) + g(φ) = 0

Then, f
′′
(φ) = −f(φ)

So, f(φ) = a sinφ+ b cosφ

And, g(φ) = b sinφ− a cosφ

This gives :-

ξθ = a sinφ+ b cosφ

ξφ = sin θ cos θ(a cosφ− b sinφ)

ξθ = a sinφ+ b cosφ

ξφ = cot θ(a cosφ− b sinφ)

where a, bε<.

So,

ξ = ξθ
∂

∂θ
+ ξφ

∂

∂φ

= (a sinφ+ b cosφ)
∂

∂θ
+ cot θ(a cosφ− b sinφ)

∂

∂φ

Choosing different values for a and b gives different linearly dependent killing vector fields as :-

ξ1 = sinφ
∂

∂θ
+ cot θ cosφ

∂

∂φ

ξ2 = cosφ
∂

∂θ
− cot θ sinφ

∂

∂φ
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Furthermore, ξθ = 0 also yields
∂ξφ
∂φ = 0. This gives :-

ξφ = f1(θ)

So,
∂f1

∂θ
= 2 cot θf1

⇒ f1(θ) = sin2 θ

So, ξφ = gφφξφ = 1

Hence, we finally obtain :-

ξ3 =
∂

∂φ
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Chapter 5

Congruences of Geodesics

Definition 5.0.4. Congruence of geodesics is a family of geodesics on a manifold M such that through every
point pεM there passes only one geodesic. So, they are non-intersecting family of geodesics. In general,
congruences can be defined for any curve.

5.1 Stress Tensor Properties

Stress tensor Tαβ as we know being a type (2, 0) tensor can be decomposed as :-

Tαβ = ρêα0 ê
β
0 + p1ê

α
1 ê
β
1 + p2ê

α
2 ê
β
2 + p3ê

α
3 ê
β
3 (5.1)

where, ρ− energy−matter density and p1, p2, p3− principal pressures. Also, {êαµ = ∂xα

∂χµ }−orthonormal basis

(usual dual basis vectors) and χµ denotes locally inertial frame. So, now;

g
′

αβ =
∂xµ

∂x′
α
∂xν

∂x′
β
gµν (5.2)

In locally inertial frame, ηµν =
∂xα

∂χµ
∂xβ

∂χν
gαβ (5.3)

So, ηµν = êαµ ê
β
νgαβ (5.4)

For the inverse, gαβ = êαµ ê
β
νη

µν (5.5)

For a perfect fluid, p1 = p2 = p3 ≡ p. Substituting this in Eqn 5.1 and using 5.5 we get :-

Tαβ = ρêα0 ê
β
0 + p(êα1 ê

β
1 + êα2 ê

β
2 + êα3 ê

β
3 )

= ρêα0 ê
β
0 + p(gαβ + êα0 ê

β
0 )

= (ρ+ p)êα0 ê
β
0 + pgαβ

where êα0 can be identified as the 4−velocity of the perfect fluid.

Now, for an arbitrary normalized timelike vector :-

uα = γ(êα0 + aêα1 + bêα2 + cêα3 ) (5.6)

where γ = (1− a2 − b2 − c2)−
1
2 along with the constraint (a2 + b2 + c2 < 1).

Now, for an arbitrary nulllike vector (whose normalization is clearly arbitrary) :-

kα = êα0 + a
′
êα1 + b

′
êα2 + c

′
êα3 (5.7)

with the constraint (a
′2

+ b
′2

+ c
′2

= 1).

5.1.1 Energy Conditions

Weak Energy Condition

For any energy-matter distribution given an observer with 4−velocity as uα; the energy-matter density ρ is
evidently given by :-

ρ = Tαβu
αuβ (5.8)
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The weak energy condition (positivity of energy-matter density) is given by :-

Tαβu
αuβ ≥ 0 (5.9)

This gives :-

γ2(ρê0
αê

0
β + p1ê

1
αê

1
β + p2ê

2
αê

2
β + p3ê

3
αê

3
β)(êα0 + aêα1 + bêα2 + cêα3 )(êβ0 + aêβ1 + bêβ2 + cêβ3 ) ≥ 0

⇒ γ2(ρ+ a2p1 + b2p2 + c2p3) ≥ 0

where a2 + b2 + c2 < 1. Now, let us choose, a = b = c = 0, then, ρ ≥ 0. Now, b = c = 0 gives ρ+ a2p1 ≥ 0; but,
a2 < 1. This implies, 0 ≤ ρ + a2p1 ≤ ρ + p1. So, ρ + p1 > 0. Similarly choosing b and c alternatively, we get;
ρ+ pi > 0 ∀ iε{1, 2, 3}.

Hence, weak energy condition gives :-

Tαβu
αuβ ≥ 0

⇒ ρ ≥ 0 (5.10)

Furthermore, ρ+ pi > 0 (5.11)

Null Energy Condition

For arbitrary null vector k and any energy-matter distribution, the null energy condition reads :-

Tαβk
αkβ = 0 (5.12)

This gives similarly as above :-

ρ+ a
′2
p1 + b

′2
p2 + c

′2
p3 ≥ 0

where a2 + b2 + c2 < 1. Now, let b
′

= c
′

= 0; then, a
′2

= 1. So, ρ + p1 ≥ 0. Similarly choosing b and c
alternatively, we get; ρ+ pi ≥ 0 ∀ iε{1, 2, 3}.

Hence, weak energy condition gives :-

Tαβk
αkβ ≥ 0

⇒ ρ+ pi ≥ 0 (5.13)

Strong Energy Condition

For any energy-matter distribution given an observer with 4−velocity as uµ; the strong energy condition reads
:- (

Tµν −
1

2
gµνT

)
uµuν ≥ 0 (5.14)

where T = gµνT
µν . Now, let us consider Einstein’s Field Equations :-

Rµν −
1

2
gµνR = 8πTµν

Contracting with gµν , R− 2R = 8πT

⇒ R = −8πT

So, Rµν = −1

2
gµν(8πT ) + 8πTµν = −4πgµνT + 8πTµν

⇒ Rµν = 8π

(
Tµν −

1

2
gµνT

)

So,

Tµν −
1

2
gµνT =

Rµν
8π

(5.15)
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So, the strong energy condition becomes :-

Rµνu
µuν ≥ 0 (5.16)

Now,

gµνu
µuν = γ2gµν(êµ0 + aêµ1 + bêµ2 + cêµ3 )(êν0 + aêν1 + bêν2 + cêν3)

= γ2(gµν ê
µ
0 ê
ν
0 + a2gµν ê

µ
1 ê
ν
1 + b2gµν ê

µ
2 ê
ν
2 + c2gµν ê

µ
3 ê
ν
3)

= −γ2(1− a2 − b2 − c2) = −1

So, from strong energy condition we get :-

Tµνu
µuν ≥ −1

2
T (5.17)

Now,

T = gµνT
µν

= gµν(ρêµ0 ê
ν
0 + p1ê

µ
1 ê
ν
1 + p2ê

µ
2 ê
ν
2 + p3ê

µ
3 ê
ν
3)

= −ρ+ p1 + p2 + p3

So, we get :-

− 1

2
T =

1

2
(ρ− p1 − p2 − p3)

So, by strong energy condition; γ2(ρ+ a2p1 + b2p2 + c2p3) ≥ 1

2
(ρ− p1 − p2 − p3) (5.18)

Furthermore, a = b = c = 0 gives γ = 1 and;

ρ ≥ 1

2
(ρ− p1 − p2 − p3)

ρ+ p1 + p2 + p3 ≥ 0

ρ+

3∑
i=1

pi ≥ 0

Also, b = c = 0 gives :-

1

1− a2
(ρ+ a2p1) ≥ 1

2
(ρ− p1 − p2 − p3)

ρ+ ap1 ≥
1

2
(ρ− p1 − p2 − p3)(1− a2) ≥

⇒ ρ+ p1 + p2 + p3 ≥ a2(p2 + p3 − p1 − ρ)

⇒ ρ(1 + a2) + p1(1 + a2) ≥ (a2 − 1)p2 + (a2 − 1)p3

Since a2 < 1, ρ+ p1 ≥ 0. Similarly choosing b and c alternatively, we get; ρ+ pi ≥ 0 ∀ iε{1, 2, 3}.

Hence, strong energy condition gives :- (
Tµν −

1

2
gµνT

)
uµuν ≥ 0

⇒ ρ+

3∑
i=1

pi ≥ 0 (5.19)

Also, ρ+ pi ≥ 0 (5.20)

Dominant Energy Condition

We know momentum density of energy-matter distribution as observed by observer with 4−velocity uα is
−Tαβ uβ . Now, the dominant energy condition reads :-
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“−Tαβ uβ must be nulllike or timelike, i.e.; energy-matter distribution must be along nulllike or timelike world

lines. Furthermore, −Tαβ uβ must be future directed too.”

Now,

−Tαβ = −γ(ρêα0 ê
0
β + p1ê

α
1 ê

1
β + p2ê

α
2 ê

2
β + p3ê

α
3 ê

3
β)(êβ0 + aêβ1 + bêβ2 + cêβ3 )

= −(ρêα0 + ap1ê
α
1 + bp2ê

α
2 + cp3ê

α
3 )

Now let us calculate the norm of −Tαβ uβ and constraint it to be nulllike or timelike :-

gαβ(ρêα0 + ap1ê
α
1 + bp2ê

α
2 + cp3ê

α
3 )(ρêβ0 + ap1ê

β
1 + bp2ê

β
2 + cp3ê

β
3 ) = −ρ2 + a2p2

1 + b2p2
2 + c2p2

3 ≤ 0

⇒ ρ2 − a2p2
1 − b2p2

2 − c2p2
3 ≥ 0

Now, a = b = c = 0 gives ρ2 ≥ 0 and future directed further gives ρ ≥ 0. Furthermore, b = c = 0 gives :-

ρ2 − a2p2
1 ≥ 0

Since, a2 < 1; ρ ≥ |ap1|
So, ρ ≥ |p1|

Similarly choosing b and c alternatively, we get; ρ ≥ pi ∀ iε{1, 2, 3}.

Hence, dominant energy condition gives :-

−Tαβ uβ is timelike or nulllike and future-directed.

⇒ ρ ≥ 0 (5.21)

Also, ρ ≥ |pi| (5.22)

5.2 Deformable Medium

Consider the following figure :-

Figure 5.1: Two dimensional deformable medium

Let the reference point be O. Consider a small time dependent displacement around it as ξα(t). Now,

dξα(t)

dt
= Bαβ ξ

β(t) (5.23)

for some tensor Bαβ . Furthermore,

ξβ(t1) = ξβ(t0) + ∆ξβ(t0) (5.24)

∆ξα(t0) = Bαβ ξ
β(t0)∆t (5.25)

where ∆t = t1 − t0.

Now, for simplicity let us consider; ξα(t0) = r0(cosφ, sinφ) where r0ε< and φε[0, 2π).
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5.2.1 Expansion Scalar

Let,

Bαβ =

(
1
2θ 0
0 1

2θ

)
α I2

where θε< and I2 be 2x2 Identity matrix. So, Bαα = θ.

Now,

∆ξα(t0) =

(
1
2θ 0
0 1

2θ

)
r0

(
cosφ
sinφ

)
∆t

=
r0θ

2
∆tθ(cosφ, sinφ)

So,

ξα(t1) = r0(cosφ, sinφ) +
r0θ

2
∆tθ(cosφ, sinφ)

= r0

(
1 +

θ

2
∆t

)
(cosφ, sinφ)

Let us now calculate the initial and final areas :-

Ai = πr2
0

Af = π(r0

(
1 +

θ

2
∆t

)
)2

∆A = πθr2
0∆t

So, this gives :-

θ =
1

πr2
0

∆A

∆t
=

1

Ai

dA

dt

5.2.2 Shear Tensor

Let,

Bαβ =

(
σ+ σx
σx −σ+

)
where σ+, σxε< and Bαβ is tracefree.

Now,

∆ξα(t0) = Bαβ ξ
β(t0)∆t

=

(
σ+ σx
σx −σ+

)
r0

(
cosφ
sinφ

)
∆t

= r0∆t

(
σ+ cosφ+ σx sinφ
σx cosφ− σ+ sinφ

)
So,

ξα(t1) = r0

(
cosφ
sinφ

)
+ r0∆t

(
σ+ cosφ+ σx sinφ
σx cosφ− σ+ sinφ

)
=

(
r0(1 + σ+∆t) cosφ+ r0∆tσx sinφ
r0(1− σ+∆t) sinφ+ r0∆tσx cosφ

)
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Now,

x = r0 cosφ+ r0∆tσ+ cosφ+ r0∆tσx sinφ

x = r0 sinφ− r0∆tσ+ sinφ+ r0∆tσx cosφ

x2 + y2 = r2
0 + 2r2

0∆tσ+ cos 2φ+ 2r2
0∆tσx sin 2φ

So, r1(φ) = r0(1 + ∆tσ+ cos 2φ+ ∆tσx sin 2φ)

Let us now calculate the area :-

A =

rf∫
ri

φf∫
φi

r(φ)drdφ

=

rf∫
ri

φf∫
φi

r(1 + ∆tσ+ cos 2φ+ ∆tσx sin 2φ)drdφ

=

r0∫
0

rdr

2π∫
0

dφ+

r0∫
0

rdr

2π∫
0

∆tσ+ cos 2φdφ+

r0∫
0

rdr

2π∫
0

∆tσx sin 2φdφ

In the last eqn the last term goes to zero as they contain integration of cosφ and sinφ over φε[0, 2π). So, shear
transformation preserves area.

5.2.3 Rotation Tensor

Let,

Bαβ =

(
0 ω
−ω 0

)
where ωε< and Bαβ is antisymmetric.

Now,

∆ξα(t0) =

(
0 ω
−ω 0

)
r0

(
cosφ
sinφ

)
∆t

= r0ω∆t

(
sinφ
− cosφ

)
Now,

ξα(t1) =

(
r0 cosφ+ r0ω∆t sinφ
r0 sinφ− r0ω∆t cosφ

)
Now, let us calculate the area :-

x = r0 cosφ+ r0ω∆t sinφ

y = r0 sinφ− r0ω∆t cosφ

x2 + y2 = r2
0 + 2r2

0ω∆t cosφ sinφ− 2r2
0ω∆t cosφ sinφ = r2

0

So, integrating the last eqn to get area indeed shows that rotation preserves area.

5.2.4 General form of Bα
β

Now,

Bαβ =

(
1
2θ 0
0 1

2θ

)
+

(
σ+ σx
σx −σ+

)
+

(
0 ω
−ω 0

)
(5.26)

Now, Bαβ =
1

2
θδαβ + σαβ + ωαβ (5.27)

So, this gives :-

θ = Bαα (5.28)
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Furthermore,

B(αβ) =
1

2!
(Bαβ +Bβα)

=
1

2

(
1

2
θδαβ +

1

2
θδαβ + σαβ + σβα + ωαβ + ωβα

)
=

1

2
(θδαβ + 2σαβ)

=
θ

2
δαβ + σαβ

So,

σαβ = B(αβ) −
1

2
θδαβ

Consider,

B[αβ] =
1

2!
(Bαβ −Bβα)

= ωαβ

So,

ωαβ = B[αβ] (5.29)

Similarly, in 3−dimensions :-

Bαβ =
1

3
θδαβ + σαβ + ωαβ (5.30)

⇒ θ = Bαα (5.31)

⇒ σαβ = B(αβ) −
1

2
θδαβ (5.32)

⇒ ωαβ = B[αβ] (5.33)

5.3 Congruence of Timelike Geodesics

Definition 5.3.1. It is a family of non-intersecting timelike geodesics on a manifold M such that their tangent
vector fields are timelike.

Let gαβ be the metric. uα is the tangent vector to the geodesics and ξα is the deviation vector.

So,

uαuα = −1 (5.34)

uβ∇βξα = ξβ∇βuα (5.35)

uβ∇βuα = 0 (5.36)

uαξα = 0 (5.37)

5.3.1 Transverse Metric

The transverse metric hαβ is given by :-

hαβ = gαβ + uαuβ (5.38)

Consider its orthogonality to the tangent vectors,

hαβu
β = gαβu

β + uαuβu
β = uα − uα = 0 (5.39)

uαhαβ = uαgαβ + uαuαuβ = uβ − uβ = 0 (5.40)

Now consider Lorentz frame;

gαβ = diag(−1, 1, 1, 1)

uα = diag(−1, 0, 0, 0)

So, hαβ = diag(0, 1, 1, 1) (purely 3 dimensional)
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Furthermore, consider :-

gαµhαβ = hµβ = δµβ + uµuβ

So, hµµ = δµµ + uµuµ = 4− 1 = 3

Also, hαµ = δαµ + uαuµ

Now, hαµh
µ
β = δαβ + 2uαuβ − uαuβ = δαβ + uαuβ = hαβ

So, we get :-

hαα = 3 (5.41)

hαµh
µ
β = hαβ (5.42)

Hence, hαβ as defined above is indeed the transverse metric which is transverse to the geodesics and the trans-
verse space is indeed 3−dimensional.

Now define;

Bαβ = ∇βuα (5.43)

So, uβ∇βuα = uβBαβ = Bαβu
β . So,

Bαβ =
1

3
θδαβ + σαβ + ωαβ

⇒ θ = Bαα

⇒ σαβ = B(αβ) −
1

2
θδαβ

⇒ ωαβ = B[αβ]

For the physical significance of Bαβ consider; uβ∇βξα = ξβ∇βuα = ξβBαβ . So, it is clear that Bαβ measures
the failure of ξα to be parallely transported along the geodesics.

5.3.2 Frobenius’ Theorem for timelike geodesics

Consider timelike geodesics which are hypersurface orthogonal (to be defined soon) in the following figure :-

Figure 5.2: γs denote geodesics and Σs denote hypersurfaces.

Now, Φ(xα) = constant describes a family of hypersurfaces. Φ,α is normal to hypersurface. Now, we will define
what we mean by geodesics being hypersurface orthogonal.

Definition 5.3.2. If tangent vector fields of the geodesics are proportional to normal vector fields of the
hypersurfaces then the geodesics are called hypersurface orthogonal geodesics, i.e.;

uα = −µΦ,α (5.44)

for some µε<. So, hypersurface orthogonal ⇒ uα = −µΦ,α.
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Now consider,

u[α∇βuγ] =
1

3!
[uα∇βuγ + uγ∇αuβ + uβ∇γuα − uγ∇βuα − uα∇γuβ − uβ∇αuγ ]

Sunstitute, uα = −µΦ,α and ∇β = ∂β

Then explicit calculation gives :-

u[α∇βuγ] = 0 (5.45)

So, if uα is normal to a hypersurface the above condition holds. Converse, is also true but we won’t be proving
that.

Now,

3!(u[α∇βuγ]) = 2[uαB[γβ] + uγB[βα] + uβB[αγ]]

= 2[uαωγβ + uγωβα + uβωαγ ] = 0

So, we get :-

uαωγβ + uγωβα + uβωαγ = 0 (5.46)

Now,

uαBαβ = uα∇βuα =
1

2
∇β(uαuα) = 0 (5.47)

Bαβu
β = ∇βuαuβ = uβ∇βuα = 0 (5.48)

So, uαBαβ = Bαβu
β = 0 and hence, Bαβ is purely transversal. Since hαβ is also transversal we see that

σαβ = 1
3θhαβ −B(αβ) is also transversal and so is ωαβ . Hence, multiplying Eqn 5.44 by uγ we get :-

uγuαωγβ + uγuγωβα + uγuβωαγ = 0

The first two terms in the last equation vanish as ωαβ is transversal and we are left with :-

ωαβ = 0 (5.49)

So, finally we state Frobenius theorem for timelike geodesics :-

Theorem 5.3.1. Let γs be timelike geodesics which are hypersurface orthogonal with tangent vector as u.
Furthermore, let ω be the rotation tensor. Then,

hypersurface orthogonal ⇔ u[α∇βuγ] = 0 ⇒ ωαβ = 0 (5.50)

We proved the above theorem completely except the converse requirement. We wouldn’t be requiring the
converse requirement in our discussions.

5.3.3 Interpretation of θ for timelike geodesics

Consider the following figure :-
In the above figure, Σ denotes family of hypersurfaces and δΣ(τp) (where τε< is geodesic parameter and pεΣ)
is a set containing points in small nbd of p such that :-
a) Through all points p

′
εδΣ(τp); τ = τp.

b) Through different points p
′
εδΣ(τp) different geodesics pass through, from the given congruence.

Proper time parametrization of geodesics with τ is done in such a way that atleast a γ is orthogonal to δΣ(τp).
Furthermore, τ = τp is the hypersurface and is the congruence cross-section around γ at proper time τ = τp.

Different points on δΣ(τp) are labelled as ya, aε{1, 2, 3}. So, each γ can be labelled with ya so that ya is
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Figure 5.3: Congruence’s cross-section about a reference geodesic.

constant along γ and coordinate system thus obtained is (τ, ya). So, xα = xα(τ, ya) is the coordinate transfor-
mation. Now, define;

uα =

(
∂xα

∂τ

)
ya

(tangent vector field) (5.51)

eαa =

(
∂xα

∂ya

)
τ

(transverse deviation vector) (5.52)

Now,

uαe
α
a = 0 (by parametrization) (5.53)

uµ∇µeαa = eµa∇µuα (5.54)

Consider, £ue
α
a =

∂eαa
∂xµ

uµ − ∂uα

∂xµ
eµa

=
∂

∂xµ

(
∂xα

∂ya

)
∂xµ

∂τ
− ∂

∂xµ

(
∂xα

∂τ

)
∂xµ

∂ya

=
∂2xα

∂τ∂ya
− ∂2xα

∂ya∂τ
= 0 (5.55)

Define a 3−tensor (i.e.; scalar under xα → x
′α

but tensor under ya → y
′a

) by :-

hab = gαβe
α
ae
β
b (5.56)

On γ; uαe
α
a = 0. So using transverse metric hαβ we get;

hab = hαβe
α
ae
β
b (5.57)

hαβ = habeαae
β
b (5.58)

Furthermore, on δΣ(τp); dτ = 0. Hence :-

ds2 = gαβdx
αdxβ

= gαβ

(
∂xα

∂ya

)
τ

(
∂xβ

∂yb

)
τ

dyadyb

= gαβe
α
ae
β
b dy

adyb

= habdy
adyb (5.59)

So, hab is a metric on δΣ(τp).

Now, h = det[hab] and δV = h
1
2 d3y. Since, d3y is constant on γ between two points p and q on γ; δV is

due to h
1
2 . So,

1

δV

d(δV )

dτ
=

1

h
1
2

dh
1
2

dτ
=

1

2

1

h

dh

dτ
=

1

2
hab

dhab
dτ

(5.60)
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Now,

dhab
dτ

= uµ∇µhab

= uµ∇µ(gαβe
α
ae
β
b )

= uµgαβ(∇µeαa )eβb + uµgαβ(∇µeβb )eαa

= gαβ(eµa∇µuα)eβb + gαβ(eµb∇µu
β)eαa

= eµa∇µuβe
β
b + eµb∇µuαe

α
a

= eµaBβµe
β
b + eµbBαµe

α
a

= (Bαβ +Bβα)eαae
β
b

So, hab
dhab
dτ

= (Bαβ +Bβα)habeαae
β
b

= (Bαβ +Bβα)hαβ

= (Bαβ +Bβα)gαβ (on γ)

= gαβBαβ + gβαBβα

= 2θ

So,

θ =
1

2
hab

dhab
dτ

=
1

h
1
2

dh
1
2

dτ
=

1

δV

d(δV )

dτ
(5.61)

So, θ is equal to the fractional rate of change of δV which is the congruence’s cross-sectional volume. Hence,
θ > 0 means the geodesics are diverging and θ < 0 means the geodesics are converging.

5.3.4 Raychaudhuri Equation for timelike geodesics

Consider,

uµ∇µBαβ = uµ∇µ∇βuα
= uµ(∇β∇µuα +Rµβα

νuν)

= uµ(∇β∇µuα −Rβµανuν)

= ∇β(uµ∇µuα)− (∇βuµ)(∇µuα)−Rβµανuνuµ

= −Bµβ −Rβµα
νuνu

µ

Now, gλβ →
uµ∇µBλα = −BµλBαµ −Rλµανuνuµ

tracing (λ = α); uµ∇µBαα = −BµαBαµ −Rµνuνuµ

⇒ dθ

dτ
= uµ∇µBαα = −BµαBαµ −Rµνuνuµ

Now, BµαBαµ =

(
1

3
θhµα + σµα + ωµα

)(
1

3
θhαµ + σαµ + ωαµ

)
=

1

3
θ2 + σαµσαµ − ωαµωαµ

So, we finally obtain :-

dθ

dτ
= −1

3
θ2 − σαβσαβ + ωαβωαβ −Rαβuαuβ (5.62)

Eqn 5.62 is known as the Raychaudhuri Equation for timelike geodesics.

Focusing theorem for timelike geodesics

Now consider timelike geodesics which are hypersurface orthogonal and obey the strong energy condition;
Rµνu

µuν ≥ 0; then :-

dθ

dτ
= −1

3
θ2 − σαβσαβ −Rαβuαuβ ≥ 0 (5.63)
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Eqn 5.63 is known as the focusing theorem for timelike geodesics. So, we can see that if θi < 0 then geodesics
converge rapidly in future while if θi > 0 then geodesics diverge less rapidly in future. This is in accordance
with Newtonian Gravity of Attraction.

Now consider;

dθ

dτ
≤ −1

3
θ2

⇒ dθ

θ2
≤ −dτ

3

Upon Integration; − (θ−1 − θi−1) ≤ −τ
3

⇒ 1

θ
≥ 1

θi
+
τ

3
(5.64)

So, if θi < 0 (initially converging geodesics) then θ(τ)→ −∞ within τ ≤ 3
|θi| . So, within proper time τ ≤ 3

|θi| ;

geodesics form a caustic singularity (where some geodesics meet).

5.4 Congruence of Nulllike Geodesics

Definition 5.4.1. It is a family of non-intersecting nulllike geodesics on a manifold M such that their tangent
vector fields are nulllike.

Let gαβ be the metric. kα is the tangent vector to the geodesics and ξα is the deviation vector.

So,

kαkα = 0 (5.65)

kβ∇βξα = ξβ∇βkα (5.66)

kβ∇βkα = 0 (5.67)

kαξα = 0 (5.68)

5.4.1 Transverse Metric

Consider a null vector field Nα such that :-

kαNα = −1 (5.69)

NαNα = 0 (5.70)

Note. The above condns on Nα do not give unique Nα.

Now, the transverse metric hαβ is given by :-

hαβ = gαβ + kαNβ +Nαkβ (5.71)

Consider its orthogonality to k and N :-

hαβk
β = gαβk

β + kαNβk
β +Nαkβk

β = kα − kα + 0 = 0 (5.72)

kαhαβ = kαgαβ + kαkαNβ + kαNαkβ = kβ + 0− kβ = 0 (5.73)

hαβN
β = gαβN

β + kαNβN
β +NαkβN

β = Nα − 0−Nα = 0 (5.74)

Nαhαβ = Nαgαβ +NαkαNβ +NαNαkβ = Nβ −Nβ + 0 = 0 (5.75)

Furthermore consider;

gαµhαβ = hµβ = δµβ + kµNβ +Nµkβ

So, hµµ = δµµ + kµNµ +Nµkµ = 4− 1− 1 = 2

Consider, hαµh
µ
β = δαβ − kαNβ −Nαkβ + kαNβ +Nαkβ + kαNβ + kαNµN

µkβ +Nαkβ +Nαkµk
µNβ

= δαβ + kαNβ +Nαkβ = hαβ
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So, we get :-

hαα = 2 (5.76)

hαµh
µ
β = hαβ (5.77)

So, hαβ is indeed the transverse metric and the transverse space is 2−dimensional.

Now define;

Bαβ = ∇βkα (5.78)

Also, ξ̃α = hαµξ
µ = ξα + (Nµξ

µ)kα (5.79)

Now,

kβ∇β ξ̃α = kβ∇β(hαµξ
µ)

= kβ∇β [(δαµ + kαNµ +Nαkµ)ξµ]

= kβ∇β [ξα + kαNµξ
µ]

= kβ∇βξα + kβ∇β(kαNµξ
µ)

= kβ∇βξα + kβ∇β(Nµξ
µ)kα

Also, kβ∇βξα = ξβ∇βkα = Bαβ ξ
β (5.80)

So, kβ∇β ξ̃α = kβ∇β(hαµξ
µ)

= hαµB
µ
β ξ

β + (kβ∇βhαµ)ξµ

Now, kβ∇βhαµ = kβ∇β(δαµ + kαNµ +Nαkµ)

= (kβ∇βNµ)kα + (kβ∇βNα)kµ

⇒ kβ∇β ξ̃α = hαµB
µ
β ξ

β + (kβ∇βNµ)kαξµ + (kβ∇βNα)kµξ
µ

= hαµB
µ
β ξ

β + (kβ∇βNµ)kαξµ (it has component along kα) (5.81)

So, hµαk
β∇β ξ̃α = hµα(hαµB

µ
β ξ

β + (kβ∇βNµ)kαξµ)

= 2Bµβ ξ
β + hµα(kβ∇βNµ)kαξµ

= 2Bµβ ξ
β + (δµα + kµNα +Nµkα)kαξµ(kβ∇βNµ)

= 2Bµβ ξ
β

= hµα(hανB
ν
βξ
β) = hµνB

ν
βξ
β (5.82)

Now, Bνβ ξ̃
β = Bνβξ

β +Bνβ(Nµξ
µ)kβ

= Bνβξ
β + (Nµξ

µ)Bνβk
β = Bνβξ

β (5.83)

So, hµα(kβ∇β ξ̃α) = hµνB
ν
β ξ̃
β

Now, hαµ ξ̃
µ = (δαµ + kαNµ +Nαkµ)(ξµ + (Nβξ

β)kµ)

= ξα + (Nβξ
β)kα + kαNµξ

µ = ξ̃α + (Nµξ
µ)kα (5.84)

Now, hµα(kβ∇β ξ̃α) = hµνB
ν
β ξ̃
β

= hµνB
ν
β(hβλξ̃

λ − (Nµξ
µ)kβ)

= hµνh
β
λB

ν
β ξ̃
λ (5.85)

So, (kβ∇β ξ̃µ)
′

= hµνh
β
λB

ν
β ξ̃
λ = B̃µλ ξ̃

λ (5.86)

where, B̃µλ = hµνh
β
λB

ν
β

Multiplying by gµν → B̃αβ = hµαh
ν
βBµν (5.87)

Now, B̃αβ = (δµα + kµNα +Nµkα)(δνβ + kνNβ +Nνkβ)Bµν

= (δµα + kµNα +Nµkα)(Bµβ + kβBµνN
ν)

= Bαβ + kβBανN
ν + kαN

µBµβ + kαkβBµνN
µNν (5.88)

Furthermore, it is really straightforward to check that :-

B̃αβk
β = kαB̃αβ = 0 (5.89)

B̃αβN
β = NαB̃αβ = 0 (5.90)
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So, B̃αβ is purely transversal as we desired. Now,

B̃αβ =
1

2
θhαβ + σαβ + ωαβ

Now, B̃αβ =
1

2
θhαβ + σαβ + ωαβ

So, B̃αα =
1

2
θhαα = θ

Hence, θ = gαβB̃αβ

= gαβ(Bαβ + kβBανN
ν + kαN

µBµβ + kαkβBµνN
µNν)

= gαβBαβ = gαβ(∇βkα) = ∇βkβ (independent of choice of Nµ) (5.91)

5.4.2 Frobenius’ Theorem for nulllike geodesics

The general version of the Frobenius’ Theorem holds here too (as no assumption was made on the nature of
tangent vector on the first part of the proof), i.e.;

hypersurface orthogonal ⇔ k[α∇βkγ] = 0 (5.92)

Now,

k[α∇βkγ] = 2[kαB[γβ] + kγB[βα] + kβB[αγ]] = 0

⇒ kαB[γβ] + kγB[βα] + kβB[αγ] = 0 (5.93)

Now,

B[αβ]kγ +B[γα]kβ +B[βγ]kα = 0

So, B[αβ]kγN
γ +B[γα]kβN

γ +B[βγ]kαN
γ = 0

Furthermore,

B[αβ] = B[γα]kβN
γ +B[βγ]kαN

γ

=

(
1

2
(Bγα −Bαγ)kβ +

1

2
(Bβγ −Bγβkα)

)
Nγ

= Bγ[αkβ]N
γ + k[αBβ]γN

γ (5.94)

Now,

B̃[αβ] =
1

2
(B̃αβ − B̃βα)

=
1

2
(Bαβ + kβBανN

ν + kαN
µBµβ + kαkβBµνN

µNν −Bβα − kβNµBµα − kβkαBµνNµNν − kαBβνNν)

= B[αβ] −NµBµ[αkβ] − k[αBβ]νN
ν

= 0 (by Eqn 5.94)

So, we finally get :-

ωαβ = B̃[αβ] = 0 (5.95)

So, finally we state Frobenius theorem for nulllike geodesics :-

Theorem 5.4.1. Let γs be nulllike geodesics which are hypersurface orthogonal with tangent vector as k.
Furthermore, let ω be the rotation tensor. Then,

hypersurface orthogonal ⇔ k[α∇βkγ] = 0 ⇒ ωαβ = 0 (5.96)

Remark. Here the hypersurfaces considered are null hypersurfaces.
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5.4.3 Interpretation of θ for nulllike geodesics

We proceed by the same consideration as was done in the timelike case. Only difference is that the transverse
space here is 2−dimensional. Let us pick a particular geodesic γ from the null congruence, and on this geodesic
we select a point p at which λ = λp for some λε<. We then consider the null curves to which Nα is tangent,
and we let µε< be the parameter on these auxiliary curves; we adjust the parameterization so that µ is constant
on the null geodesics. The auxiliary curve that passes through p is called β, and we have that µ = µγ at p. The

cross-section δS(λp) is defined to be a small set of points p
′

in a nbd of p such that :-

a) At each point p
′
, λ = λp and µ = µγ .

b) Through different points p
′
εδS(λp) different auxiliary curves different geodesics pass through from the given

null congruence.

This set forms a two-dimensional region, the intersection of small segments of the hypersurfaces λ = λp and
µ = µγ . We assume that the parameterization has been adjusted so that both γ and β intersect δS(λp) orthog-
onally (no requirements on other curves).

We introduce coordinates in δS(λp) by assigning a label θA where, (Aε{2, 3} to each point in the set. Re-
calling that through each of these points there passes a geodesic from the congruence, we see that we may use
θA to label the geodesics themselves. By demanding that each geodesic keep its label as it moves away from
δS(λp), we simultaneously obtain a coordinate system θA in any other cross-section δS(λp). This construction
therefore produces a coordinate system (λ, µ, θA) in a nbd of the geodesic γ, and ∃ a transformation between
this system and the one originally in use :-

xα = xα(λ, µ, θA) (5.97)

Because µ and θA are constant along the geodesics, we have :-

kα =

(
∂xα

∂λ

)
µ,θA

(tangent vector field) (5.98)

eαA =

(
∂xα

∂θA

)
λ,µ

(transverse deviation vector) (5.99)

Furthermore as before,

kµ∇µeαA = eµA∇µk
α (5.100)

And, kαe
α
A = 0 = Nαe

α
A (by parametrization) (5.101)

Also, £ke
α
A = 0 (5.102)

Now we define a 2− tensor as which as before would be a metric on δS(λp) :-

σAB = gαβe
α
Ae

β
B (5.103)

Also, as before :-

σAB = hαβe
α
Ae

β
B (5.104)

hαβ = σABeαAe
β
B (5.105)

Now, σ = det[σAB ] and δA = σ
1
2 d2θA. Since, d2θA is constant on γ between two points p and q on γ; δA is due

to σ
1
2 . So,

1

δA

d(δA)

dλ
=

1

σ
1
2

dσ
1
2

dλ
=

1

2

1

σ

dσ

dλ
=

1

2
σAB

dσAB
dλ

(5.106)

Now,

dσAB
dλ

= kµ∇µσAB

= kµ∇µ(gαβe
α
Ae

β
B)

= gαβ(eµA∇µk
α)eβB + gαβ(eµB∇µk

β)eαA

= eµABβµe
β
B + eµBBαµe

α
A

= eαAe
β
B(Bαβ +Bβα)

51



5.4. CONGRUENCE OF NULLLIKE GEODESICS CHAPTER 5. CONGRUENCES OF GEODESICS

So,

σAB
dσAB
dλ

= σABeαAe
β
B(Bαβ +Bβα)

= gαβBαβ + gβαBβα (on γ)

= gαβB̃αβ + gβαB̃βα

= 2θ

So,

θ =
1

2
σAB

dσAB
dλ

=
1

σ
1
2

dσ
1
2

dλ
=

1

δA

d(δA)

dλ
(5.107)

So, θ is equal to the fractional rate of change of δA which is the congruence’s cross-sectional area. Hence, θ > 0
means the null geodesics are diverging and θ < 0 means the null geodesics are converging.

5.4.4 Raychaudhuri Equation for nulllike geodesics

We know,

Tµν −
1

2
gµνT =

Rµν
8π

So, Tµνk
µkν − 1

2
gµνTk

µkν =
Rµν
k

µ

kν8π

Hence, Rµνk
µkν = 8πTµνk

µkν

Now, Tµνk
µkν ≥ 0 ⇒ Rµνk

µkν ≥ 0

Now consider;

−B̃µαB̃αµ = −(Bµα + kµNγBαγ + kαBµγN
γ + kµkαBγνN

γNν)(Bαµ + kαN
γBγµ + kµBαγN

γ + kαkµBγνN
γNν)

= −BµαBαµ
Now, as before;

BµαBαµ = B̃µαB̃αµ =
1

2
θ2 + σαµσαµ − ωαµωαµ (5.108)

Now, as before we see that :-

dθ

dλ
= −BµαBαµ −Rµνkµkν (5.109)

dθ

dλ
= −1

2
θ2 − σαµσαµ + ωαµωαµ −Rµνkµkν (5.110)

Eqn 5.110 is known as the Raychaudhuri Equation for nulllike geodesics.

Focusing theorem for nulllike geodesics

Now consider nulllike geodesics which are hypersurface orthogonal and obey the null energy condition; Rµνu
µuν ≥

0; then :-

dθ

dτ
= −1

2
θ2 − σαβσαβ −Rαβkαkβ ≥ 0 (5.111)

Eqn 5.111 is known as the focusing theorem for nulllike geodesics. So, we can see that if θi < 0 then geodesics
converge rapidly in future while if θi > 0 then geodesics diverge less rapidly in future. This is in accordance
with Newtonian Gravity of Attraction.

Now consider;

dθ

dλ
≤ −1

2
θ2

⇒ dθ

θ2
≤ −dλ

2

Upon Integration; − (θ−1 − θi−1) ≤ −λ
2

⇒ 1

θ
≥ 1

θi
+
λ

2
(5.112)
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So, if θi < 0 (initially converging geodesics) then θ(λ)→ −∞ within λ ≤ 2
|θi| . So, within λ ≤ 2

|θi| ; null geodesics

form a caustic singularity (where some null geodesics meet).

5.4.5 Some more properties of null congruence

Consider,

B̃(µν) =
1

2
(B̃µν + B̃νµ)

=
1

2

(
1

2
θhαβ + σαβ + ωαβ +

1

2
θhβα + σβα + ωβα

)
=

1

2
(2σαβ + θhαβ)

= σαβ +
1

2
θhαβ

Now for null geodesics which are hypersurface orthogonal; ωαβ = 0. So,

B̃αβ = B̃(αβ) = hµαh
ν
βBµν

B̃βα = hµαh
ν
βBνµ

So,
1

2
(B̃αβ + B̃βα) =

1

2
hµαh

ν
β(Bµν +Bνµ)

So, B̃(αβ) = hµαh
ν
βB̃(µν) (5.113)

Hence,

B̃αβ = B̃(αβ) = hµαB̃(µν)h
ν
β (5.114)

= hµα∇(νkµ)h
ν
β (5.115)

Now, let us suppose N is a killing horizon and ξ is a killing vector field. So, for some fεF ; ξ = fk or, k = f−1ξ.

So,

B̃αβ = hµα∇(νf
−1ξµ)h

ν
β

= hµα[∂(νf
−1ξµ) + f−1∇(νξµ)]h

ν
β

= hµα[∂(νf
−1ξµ)]h

ν
β (as ∇νξµ is completely antisymmetric)

Now we know;

hαβξ
β = 0 = ξαhαβ (5.116)

So, we get B̃αβ = 0 on N . Furthermore, since ωαβ = 0 on N ; we obtain from expression of B̃αβ :-

1

2
θhαβ = −σαβ

But, θ = gαβB̃αβ = 0 (on N ) (5.117)

Hence, σαβ = 0 (on N ) (5.118)

So, finally we get :- ∣∣∣∣ dθdλ
∣∣∣∣
N

= 0 (as θ = 0 on N ) (5.119)

Now by Raychaudhuri Eqn 5.110; |Rµνkµkν |N = 0 (5.120)

This also gives; |Tµνkµkν |N = 0 (5.121)

53



Chapter 6

Black Holes and Black Rings

We won’t go into details of defining a black hole but just for the sake of defining we would say that, “any finite
solution of Einstein’s Field Equations with a horizon (which is essentially a null hypersurface) is a black hole”.
The most important feature of a black hole spacetime is the event horizon, a null hypersurface which acts as a
causal boundary between two regions of the spacetime, the interior and exterior of the black hole.

A spacetime containing a black hole possesses two distinct regions, the interior and exterior of the black hole;
they are distinguished by the property that all external observers are causally disconnected from events occur-
ring inside. Physically speaking, this corresponds to the fact that once one has entered a black hole, an observer
can no longer send signals to the outside world.

Black hole singularity to be considered here will be defined later.

6.1 4−dimensional Black Holes

Here we will present some stationary black hole solutions in vacuum in a 4−dimensional spacetime manifold.

6.1.1 Schwarzschild Black Hole

The Schwarzschild metric, which is the spacetime solution of Einstein’s Field Equations for a point mass M , in
polar coordinates (t, r, θ, φ) is given by :-

ds2 = −
(

1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2dΩ2 (6.1)

where dΩ2 = dθ2 + sin2 θdφ2 is the S2 metric. Coordinate singularity is at grr = 0, i.e.; r = 2M . True
singularity/singularity is at r = 0.

Event Horizon

Now, let us examine the family of hypersurfaces r = constant denoted by Σ. From this family let us fix our
discussion on r = 2M . Now, examine the Schwarzschild metric :-
For r > 2M ; r−coordinate is spacelike.
For 0 < r < 2M ; r−coordinate is timelike.

Hence, for r < 2M region; causality allows r to be unidirectional and hence ingoing observer can’t escape
the singularity. Also, they can receive outside signal but can’t send signal (due to maximum speed limit c).

Now, let us compute the normal vector field for r = 2M hypersurface :-

l = f̃gµν
∂r

∂xµ
∂

∂xν

= f̃grr
∂

∂r

So, lµ = lr = f̃grr

Now, lµ = gµν l
ν = grrl

r = grrf̃g
rr = f̃

F inally, |lµlµ|r=2M = |lrlr|r=2M =
∣∣∣f̃2grr

∣∣∣
r=2M

= 0 (as grr = 0 at r = 2M) (6.2)
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So, r = 2M is a null hypersurface. From above consideration we conclude that r = 2M is indeed the event
horizon and the family of hypersurfaces Σ contains the event horizon.

6.1.2 Reissner-Nordström Black Hole

The Reissner-Nordström metric, which is the spacetime solution of Einstein’s Field Equations for a point mass
M with charge Q, in polar coordinates (t, r, θ, φ) is given by :-

ds2 = −
(

1− 2M

r
+
Q2

r2

)
dt2 +

(
1− 2M

r
+
Q2

r2

)−1

dr2 + r2dΩ2 (6.3)

where dΩ2 = dθ2 + sin2 θdφ2 is the S2 metric. Coordinate singularities are at grr = 0, i.e.; r = r± =
M ± (M2 −Q2)

1
2 . True singularity/singularity is at r = 0.

Event Horizon

Now, let us examine the family of hypersurfaces r = constant denoted by Σ. From this family let us fix our
discussion on r = r±. Now, examine the Reissner-Nordström metric :-
For r > r+; r−coordinate is spacelike.
For r− < r < r+; r−coordinate is timelike.
For 0 < r < r−; r−coordinate is again spacelike.

Now observe here that for r− < r < r+ region; causality allows r to be unidirectional and ingoing observes would
definitely enter into the 0 < r < r− region. But something really interesting happens in the region 0 < r < r−
where r−coordinate is again spacelike and so the ingoing observer has a choice whether to go towards the
singularity at r = 0 or go away from it. This is something like the notion of repulsive gravity and is mediated by
what is known as the black hole tunnels but when the ingoing observer comes out moving away from the singu-
larity then he reaches an external spacetime different from where he had started entering towards the black hole.

Now, let us compute the normal vector field for r = r± hypersurface :-

l = f̃gµν
∂r

∂xµ
∂

∂xν

= f̃grr
∂

∂r

So, lµ = lr = f̃grr

Now, lµ = gµν l
ν = grrl

r = grrf̃g
rr = f̃

F inally, |lµlµ|r=r± = |lrlr|r=r± =
∣∣∣f̃2grr

∣∣∣
r=r±

= 0 (as grr = 0 at r = r±) (6.4)

So, r = r± are null hypersurfaces. r = r+ is termed as the outer horizon and r = r− is termed as the inner
horizon. From above consideration we conclude that r = r+ is indeed the event horizon and the family of
hypersurfaces Σ contains the event horizon.

If |Q| = M then both the horizons coincide and the Reissner-Nordström black hole obtained is known as
an extreme Reissner-Nordström black hole. If |Q| > M , then the Reissner-Nordström metric describes a naked
singularity at r = 0.

6.1.3 Kerr Black Hole

The Kerr metric, which is the spacetime solution of Einstein’s Field Equations for a rotating point mass M
with angular momentum J , in Boyer-Lindquist coordinates (t, r, θ, φ) is given by :-

ds2 = −
(

1− 2Mr

ρ2

)
dt2 − 4Mar sin2 θ

ρ2
dtdφ+

Σ

ρ2
sin2 θdφ2 +

ρ2

∆
dr2 + ρ2dθ2 (6.5)

= −ρ
2∆

Σ
dt2 +

Σ

ρ2
sin2 θ(dφ− ωdt)2 +

ρ2

∆
dr2 + ρ2dθ2 (6.6)
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where;

a ≡ J

M
(6.7)

ρ2 = r2 + a2 cos2 θ (6.8)

∆ = r2 − 2Mr + a2 (6.9)

Σ = (r2 + a2)2 − a2∆ sin2 θ (6.10)

ω ≡ − gtφ
gφφ

=
2Mar

Σ
(6.11)

Coordinate singularities are at grr = 0, i.e. at ∆ = 0, which means at; r = r± = M ± (M2 − a2)
1
2 . True

singularity/singularity is at r = 0.

Now consider, with τ as the proper time parametrization;

L ≡ uαφα = 0 (observer with zero angular momentum) (6.12)

⇒ gµνu
µφν = 0

⇒ gtt
dt

dτ

∂t

∂φ
+ gtφ

dt

dτ

∂φ

∂φ
+ gφφ

dφ

dτ

∂φ

∂φ
= 0

⇒ gtφṫ+ gφφφ̇ = 0 (6.13)

⇒ Ω ≡ dφ

dt
= − gtφ

gφφ
= ω (dimension of angular velocity) (6.14)

Event Horizon

Now, let us examine the family of hypersurfaces r = constant denoted by S. From this family let us fix our
discussion on r = r±. Now, examine the Kerr metric :-
For r > r+; r−coordinate is spacelike.
For r− < r < r+; r−coordinate is timelike.
For 0 < r < r−; r−coordinate is again spacelike.

Now observe here that for r− < r < r+ region; causality allows r to be unidirectional and ingoing observes
would definitely enter into the 0 < r < r− region. Again like previously, in the region 0 < r < r− where
r−coordinate is again spacelike and so the ingoing observer has a choice whether to go towards the singularity
at r = 0 or go away from it.

Now, let us compute the normal vector field for r = r± hypersurface :-

l = f̃gµν
∂r

∂xµ
∂

∂xν

= f̃grr
∂

∂r

So, lµ = lr = f̃grr

Now, lµ = gµν l
ν = grrl

r = grrf̃g
rr = f̃

F inally, |lµlµ|r=r± = |lrlr|r=r± =
∣∣∣f̃2grr

∣∣∣
r=r±

= 0 (as grr = 0 at r = r±) (6.15)

So, r = r± are null hypersurfaces. r = r+ is termed as the outer horizon and r = r− is termed as the inner
horizon. From above consideration we conclude that r = r+ is indeed the event horizon and the family of
hypersurfaces S contains the event horizon.

If |a| = M then both the horizons coincide and the Kerr black hole obtained is known as an extreme Kerr
black hole. If |a| > M , then the Kerr metric describes a naked singularity at r = 0.

6.1.4 Kerr-Newman Black Hole

This has exactly the same computations as that of the Kerr black hole. The Kerr-Newman metric, which is the
spacetime solution of Einstein’s Field Equations for a rotating point mass M with angular momentum J and

56



6.2. HORIZONS OF BLACK HOLES CHAPTER 6. BLACK HOLES AND BLACK RINGS

also with charge Q, in Boyer-Lindquist coordinates (t, r, θ, φ) is given by :-

ds2 = −ρ
2∆

Σ
dt2 +

Σ

ρ2
sin2 θ(dφ− ωdt)2 +

ρ2

∆
dr2 + ρ2dθ2 (6.16)

where;

a ≡ J

M
(6.17)

ρ2 = r2 + a2 cos2 θ (6.18)

∆ = r2 − 2Mr + a2 +Q2 (6.19)

Σ = (r2 + a2)2 − a2∆ sin2 θ (6.20)

ω ≡ − gtφ
gφφ

=
a(r2 + a2 −∆)

Σ
(6.21)

Coordinate singularities are at grr = 0, i.e. at ∆ = 0, which means at; r = r± = M ± (M2 − a2 −Q2)
1
2 . True

singularity/singularity is at r = 0.

Event Horizon

Now, let us examine the family of hypersurfaces r = constant denoted by S. From this family let us fix our
discussion on r = r±. Now, examine the Kerr-Newman metric :-
For r > r+; r−coordinate is spacelike.
For r− < r < r+; r−coordinate is timelike.
For 0 < r < r−; r−coordinate is again spacelike.

Now observe here that for r− < r < r+ region; causality allows r to be unidirectional and ingoing observes
would definitely enter into the 0 < r < r− region. Again like previously, in the region 0 < r < r− where
r−coordinate is again spacelike and so the ingoing observer has a choice whether to go towards the singularity
at r = 0 or go away from it.

Now, let us compute the normal vector field for r = r± hypersurface :-

l = f̃gµν
∂r

∂xµ
∂

∂xν

= f̃grr
∂

∂r

So, lµ = lr = f̃grr

Now, lµ = gµν l
ν = grrl

r = grrf̃g
rr = f̃

F inally, |lµlµ|r=r± = |lrlr|r=r± =
∣∣∣f̃2grr

∣∣∣
r=r±

= 0 (as grr = 0 at r = r±) (6.22)

So, r = r± are null hypersurfaces. r = r+ is termed as the outer horizon and r = r− is termed as the inner
horizon. From above consideration we conclude that r = r+ is indeed the event horizon and the family of
hypersurfaces S contains the event horizon.

If a2 + Q2 = M2 then both the horizons coincide and the Kerr-Newman black hole obtained is known as
an extreme Kerr-Newman black hole. If a2 + Q2 > M2, then the Kerr-Newman metric describes a naked
singularity at r = 0.

6.2 Horizons of Black Holes

Here we do some discussions on topology of horizons of 4−dimensional black holes and the concept of Bifurcation
2-sphere along with the notion of singularities of black holes.

6.2.1 Topology of Black Holes

In this discussion we restrict ourselves to studying the horizons of Schwarzschild and Reissner-Nordström black
hole and without proof generalise the result to all stationary 4−dimensional black holes. Both the Schwarzschild

57



6.3. THE ZEROTH LAW CHAPTER 6. BLACK HOLES AND BLACK RINGS

and Reissner-Nordström metrics can be written in the form :-

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2 (6.23)

where f(r) is a smooth real valued function of r. Now, observe the metric for r = constant hypersurfaces. This
gives :-

ds2 = −f(r)dt2 + r2dΩ2 (6.24)

Now, perform time slicing of this metric, i.e.; consider t = constant cross-sections of it. This gives :-

ds2 = r2dΩ2 (6.25)

which is nothing but the metric for S2. Hence, the topology of all stationary 4−dimensional black holes is
spherical, i.e; same as that of S2.

Bifurcation 2−sphere

If the event horizon would be a killing horizon of the killing vector field of the spacetime then since it has
spherical topology ∃ a 2−sphere about the singularity r = 0; where the killing vector field vanishes. This
2-sphere is known as the Bifurcation 2-sphere.

6.2.2 Singularities

A singularity of the metric is a point at which the determinant of either it or its inverse vanishes. However,
a singularity of the metric may be simply due to a failure of the coordinate system. If no coordinate system
exists for which the singularity is removable then it is irremovable, i.e. a genuine singularity of the spacetime.
Any singularity for which some scalar constructed from the Riemann-Christoffel Curvature Tensor blows up
as it is approached is irremovable. Such singularities are called curvature singularities. It is virtually always
true that the existence of a singularity as just defined can be detected by the incompleteness of some geodesic,
i.e. there is some geodesic that cannot be continued to all values of its affine parameter. For this reason, we
shall be defining a spacetime singularity in terms of geodesic incompleteness. Thus, a spacetime is non-singular
iff all geodesics can be extended to all values of their affine parameters, changing coordinates if necessary.
Furthermore, geodesically complete black holes will always contain a Bifurcation 2-sphere.

6.3 The Zeroth Law

Let us first state the Zeroth Law of Black Hole Mechanics :-

Theorem 6.3.1. “Surface gravity κ of a stationary black hole is uniform over the entire event horizon.”

Proof. The proof will be done in two steps. First we will prove that κ is constant along horizon’s null genera-
tors. Then, we would prove that κ is constant from generator to generator.

Let N be the null hypersurface which is also a killing horizon to a killing vector field ξ of the spacetime.
Here we introduce the same familiar coordinates on event horizon cross-sections as was considered in the null
congruence’s cross-section, i.e; (v, µ, θA) (where v is the geodesic parameter); with same definition of tangent
vector field and deviation vector applying here too. Now,

κ2 = −1

2

∣∣(∇αξβ)(∇αξβ)
∣∣
N

Also, ∇ν∇µξα = Rαµνβξ
β

So, ∇ν∇µξα = Rαµνβξ
β

Now, ξλ∇λκ2 = ξλ∇λ(−1

2
(∇αξβ)(∇αξβ))

⇒ 2κ∂λκξ
λ = −(∇αξβ)ξλ∇λ(∇αξβ)

= −(∇µξα)ξν∇ν(∇µξα)

= −(∇µξα)ξνRαµνβξ
β

= −(∇µξα)Rαµνβξ
νξβ (6.26)

= −(∇µξα)Rαµβνξ
βξν

= (∇µξα)Rαµνβξ
νξβ (by Eqn 2.20)

= 0 (6.27)
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Since, κ 6= 0; so, eqn 6.27 implies :-

∂λκξ
λ = 0 (6.28)

⇒ ξ · ∂κ = 0 (6.29)

∴ κ is constant along horizon’s each null generator.

Now in transverse direction we have from eqn 6.26 :-

2κ∂λκe
λ
A = −(∇µξα)Rαµνβe

ν
Aξ

β (6.30)

Now suppose, the black hole is geodesically complete. Then, it contains a Bifurcation 2-sphere; on which ξα = 0.
So, ∂λκe

λ
A = 0 on the Bifurcation 2-sphere. Now,

ξµ∇µ(∂λκe
λ
A) = ξµ∂µ(∂λκe

λ
A)

=

(
∂xµ

∂v

)
∂

∂xµ

(
∂κ

∂xλ

(
∂xλ

∂θA

))
=

∂

∂v

(
∂κ

∂xλ

(
∂xλ

∂θA

))
=

∂

∂v

(
∂κ

∂θA

)
=

∂2κ

∂v∂θA
=

∂2κ

∂θA∂v

But ∂κ
∂v = 0 as κ is constant horizon’s null generators parametrized by v. So,

ξµ∇µ(∂λκe
λ
A) = 0 (6.31)

∴ κ,λe
λ
A is constant on horizon’s each null generator. This means the variation of κ along θA is constant along

v (on null generators). Now, pick v = c1(constant). Then, on this variation of κ along θA is constant. Now,
at v = c2(constant); again variation of κ along θA is constant but the value of κ here can be different than that
of the value at v = c1. But, this wouldn’t be different as it has been already proved that κ is constant along v
(on null generators). So, we see that κ,λe

λ
A is constant on v = constant cross-sections of the event horizon.

Now since at (v, θA) = (0, 0), i.e.; on the Bifurcation 2-sphere κ,λe
λ
A = 0; we conclude that ∀ v κ,λeλA = 0, i.e.;

it doesn’t vary along v. Hence, finally from the above discussion we conclude that κ,λe
λ
A = 0 on v = constant

cross-sections of the event horizon. Thus, κ doesn’t vary from generator to generator. Hence, for a geodesically
complete black hole; κ is uniform over the entire event horizon.

Now consider if the black hole is not geodesically complete. Then, say there are two black holes A and B,
out of which A is geodesically complete and B is geodesically incomplete but both are identical in their space-
times ∀ v > 0 (in future). Then, B is stationary only for v > 0 and A is stationary ∀ vε<. Now since κ,λe

λ
A = 0

on v = constant cross-sections of the event horizon of A; and furthermore, A and B are identical in their
spacetimes ∀ v > 0 so, we conclude that ∀ v > 0; κ,λe

λ
B = 0 on v = constant cross-sections of the event horizon

of B too.

This shows that for a stationary black hole the surface gravity κ is indeed uniform over the entire event horizon.
Proved.

6.3.1 The Hawking Temperature

Sir Hawking’s discovery that quantum processes give rise to a thermal flux of particles from black holes implies
they do indeed behave as thermodynamic systems. Black holes have a well-defined temperature, which as a
matter of fact is proportional to the black hole’s surface gravity κ given as :-

TH =
κ

2π
(6.32)

The Zeroth Law of Black Hole Mechanics can be seen therefore as a special case of the corresponding Law of
Thermodynamics, which states that a system in thermal equilibrium has a uniform temperature.

6.4 Surface Gravity Calculations

In this section we present the surface gravity calculations of the 4−dimensional stationary black holes considered
earlier.
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6.4.1 Schwarzschild and Reissner-Nordström Metrics

Both the Schwarzschild and Reissner-Nordström metrics can be written in the form :-

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2 (6.33)

where f(r) is a smooth real valued function of r. So, we have :-

gtt = −f, grr = f−1, gθθ = r2, gφφ = r2 sin2 θ (6.34)

gtt = − 1

f
, grr = f gθθ,=

1

r2
, gφφ =

1

r2 sin2 θ
(6.35)

Now consider the Killing’s Equation :-

∇[αξβ] = 0

⇒ ∂αξβ + ∂βξα = 2Γλαβξλ (6.36)

Now let us compute the non-vanishing components of the Affine Connection :-

Γrtt =
ff
′

2
, Γrrr = − f

′

2f
, Γrθθ = −fr (6.37)

Γrφφ = −fr sin2 θ, Γθφφ = − sin θ cos θ, Γφθφ = Γφφθ = cot θ (6.38)

Γttr = Γtrt =
f
′

2f
, Γθrθ = Γθθr =

1

r
, Γφrφ = Γφφr =

1

r
(6.39)

Now observe since gµν is independent of t we have a straightforward killing vector field as :-

ξ =
∂

∂t
ξt = 1

Now, putting ξr = 0, and intuitively setting up the remaining Killing’s Equation we get :-

∂ξθ
∂θ

= 0 (6.40)

∂ξφ
∂φ

= − sin θ cos θξθ (6.41)

∂ξφ
∂θ

+
∂ξθ
∂φ

= 2 cot θξφ (6.42)

The above eqns are similar to the ones we set up for the killing vector fields of S2. Hence, linearly independent
killing vector fields of given spacetime are :-

ξ1 =
∂

∂t
(6.43)

ξ2 =
∂

∂φ
(6.44)

ξ3 = sinφ
∂

∂θ
+ cot θ cosφ

∂

∂φ
(6.45)

ξ4 = cosφ
∂

∂θ
− cot θ sinφ

∂

∂φ
(6.46)

For calculation of the surface gravity of the black hole consider the metric in ingoing Eddington-Finkelstein
coordinates (v, r, θ, φ) :-

ds2 = −f(r)dv2 + 2dvdr + r2dΩ2 (6.47)

where,

v = t+ r∗ (6.48)

r∗ =

∫
dr

f(r)
(6.49)

60



6.4. SURFACE GRAVITY CALCULATIONS CHAPTER 6. BLACK HOLES AND BLACK RINGS

Furthermore, roots of f(r) = 0 will be r = r± in case of Reissner-Nordström black hole and r = rH in case of
Schwarzschild black hole.

So, for v = constant we have ingoing rays and v is known as the advance time coordinate. Furthermore,
the metric in this form clearly suggests that root of f(r) = 0 is just a coordinate singularity as the metric is
well behaved there. Now for computation of κ just consider :-

ds2 = −fdv2 + 2dvdr (6.50)

Now,

gµν =

(
−f 1
1 0

)
; gµν =

(
0 1
1 f

)
(6.51)

Now,

∇rξr = 0 ⇒ ∂rξr = Γλrrξλ = 0 (6.52)

⇒ ξr = g(v)

∂vξv = Γλvv =
f
′

2
ξv +

ff
′

2
ξr

So,
∂ξv
∂v

=
f
′

2
ξv +

ff
′

2
g(v) (6.53)

∂ξr
∂v

+
∂ξv
∂r

= 2Γλrvξλ = −f
′
ξr = −f

′
g(v)

⇒ ∂ξv
∂r

= −f
′
g(v)− ∂g(v)

∂v
(6.54)

Upon Integrating w.r.t. r; ξv = −gf − ∂g

∂v
r + h(v) (6.55)

So,
∂ξv
∂v

= −fg
′
− rg

′′
+ h

′
(6.56)

=
f
′

2
[h− rg

′
− gf ] +

ff
′

2
g (by eqn 6.53)

=
hf
′

2
− rf

′
g
′

2
(6.57)

From eqn 6.56 and eqn 6.57; −fg
′
− rg

′′
+ h

′
=
hf
′

2
− rf

′
g
′

2
(6.58)

Let in eqn 6.58; h = 0 and g = c1(constant). This choice satisfies eqn 6.58. So, we get taking c1 = 1 for linear
independence :-

ξv = −f, ξv = 1 (6.59)

ξr = 1, ξr = 0 (6.60)

⇒ ξµξµ = ξvξv = −f (6.61)

Furthermore, |ξµξµ|r=r±/rH = 0 (6.62)

So, indeed r = r±/rH are/is killing horizon(s) to the killing vector field :-

ξ =
∂

∂v
(6.63)

Now,

gµν(∇µξν)2 = grr(∇rξr) + grv(∇rξv) + gvr(∇vξr) = grv(∇rξv) + gvr(∇vξr)
But, ∇rξv = −∇vξr
So, (∇rξv)2 = (∇vξr)2

Hence, gµν(∇µξν)2 = 2(∇rξv)2

Now, ∇rξv = ∂rξv − Γrrvξr = −f
′
+
f
′

2
= −f

′

2

Finally, (∇rξv)2 =

(
f
′

2

)2
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We know :-

κ2 = −1

2

∣∣gµν(∇µξν)2
∣∣
r=r±/rH

= −1

2
2
∣∣(∇rξv)2

∣∣
r=r±/rH

= −

∣∣∣∣∣∣
(
f
′

2

)2
∣∣∣∣∣∣
r=r±/rH

Choosing the +ve sign for κ we arrive (denoting RN for Reissner-Nordström) at :-

κRN+
=
f
′
(r+)

2
=

(M2 −Q2)
1
2

(M + (M2 −Q2)
1
2 )2

(6.64)

κRN− =
f
′
(r+)

2
=

(M2 −Q2)
1
2

(M − (M2 −Q2)
1
2 )2

(6.65)

κSchwarzschild =
f
′
(rH)

2
=

1

4M
(6.66)

Hence we also obtain :-

THRN =
κRN+

2π
=

(M2 −Q2)
1
2

2π(M + (M2 −Q2)
1
2 )2

(as r = r+ is the event horizon) (6.67)

THSchwarzschild =
κSchwarzschild

2π
=

1

8πM
(6.68)

6.4.2 Kerr and Kerr-Newman Metrics

Here we present the computation of surface gravity of the Kerr black hole. The surface gravity of the Kerr-
Newman black hole has exactly the same computation as that of the Kerr only with very slight modifications,
so we will directly present the result for the Kerr-Newman case.

Now, the null hypersurfaces are r = r± and inspection of the Kerr metric suggests two obvious linearly in-
dependent killing vector fields :-

ξ1 =
∂

∂t
(6.69)

ξ2 =
∂

∂φ
(6.70)

We take their linear combination as :-

ξ± =
∂

∂t
+ ΩH±

∂

∂φ

Now, we would like to make r = r± as killing horizons for ξ±. So, we seek the value of ΩH± such that
|ξµξµ|r=r± = 0. So,

ξµξµ = ξtξt + ξφξφ

= gtt + gtφΩH + ΩH(gφφ + gφt)

= ΩH
2gφφ + 2ΩHgφt + gtt

= ΩH
2

[
Σ sin2 θ

ρ2

]
− 2ΩH

(
ωΣ sin2 θ

ρ2

)
+
ωΣ sin2 θ

ρ2
ω2 − ρ2∆

Σ

=
Σ sin2 θ

ρ2
[ΩH − ω]2 − ρ2∆

Σ

Now at r = r±, ∆ = 0. So,

|ξµξµ|r=r± =
Σ± sin2 θ

ρ±2
[ΩH± − ω±]2

=
(r±

2 + a2)2 sin2 θ

r±2 + a2 cos2 θ
[ΩH± − ω±]2 (6.71)
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Now from eqn 6.71, |ξµξµ|r=r± = 0 holds only if ΩH± = ω± = a
r±2+a2 . Now, dimensionally; [ΩH ] = [ω] and

hence, on r = r+ (the event horizon); ΩH+
is termed as the angular velocity of the black hole. So, we get the

desired killing vector field as :-

ξ± =
∂

∂t
+ ΩH±

∂

∂φ
=

∂

∂t
+

a

r±2 + a2

∂

∂φ
(6.72)

We know that the normal vector field is, lµ = ∂r
∂xµ . Now, we know since ξ± is normal to r = r±; we have :-

ξµ = c1
∂r

∂xµ
(6.73)

Furthermore, ξµξµ = gµνξµξν = gµνc1
2∂µr∂νr = c1

2grr

⇒ c1
2 =

ξµξµ
grr

=
ρ2

∆

Σ sin2 θ

ρ2
[ΩH − ω]2 − ρ2∆

Σ

⇒
∣∣c12

∣∣
r=r±

= Σ± sin2 θ lim
r→r±

ΩH − ω
∆

− ρ±
4

Σ±

= Σ± sin2 θ

∣∣∣∣2(ΩH − ω)
∂ω

∂r

∣∣∣∣
r=r±

1

2(r± −M)
− ρ±

4

Σ±

=
ρ±

4

Σ±

|c1|r=r± =
ρ±

2

Σ±
1
2

(6.74)

We know, |∇µ(−ξαξα)|r=r± = |2κξµ|r=r± . Furthermore,

ρ±
4

Σ±
=
ρ±

2

Σ±
2(r± −M)∂µr = 2κ±

ρ±
2

Σ±
1
2

∂µr

Hence;

κK± =
r± −M
r±2 + a2

(6.75)

So, we finally obtain :-

THK =
κK+

2π
=

r+ −M
2π(r+

2 + a2)
(6.76)

where K denotes Kerr.
Now, in the case of Kerr-Newman black hole the exact result holds with r± = M ± (M2 − a2 −Q2)

1
2 . So,

κKN± =
r± −M
r±2 + a2

(6.77)

So, we finally obtain :-

THKN =
κKN+

2π
=

r+ −M
2π(r+

2 + a2)
(6.78)

where KN denotes Kerr-Newman.

6.4.3 Extreme Black Holes

In the extreme cases of Reissner-Nordström, Kerr and Kerr-Newman black holes one can see that they all yield
identically the same surface gravity, i.e.;

κex = 0 ⇒ THex = 0 (6.79)

6.5 Black Holes Uniqueness Theorems

In this section we qualitatively present some of the black hole uniqueness theorems in a 4−dimensional spacetime
manifold. In the absence of any matter in their exterior, stationary black holes admit an extremely simple
description.
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6.5.1 Static Black Holes

If the black hole is static, then it must be spherically symmetric and it can only be described by the Schwarzschild
solution. It implies that in the absence of angular momentum, complete gravitational collapse must result in
a Schwarzschild black hole. This might seem puzzling, because the statement is true irrespective of the initial
shape of the progenitor, which might have been strongly nonspherical. If the black hole is static and carries an
electric charge, then it must be a Reissner-Nordström black hole

6.5.2 Axially Symmetric Black Holes

If the black hole is axially symmetric, then it must be a Kerr black hole. Furthermore, if it also carries an
electric charge then it must be a Kerr-Newman black hole.

6.5.3 Prelude to the No Hair Theorem

Thus, we see that a black hole in isolation can be characterized, uniquely and completely, by just three param-
eters: its mass, angular momentum, and charge. No other parameter is required, and this remarkable property
is at the origin of the Black Holes’ No Hair theorem.

These above black hole uniqueness theorems are one of the main reasons why the event horizons of the black
holes in 4−dimensions always have spherical topologies, i.e.; of S2.

Finally, we end this section by quoting S.Chandrasekhar :- “Black holes are macroscopic objects with masses
varying from a few solar masses to millions of solar masses. To the extent that they may be considered as
stationary and isolated, to that extent, they are all, every single one of them, described exactly by the Kerr so-
lution. This is the only instance we have of an exact description of a macroscopic object. Macroscopic objects,
as we see them all around us, are governed by a variety of forces, derived from a variety of approximations to
a variety of physical theories. In contrast, the only elements in the construction of black holes are our basic
concepts of space and time. They are, thus, almost by definition, the most perfect macroscopic objects there
are in the universe. And since the general theory of relativity provides a single unique two-parameter family of
solutions for their descriptions, they are the simplest objects as well.”

6.6 D > 4 Black Holes

In d > 4 dimensions, there exists multitudes of solutions to Einstein’s Field Equations whose event horizons have
non-spherical topologies. Also their characterization requires more than three parameters. So, the uniqueness
theorems for the solutions no longer holds generally for d > 4 dimensions.

6.6.1 Myers-Perry Black Holes

Myers-Perry black holes are the generalization of Kerr black hole to higher dimensional spacetime. In this
section we would compute their surface gravities. Also we would denote µ = 2M and ai = Ji

M where M is the
mass and Jis are angular momenta of the black hole in specific directions.

Flat metric in Higher Odd dimensions

Let d = 2n+ 1 where, 2 ≤ nεN.

Now,

ds2 = −dt2 +

n∑
i=1

dxi
2 + dyi

2 (6.80)

Now, define for µiε<, where iε{1, 2, · · · · · · , n} :-

xi = rµi cosφi, yi = rµi sinφi (6.81)

Now using;

dxi = µi cosφidr + r cosφidµi − rµi sinφidφi

dyi = µi sinφidr + r sinφidµi + rµi cosφidφi
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Furthermore, using :-

n∑
i=1

x2
i + y2

i = r2(µ2
i + µ2

i sin 2φi) = r2

⇒
n∑
i=1

µ2
i (1 + sin 2φi) = 1

⇒
n∑
i=1

µ2
i = 1 (as,

∫
sin 2φidφi → 0)

So, we finally obtain :-

ds2 = −dt2 + dr2 + r2
n∑
i=1

(dµ2
i + µ2

i dφ
2
i ) (6.82)

Constraint;

n∑
i=1

µ2
i = 1 (6.83)

Flat metric in Higher Even dimensions

Let d = 2n+ 2 where, 1 ≤ nεN.

Now,

ds2 = −dt2 + dz2 +

n∑
i=1

dxi
2 + dyi

2 (6.84)

Now, define for µi, αε<, where iε{1, 2, · · · · · · , n} :-

xi = rµi cosφi, yi = rµi sinφi, z = rα (6.85)

As before one can exactly compute the same way to obtain :-

ds2 = −dt2 + dr2 + r2dα2 + r2
n∑
i=1

(dµ2
i + µ2

i dφ
2
i ) (6.86)

Constraint; α2 +

n∑
i=1

µ2
i = 1 (6.87)

Myers-Perry metric in d = 2n+ 1 dimension

Here, d = 2n+ 1 and n ≥ 2

ds2 = −dt2 +
µr2

ΠF

(
dt+

n∑
i=1

aiµ
2
i dφi

)2

+
ΠF

Π− µr2
dr2 +

n∑
i=1

(r2 + a2
i )(dµ

2
i + µ2

i dφ
2
i ) (6.88)

Constraint,

n∑
i=1

µ2
i = 1 (6.89)

where,

F = 1−
n∑
i=1

a2
iµ

2
i

r2 + a2
i

(6.90)

Π =
∏
i=1

(r2 + a2
i ) (6.91)
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Myers-Perry metric in d = 2n+ 2 dimension

Here, d = 2n+ 2 and n ≥ 1

ds2 = −dt2 +
µr

ΠF

(
dt+

n∑
i=1

aiµ
2
i dφi

)2

+
ΠF

Π− µr
dr2 +

n∑
i=1

(r2 + a2
i )(dµ

2
i + µ2

i dφ
2
i ) + r2dα2

(6.92)

Constraint, α2 +

n∑
i=1

µ2
i = 1 (6.93)

where,

F = 1−
n∑
i=1

a2
iµ

2
i

r2 + a2
i

(6.94)

Π =
∏
i=1

(r2 + a2
i ) (6.95)

Family of hypersurfaces

For d = 4 case the even dimensional Myers-Perry metric reduces to the familiar Kerr metric. So, motivated
by d = 4; we take r = constant as the family of hypersurfaces containing the horizons. Also, from the above
Myers-Perry metrics we see that const(t, r) have indeed spherical topology, i.e.; Sd−2 topology. Furthermore,
like before; roots of grr = 0 describe the horizons. So,

Odd case : − Π− µr2 = 0 (describe horizons) (6.96)

Even case : − Π− µr = 0 (describe horizons) (6.97)

Also observe that intuitively we can deduce that since at the roots of the above eqns the r−coordinate changes
sign; hence, these definitely account for the horizons. Let us denote the roots (only the event horizons) in both
the cases by r = rH .

Normal Vector Fields calculation

In both cases for f̃ εF :-

l = f̃gµν
∂r

∂xµ
∂

∂xν

= f̃grr
∂

∂r

Now, lrlr = f̃2grr

So, |lµlµ|r=rH = 0

So, this shows that in both the cases r = rH is a indeed null hypersurface.

Killing Vector Field calculation for odd dimensions

Observing the Myers-Perry metric for the odd dimensions we observe that gµν is independent of (t, φi). Hence
motivated by the Kerr case we demand the killing vector field to be :-

ξ =
∂

∂t
+

n∑
i=1

βi
∂

∂φi

Now as previously we seek to find βi such that |ξµξµ|r=rH = 0.

Now,

ξµξµ = gµνξ
µξν = gttξ

tξt + 2gφiφjξ
φiξφj + gφiφiξ

φiξφi + 2gtφiξ
tξφi

=

(
µr2

ΠF
− 1

)
+

[
n∑
i=1

µr2

ΠF
a2
iµ

4
i + r2µ4

i + a2
iµ

2
i

]
+

(
2µr2

ΠF

n∑
i=1

aiµ
2
i

)
βi +

2µr2

ΠF

n−1∑
i=1

n∑
j>i

aiajµ
2
iµ

2
j

βiβj
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Now, |ξµξµ|r=rH = 0 gives :-(
n∑
i=1

a2
iµ

2
i

r2
H + a2

i

)
+

n∑
i=1

a2
iµ

4
iβ

2
i +

n∑
i=1

n∑
j=1

r4
Hµ

2
iµ

2
j

r2
H + a2

j

β2
i +

n∑
i=1

n∑
j=1

r2
Hµ

2
i a

2
iµ

2
j

r2
H + a2

j

β2
i + 2

n∑
i=1

aiµ
2
iβi +

n−1∑
i=1

n∑
j>i

aiajµ
2
iµ

2
jβiβj = 0

Now, using the constraint relation,
n∑
i=1

µ2
i = 1; we see that :-

µ2
1 = 1−

n∑
i=2

µ2
i (6.98)

Using this in above equation we see that the constant terms obtained on putting i, j = 1 is :-

a2
1

r2
H + a2

1

+ 2a1β1 + a2
1β

2
1 +

r2
H

r2
H + a2

1

β2
1 +

a2
1r

2
H

r2
H + a2

1

β2
1 (6.99)

But since |ξµξµ|r=rH = 0 this implies that expression 6.99 must vanish as it just contains the constant term of
|ξµξµ|r=rH . Hence;

a2
1

r2
H + a2

1

+ 2a1β1 + a2
1β

2
1 +

r2
H

r2
H + a2

1

β2
1 +

a2
1r

2
H

r2
H + a2

1

β2
1 = 0

β2
1(2a2

1r
2
H + a4

1 + r4
H) + 2a1(r2

H + a2
1)β1 + a2

1 = 0

⇒ β2
1(a2

1 + r2
H)2 + 2a1(r2

H + a2
1)β1 + a2

1 = 0

⇒ β1 = − a1

a2
1 + r2

H

(6.100)

Similarly, for other β′is we get; βi = − ai
a2
i + r2

H

(6.101)

So, we finally obtain :-

ξodd =
∂

∂t
− ai
a2
i + r2

H

∂

∂φi
(6.102)

This makes r = rH a killing horizon for ξodd.

Killing Vector Field calculation for even dimensions

Here consider the constraint relation, α2 +
n∑
i=1

µ2
i = 1. So,

dα = − 1

α

n∑
i=1

µidµi

dα2 =
1

α2

(
n∑
i=1

µidµi

)2

So, as z = rα :-

dz2 = r2dα2 =
r2

α2

(
n∑
i=1

µidµi

)2

(6.103)

From eqn 6.103 we see that dz2 doesn’t contain constant term since there is always an 1
α2 term present in all of

its terms ∀ i{1, 2, · · · · · · , n}. Hence the killing vector field doesn’t differ from that of the odd case :-

ξeven =
∂

∂t
− ai
a2
i + r2

H

∂

∂φi
(6.104)

This makes r = rH a killing horizon for ξeven.
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Surface gravity in odd dimensions

Consider, ξµ∇µξα = κξα; this with ξα = c1∂αr(c1 is constantε<) gives :-

ξr∇rξr = ξr∂rξ
r + ξrΓrrαξ

α = κξr (as ξ has only r − coordinate)

⇒ κ = c1[∂rg
rr +

grr2

2
∂rgrr] (as Γrrr is the only non− vanishing in given case)

= c1[∂rg
rr +

grr2

2
∂rg

rr−1]

= c1[∂rg
rr − grr2

2

1

grr2 ∂rg
rr

=
c1
2
∂rg

rr

So,

κ =
c1
2
∂rg

rr (6.105)

Now we know that, c21 = lim
r→rH

ξµξµ
grr = lim

r→rH

∂r(ξµξµ)
∂r(grr) . Now, let us deduce c21 without actual computation (since

its too long and tedious) but by using mathematical logic as follows.

Consider,

|∂rgrr|rH =

∣∣∣∣∂rΠ− 2µr

µr2F

∣∣∣∣
rH

6= 0

So, limit exists. As limit exists and |∂rgrr|rH 6= 0 and furthermore, since the metric doesn’t describe a extreme
black hole so; |∂rg(ξµξµ)|rH 6= 0. Given metric doesn’t describe a extreme black hole as other real roots to

Π − µr2 = 0 exists other than r = rH . So, in general it is not the extreme case. Now from eqn 6.105 we see
that :-

κ =
c1
2

∂rΠ− 2µr

µr2F

Now at r = rH ; ∂rΠ−2µr
µr2 is constant. But, since; F = F (r, µi) it is not a constant at r = rH . Now, since by the

zeroth law we have that κ must be a constant throughout the entire event horizon we observe that at r = rH :-

c1 = γF (6.106)

for some constant γε<. c1 can’t be a function of r as limit r → rH is taken to get c1. This gives :-

κodd =

∣∣∣∣γ ∂rΠ− 2µr

2µr2

∣∣∣∣
r=rH

(6.107)

Surface gravity in even dimensions

Exactly following similar logic and calculation we get with just grr modified in the even dimensions :-

κeven =

∣∣∣∣γ ∂rΠ− µ2µr

∣∣∣∣
r=rH

(6.108)

Deducing the value of γ from κKerr

For Kerr, d = 4 and n = 1. So,

Π = r2 + a2
1; ∂rΠ = 2r

Also, r2 + a2
1 − µr = 0

⇒ r =
µ± (µ2 − 4a2

1)
1
2

2

Now,

κKerr =

∣∣∣∣γ ∂rΠ− µ2µr

∣∣∣∣
r=rH

= γ
rH − µ

2

r2
H + a2

1
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Since, µ = 2M ; we get :-

κKerr = γ
rH −M
r2
H + a2

1

(6.109)

Comparing this with the previous obtained result we see that γ = 1.

Hence, we get for;
Odd d :-

κodd =

∣∣∣∣∂rΠ− 2µr

2µr2

∣∣∣∣
r=rH

(6.110)

THodd =

∣∣∣∣∂rΠ− 2µr

4πµr2

∣∣∣∣
r=rH

(6.111)

Even d :-

κeven =

∣∣∣∣∂rΠ− µ2µr

∣∣∣∣
r=rH

(6.112)

THeven =

∣∣∣∣∂rΠ− µ4πµr

∣∣∣∣
r=rH

(6.113)

So, Myers-Perry even metric is a higher dimensional generalization of the Kerr metric.

6.6.2 Higher dimensional Schwarzschild and RN cases

Higher dimensional Schwarzschild metric is of the form :-

−
(

1− µ

rd−3

)
+
(

1− µ

rd−3

)−1

+ r2dΩ2
d−2 (6.114)

where µ = 2M and dΩ2
d−2 is the Sd−2 metric. Clearly for d = 4 case we obtain the Schwarzschild metric.

Observe that the above metric can be made into the form as that of eqn 6.33 with only the metric of the sphere
being changed with doesn’t affect surface gravity calculations. So, the surface gravity would turn out to be the
same as before in both higher dimensional Schwarzschild and RN cases.

Now, rd−3 = const is the family of hypersurfaces containing horizons and rd−3 = µ describes the horizons.
Now,

l = f̃gµν
∂r

∂xµ
∂

∂xν

= f̃grr
∂

∂r

Now, lrlr = f̃2grr

So, |lµlµ|r=rH = 0

So, indeed roots of rd−3 = µ are null hypersurfaces.

Like the Schwarzschild case we can select the killing vector field to be :-

ξ =
∂

∂t
(6.115)

So, ξµξµ = ξtξt = gtt = −
(

1− µ

rd−3

)
Now, ξα = c1∂αr; so,

ξαξα = c21g
rr = c21

(
1− µ

rd−3

)
Hence, we see taking the +ve sign that c1 = 1. So,

ξα = ∂αr (6.116)

69



6.7. BLACK RINGS CHAPTER 6. BLACK HOLES AND BLACK RINGS

Now, using ∇α(−ξµξµ) = 2κξα; we see :-

∂α(f(r)) = 2κξα (as ξµξµ = −f(r))

⇒ f
′
(r)∂αr = 2κ∂αr

where f(r) =
(
1− µ

rd−3

)
.

Hence;

κ =

∣∣∣∣∣f
′
(r)

2

∣∣∣∣∣
r=rH

(6.117)

TH =

∣∣∣∣∣f
′
(r)

4π

∣∣∣∣∣
r=rH

(6.118)

6.7 Black Rings

Definition 6.7.1. Black rings are black holes in 5−dimensional spacetime with topology of their event horizons
as S1 ⊗ S2.

Note. A circular string has <⊗ S2 topology and so intuitively string bent into a circle has S1 ⊗ S2 topology.

Remark. The black ring due to the ring’s own gravitation might try to self contract onto itself if the ring is
static. Hence to counter balance the self gravity, stable black ring solutions must correspond to rotating black
rings where the inward gravity is counterbalanced by the outward centrifugal force.

6.7.1 Neutral Black Ring

Consider flat metric in 4−dimensional space with coordinates (x1, x2, x3, x4) as :-

ds2
4 = dr2

1 + r2
1dφ2 + dr2

2 + r2
2dψ

2 (6.119)

where x1 = r1 cosφ, x2 = r1 sinφ, x3 = r2 cosψ, x4 = r2 sinψ; done by grouping (x1, x2) and (x3, x4). Now,
define new coordinates (x, y, φ, ψ) :-

r1 = R
(1− x2)

1
2

x− y
; r2 = R

(y2 − 1)
1
2

x− y
(6.120)

with, −∞ ≤ y ≤ −1; −1 ≤ x ≤ 1

where R has dimensions of length, and for thin large rings it corresponds roughly to the radius of the ring circle.

In this coordinate system the metric takes the following form :-

ds2
4 =

R2

(x− y)2

[
(y2 − 1)dψ2 +

dy2

y2 − 1
+

dx2

1− x2
+ (1− x2)dφ2

]
(6.121)

From the ranges of x, y values and observing the metric it can be seen that y = −∞ indeed makes the metric
truly singular and it therefore refers to the ring’s source where the singularity is located. Asymptotic limit is
recovered at x→ y → −1.

Now, define new coordinates (r, θ, φ, ψ) :-

r = −R
y

; cos θ = x (6.122)

with, 0 ≤ r ≤ R; 0 ≤ θ ≤ π (6.123)

So, the metric becomes :-

ds2
4 =

1(
1 + r cos θ

R

)2
[(

1− r2

R2

)
R2dψ2 +

dr2(
1− r2

R2

) + r2(dθ2 + sin2 θdφ2)

]
(6.124)
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Let r = rc be constant in the above metric, then the metric becomes :-

ds2
4 =

1(
1 + rc cos θ

R

)2 [(1− r2
c

R2

)
R2dψ2 + r2

c (dθ
2 + sin2 θdφ2)

]
(6.125)

Now we know S1 metric is ds2 = r2dψ2; and S2 metric is ds2 = r2(dθ2 + sin2 θdφ2). So, observing the above
metric one can clearly see that it is the metric for S1 ⊗ S2 topology. This intuitively justifies that black rings
have S1 ⊗ S2 topology for their event horizons (constant r then time slicing, i.e; constant t). Also, notice that
constant r ⇒ constant y. This intuitively motivates us to choose y = constant as the family of hypersurfaces
containing the event horizon. Now, let us write down the metric for the neutral rotating black ring containing
a rotating 2−sphere as :-

ds2 = −F (y)

F (x)

(
dt− CR1 + y

F (y)
dψ

)2

+
R2

(x− y)2
F (x)

[
−G(y)

F (y)
dψ2 − dy2

G(y)
+

dx2

G(x)
+
G(x)

F (x)
dφ2

]
(6.126)

where F (z) = 1 + λz; G(z) = (1− z2)(1 + νz); C =
(
λ(λ− ν) 1+λ

1−λ

) 1
2

, with; 0 < ν ≤ λ < 1. Now if λ = ν = 0

then, we obtain the flat metric in the form as eqn 6.121 .

To remove a conical singularity at x = 1 we have to relate λ with ν as :-

λ =
2ν

1 + ν2
(6.127)

1− λ
1 + λ

=

(
1− ν
1 + ν

)2

(6.128)

Now consider the hypersurface y = − 1
ν . This clearly makes the metric singular and constant time slicing gives

S1 ⊗ S2 topology for its cross-section. Lets compute its normal vector field. Consider, for some f̃ εF ;

l = f̃gµν
∂y

∂xµ
∂

∂xν

= f̃gyy
∂

∂y

So, lµlµ = lyly = f̃2gyy

Hence, |lµlµ|y=− 1
ν

= 0 (as gyy vanishes here)

So, y = − 1
ν is indeed a null hypersurface. Hence, from the above discussions we conclude that, y = − 1

ν is indeed
the event horizon of the black ring.

Now, we would compute the killing vector field. Observing the metric we see that gµν is independent of
(t, φ, ψ), so; the three linearly independent killing vector fields we get from this observation are :-

ξ1 =
∂

∂t
(6.129)

ξ2 =
∂

∂φ
(6.130)

ξ3 =
∂

∂ψ
(6.131)

So, we choose the killing vector field to be :-

ξ =
∂

∂t
+ α

∂

∂φ
+ β

∂

∂ψ

So, ξt = 1, ξφ = α, ξψ = β. Now,

ξµξµ = gµνξ
µξν = gtt + 2gtφα+ 2gtψβ + 2gφψαβ + gφφα

2 + gψψβ
2

= −F (y)

F (x)
+

2CR(1 + y)

F (x)
β +

R2G(x)

(x− y)2
α2 −

(
C2R2(1 + y)2

F (x)F (y)
+
R2F (x)G(y)

(x− y)2F (y)

)
β2

Now as before we find β by demanding; |ξµξµ|y=− 1
ν

= 0. This gives at y = − 1
ν :-

−F (y) + 2CR(1 + y)β +
R2G(x)F (x)

(x− y)2
α2 − C2R2(1 + y)2

F (y)
β2 = 0
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Since, α and β should be constant they can’t be functions of x. So, α = 0 as only its coefficients contains
functions of x. Hence,

ξ =
∂

∂t
+ β

∂

∂ψ

So, we obtain :-

− F
(
−1

ν

)
+ 2CR

(
1− 1

ν

)
β − C2R2

(
1− 1

ν

)2
β2

F
(
− 1
ν

) = 0

⇒ − 1 +
λ

ν
+ 2CR

(
1− 1

ν

)
β − C2R2

(
1− 1

ν

)2
β2(

1− λ
ν

) = 0

⇒ λ− ν + 2CR(ν − 1)β − C2R2 (ν − 1)2β2

ν − λ
= 0

⇒ C2R2(ν − 1)2β2 + 2CR(ν − 1)(λ− ν)β + (λ− ν)2 = 0

⇒ β =
λ− ν

CR(1− ν)
=

1

R(1− ν)

(
(λ− ν)(1− λ)

λ(1 + λ)

) 1
2

So, this makes; y = − 1
ν a killing horizon for the killing vector field ξ with ξ given as :-

ξ =
∂

∂t
+

1

R(1− ν)

(
(λ− ν)(1− λ)

λ(1 + λ)

) 1
2 ∂

∂ψ
(6.132)

Now, using ∇α(−ξβξβ) = 2κξα; we get :-

(−ξµξµ);α =
λ

1 + λx
∂αy −

λ(1 + λy)

(1 + λx)2
∂αx−

2

1 + λx

(
λ− ν
1− ν

)
∂αy

+
2λ(1 + y)

(1 + λx)2

(
λ− ν
1− ν

)
∂αx+

2(1 + y)

(1 + λx)(1 + λy)

(
λ− ν
1− ν

)2

∂αy −
λ(1 + y)2

(1 + λy)2(1 + λx)

(
λ− ν
1− ν

)2

∂αy

− λ(1 + y)2

(1 + λy)(1 + λx)2

(
λ− ν
1− ν

)2

∂αx

+
1 + λx

(x− y)2(1 + λy)

(λ− ν)(1− λ)

λ(1 + λ)(1− ν)
[(1− y2)ν + terms with (1 + νy)]∂αy

+ terms with (1 + νy)∂αy

Now, |(−ξµξµ);α|y=− 1
ν

=
λ

1 + λx
∂αy −

λ

(1 + λx)2

(
1− λ

ν

)
∂αx−

2

1 + λx

(
λ− ν
1− ν

)
∂αy

+
2λ
(
1− 1

ν

)
(1 + λx)2

(
λ− ν
1− ν

)
∂αx+

2
(
1− 1

ν

)
(1 + λx)

(
1− λ

ν

) (λ− ν
1− ν

)2

∂αy −
λ
(
1− 1

ν

)2(
1− λ

ν

)2
(1 + λx)

(
λ− ν
1− ν

)2

∂αy

−
λ
(
1− 1

ν

)2(
1− λ

ν

)2
(1 + λx)2

(
λ− ν
1− ν

)
∂αx+

1 + λx(
x+ 1

ν

)2 (
1− λ

ν

) (λ− ν)(1− λ)

λ(1 + λ)(1− ν)
ν

(
1− 1

ν2

)
∂αy

=
1 + λx

(1 + νx)2F (− 1
ν )

1

C

(
λ− ν
1− ν

)2

ν

(
1− 1

ν2

)
∂αy

Now, ξα = c1∂αy, where; (c1ε<) and c21 = |gyyξµξµ|y=− 1
ν

. Now, since we know that at y = − 1
ν both G(y) and

ξµξµ vanish so taking limit y → − 1
ν and applying L-Höpital’s rule we finally observe that the term containing

G(y) in ξµξµ survives and so;

c21 =
R2F (x)2

(x− y)4F (− 1
ν )

1

C2

(
λ− ν
1− ν

)2

c1 =
RF (x)

(x− y)2F (− 1
ν )

1
2

1

C

(
λ− ν
1− ν

)
Now, |∇α(−ξµξµ)|y=− 1

ν
= |2κξα| = |2κc1∂αy| gives :-

2κR =
ν

1
2

(ν − λ)
1
2

(1 + ν)(λ− ν)

ν

(
1− λ

λ(λ− ν)(1 + λ)

) 1
2
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Hence, we obtain :-

κ =
1 + ν

2R

(
1− λ

νλ(1 + λ)

) 1
2

(6.133)

TH =
1 + ν

4πR

(
1− λ

νλ(1 + λ)

) 1
2

(6.134)

6.7.2 Charged Black Ring

Following similar coordinate construction, we present the metric for the charged rotating black ring :-

ds2 = −F (y)

F (x)

(
H(x)

H(y)

)N
3
(
dt+ CR

1 + y

F (y)
dψ

)2

(6.135)

+
R2

(x− y)2
F (x)(H(x)H(y)2)

N
3

[
− G(y)

F (y)H(y)N
dψ2 − dy2

G(y)
+

dx2

G(x)
+

G(x)

F (x)H(x)N
dφ2

]
(6.136)

where F (z) = 1 + λz;G(z) = (1− z2)(1 + νz);H(z) = 1− µz;C =
[
λ(λ− ν) 1+λ

1−λ

] 1
2

, with; (0 < ν ≤ λ < 1) and

(0 ≤ µ < 1). Furthermore, R has dimensions of length, and for thin large rings it corresponds roughly to the
radius of the ring circle and µ is a parameter related to local charge Q of the ring.

Here again to remove the conical singularity we have the relation :-

1− λ
1 + λ

(
1 + µ

1− µ

)N
=

(
1− ν
1 + ν

)2

(6.137)

Now, putting µ = ν = λ = 0 we get back the flat metric in the form of eqn 6.121 . Also, the ring source’s
location is at y = −∞. Here also we would choose (motivated by previous case) the family of hypersurfaces to
be y = constant which would contain horizons. y = − 1

ν is the hypersurface describing the event horizon. Now

let us compute the normal vector fields. Consider, for some f̃ εF ;

l = f̃gµν
∂y

∂xµ
∂

∂xν

= f̃gyy
∂

∂y

So, lµlµ = lyly = f̃2gyy

Hence, |lµlµ|y=− 1
ν

= 0 (as gyy vanishes here)

So, y = − 1
ν is indeed a null hypersurface. Hence, from the above discussions we conclude that, y = − 1

ν is indeed
the event horizon of the black ring.

Now, we would compute the killing vector field. Observing the metric we see that gµν is independent of
(t, φ, ψ), so; the three linearly independent killing vector fields we get from this observation are :-

ξ1 =
∂

∂t
(6.138)

ξ2 =
∂

∂φ
(6.139)

ξ3 =
∂

∂ψ
(6.140)

So, we choose the killing vector field to be :-

ξ =
∂

∂t
+ α

∂

∂φ
+ β

∂

∂ψ

So, ξt = 1, ξφ = α, ξψ = β. Now,

ξµξµ = gtt + 2gtψβ + gφφα
2 + gψψβ

2

= −F (y)

F (x)

(
H(x)

H(y)

)N
3

− 2CR(1 + y)

F (x)

(
H(x)

H(y)

)N
3

β +
R2(H(x)H(y)2)

N
3

(x− y)2H(x)N
G(x)α2 − C2R2(1 + y)2

F (y)F (x)

(
H(x)

H(y)

)N
3

β2

− R2F (x)(H(x)H(y)2)
N
3

(x− y)2

G(y)

F (y)H(y)N
β2
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Now as before we find β by demanding; |ξµξµ|y=− 1
ν

= 0. This gives at y = − 1
ν :-

−F (y)

(
1

H(y)

)N
3

− 2CR(1 + y)

(
1

H(y)

)N
3

β +
R2F (x)(H(y)2)

N
3

(x− y)2H(x)N
G(x)α2 − C2R2(1 + y)2

F (y)

(
1

H(y)

)N
3

β2 = 0

Since, α and β should be constant they can’t be functions of x. So, α = 0 as only its coefficients contains
functions of x. Hence,

ξ =
∂

∂t
+ β

∂

∂ψ

So, we obtain :-

− F (y)− 2CR(1 + y)β − C2R2(1 + y)2

F (y)
β2 = 0

⇒ C2R2(1 + y)2β2 + 2CRF (y)(1 + y)β + F (y)2 = 0

⇒ β =
λ− ν

CR(ν − 1)

So, this makes; y = − 1
ν a killing horizon for the killing vector field ξ with ξ given as :-

ξ =
∂

∂t
+

λ− ν
CR(ν − 1)

∂

∂ψ
(6.141)

Now, using ∇α(−ξβξβ) = 2κξα; we get :-

(−ξµξµ);α =
λ

1 + λx

(
1− µx
1− µy

)N
3

∂αy −
λ(1 + λy)

(1 + λx)2

(
1− µx
1− µy

)N
3

∂αx−
µ(1 + λy)

1 + λx

N

3

(1− µx)
N
3 −1

(1− µy)
N
3

∂αx

+
µ(1 + λy)

1 + λx

N

3

(1− µx)
N
3

(1− µy)
N
3 +1

∂αy +
2

1 + λx

(
1− µx
1− µy

)N
3
(
λ− ν
ν − 1

)
∂αy −

2λ(1 + y)

(1 + λx)2

(
1− µx
1− µy

)N
3
(
λ− ν
ν − 1

)
∂αx

− 2µ(1 + y)

1 + λx

N

3

(1− µx)
N
3 −1

(1− µy)
N
3

(
λ− ν
ν − 1

)
∂αx+

2µ(1 + y)

1 + λx

N

3

(1− µx)
N
3

(1− µy)
N
3 +1

(
λ− ν
ν − 1

)
∂αy

+
2(1 + y)

(1 + λx)(1 + λy)

(
1− µx
1− µy

)N
3
(
λ− ν
ν − 1

)2

∂αy −
λ(1 + y)2

(1 + λx)2(1 + λy)

(
1− µx
1− µy

)N
3
(
λ− ν
ν − 1

)2

∂αx

− λ(1 + y)2

(1 + λx)(1 + λy)2

(
1− µx
1− µy

)N
3
(
λ− ν
ν − 1

)2

∂αy −
µ(1 + y)2

(1 + λx)(1 + λy)

N

3

(1− µx)
N
3 −1

(1− µy)
N
3

(
λ− ν
ν − 1

)2

∂αx

+
µ(1 + y)2

(1 + λx)(1 + λy)

N

3

(1− µx)
N
3

(1− µy)
N
3 +1

(
λ− ν
ν − 1

)2

∂αy +
1 + λx

(x− y)2(1 + λy)

(1− µx)
N
3

(1− µy)
N
3 +1

1

C2

× [(1− y2)ν + terms with (1 + νy)∂αy] + terms with (1 + νy)∂αy

Now, at y = − 1
ν ; after a messy calculation we obtain :-

|(−ξµξµ);α|y=− 1
ν

=
1 + λx

(1 + νx)2

ν2

C2

(
1− µx
1 + µ

ν

)N
3
(
ν − λ
ν − 1

)
(ν + 1)∂αy

Now, ξα = c1∂αy, where; (c1ε<) and c21 = |gyyξµξµ|y=− 1
ν

. Now, since we know that at y = − 1
ν both G(y) and

ξµξµ vanish so taking limit y → − 1
ν and applying L-Höpital’s rule we finally observe that the term containing

G(y) in ξµξµ survives and so at y = − 1
ν ;

c21 =
R2F (x)2

(x− y)4

H(x)
2N
3 H(y)

N
3

1 + λy

1

C2

(
λ− ν
ν − 1

)2

c1 =
RF (x)

(x− y)2

H(x)
N
3 H(y)

N
6

(1 + λy)
1
2

1

C

(
λ− ν
ν − 1

)
Now, |∇α(−ξµξµ)|y=− 1

ν
= |2κξα| = |2κc1∂αy| gives :-

2κR =
1

R

1(
1 + µ

ν

) 1
2

1 + ν

ν
1
2

(1− λ)
1
2

(1 + λ)
1
2λ

1
2
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Hence, we obtain :-

κ =
1 + ν

2R

ν(N−1
2 )

(µ+ ν)
N
2

(
1− λ

λ(1 + λ)

) 1
2

(6.142)

TH =
1 + ν

4πR

ν(N−1
2 )

(µ+ ν)
N
2

(
1− λ

λ(1 + λ)

) 1
2

(6.143)

Taking µ = 0 in eqns 6.142 and 6.143 gives back eqns 6.133 and 6.134 .
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Future Prospects

After this project work there are various other related works left to be done in this summer which could not be
done due to the time constraint of the summer project. These works include :-

1. Lagrangian and Hamiltonian Formulation of General Relativity
2. Justifying the name surface gravity using Rindler spacetime observer
3. Remaining Laws of Black Hole Mechanics including Smarr’s Formula
4. The Quantum Field Theoretic proof of TH = κ

2π
5. Hawking-Bekenstein radiation
6. Singularity Theorems
7. Wald Entropy

76



Bibliography

1 Robert M. Wald; General Relativity

2 Eric Poisson; A Relativist’s Toolkit-The Mathematics of Black-Hole Mechanics

3 P.K. Townsend; Lecture Notes on Black Holes; arXiv:gr-qc/9707012v1, 4 Jul 1997

4 Robert C. Myers; Myers-Perry black holes; arXiv:1111.1903v1 [gr-qc], 8 Nov 2011

5 Roberto Emparan, Harvey S. Reall; Black Rings; arXiv:hep-th/0608012v2, 20 Sep 2006

6 Roberto Emparan, Harvey S. Reall; Black Holes in Higher Dimensions; arXiv:0801.3471v2 [hep-th], 14 Feb
2008

7 Roberto Emparan, Harvey S. Reall; A rotating black ring in five dimensions; arXiv:hep-th/0110260v2, 16
Feb 2002

8 Roberto Emparan; Rotating Circular Strings, and Infinite Non-Uniqueness of Black Rings; arXiv:hep-th/0402149v3,
2 May 2006

77


