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Abstract

In this project we have studied 2D dilaton gravity model coupled to massless scalar fields in various contexts.
First, we studied the eternal 2D dilaton black hole solutions. Then, we considered the case of 2D dilaton gravity
model with a dynamical boundary term. We noted the similarity in the Carter-Penrose diagram of the latter
with that of the collapsing spherically symmetric (3+1) dimensional matter. Furthermore, we considered the
phenomenon of Hawking radiation in the 2D dilaton gravity model without a boundary case. Lastly, we gave
a brief introduction to the moving mirror models which can serve as a toy model for the Hawking radiation
process.



Notations for Carter-Penrose Diagram

We give here some important notations which we will use in various Carter-Penrose diagrams. Here we give
notations with reference to (1+1) dimensional Minkowski spacetime. Here,

ṽ = t+ x

ũ = t− x
ṽ = tan v̂

ũ = tan û

Then,

Right spacelike infinity, i0R →
{
û = −π2 ũ→ −∞ x→∞
v̂ = π

2 ṽ →∞ t finite

Left spacelike infinity, i0L →
{
û = π

2 ũ→∞ x→ −∞
v̂ = −π2 ṽ → −∞ t finite

Past timelike infinity, i− →
{
û = −π2 ũ→ −∞ x finite

v̂ = −π2 ṽ → −∞ t→ −∞

Future timelike infinity, i+ →
{
û = π

2 ũ→∞ x finite

v̂ = π
2 ṽ →∞ t→∞

Right past nulllike infinity, J−R →
{
û = −π2 ũ→ −∞ x→∞
|v̂| 6= π

2 ṽ f inite t→ −∞

Right future nulllike infinity, J +
R →

{
|û| 6= π

2 ũ finite x→∞
v̂ = π

2 ṽ →∞ t→∞

Left past nulllike infinity, J−L →
{
|û| 6= π

2 ũ finite x→ −∞
v̂ = −π2 ṽ → −∞ t→ −∞

Left future nulllike infinity, J +
L →

{
û = π

2 ũ→∞ x→ −∞
|v̂| 6= π

2 ṽ f inite t→∞
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Chapter 1

2D Dilaton Gravity Model

The 2D Dilaton gravity models are models in (1+1) dimensional spacetime which give insights into under-
standing the Hawking radiation phenomenon. It is a simple model which is analytically solvable and also for
which the Hawking radiation calculations are exactly obtainable in closed form. Due to these and various other
reasons associated in understanding the Hawking radiation phenomenon, this model has been studied for quiet
some time starting with Callan, Giddings, Harvey and Strominger (CGHS), [1]. So, this is our motivation to
study this model since we will be trying to understand the Hawking radiation process better.

First, we will motivate how to arrive at the action for the 2D Dilaton gravity model.

1.1 The CGHS Lagrangian

1.1.1 Setting up the Lagrangian

Consider a generally spherically symmetric metric in (3+1) dimensions of the form :-

ds2
(4) = gµνdx

µdxν +
e−2φ

λ2
dΩ2

2 (1.1)

where, µ, ν = 0, 1; φ, gµν are functions of (x0, x1) = (t, r) and λ is a constant.

Now, plugging eqn(1.1) in the Einstein-Hilbert action, SE−H =
∫
d4x
√−g R(4)

16πGN
and integrating out θ, ϕ

we get in units with GN = π
2λ2 :-

Sreduced =
1

2π

∫
d2x
√−ge−2φ[R+ 2(∇φ)2 + 2λ2e2φ] (1.2)

Let us now introduce the CGHS action, [1] which is the classical 2D Dilaton gravity action :-

SD =
1

2π

∫
d2x
√−ge−2φ[R+ 4(∇φ)2 + 4λ2] (1.3)

where, φ is called the dilaton field.

Note that, eqn(1.3) differs from eqn(1.2) in the numerical coefficient of the dilaton kinetic energy term and
the φ-dependence of the potential. The reason behind studying eqn(1.3) rather than eqn(1.2) is that the theory
described by eqn(1.3) is dramatically simpler to study; the classical solutions can be presented in explicit closed
form. The action eqn(1.3) arises in a low-energy effective description of certain dilatonic black holes in string
theory, [8].

1.1.2 Equations of motion and Vacuum of the model

Variations of the action SD gives the following equations of motion :-

2e−2φ[∇µ∇νφ+ gµν((∇φ)2 −∇2φ− λ2)] = 0 (variation w.r.t. gµν) (1.4)

2e−2φ[R+ 4λ2 + 4∇2φ− 4(∇φ)2] = 0 (variation w.r.t. φ) (1.5)
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1.1. THE CGHS LAGRANGIAN CHAPTER 1. 2D DILATON GRAVITY MODEL

Now let us trace eqn(1.4) and subtracting from it twice of eqn(1.5) we get :-

2(∇φ)2 −∇2φ− 2λ2 − 2(∇φ)2 + 2∇2φ+ 2λ2 +
R

2
= 0

⇒ ∇2φ+
R

2
= 0 (1.6)

Substituting eqn(1.6) in eqn(1.5) we get :-

(∇φ)2 − λ2 +
R

4
= 0 (1.7)

Now let us consider the vacuum in this model given by R = 0 (one should not confuse this vacuum as the
vacuum solution obtained in the case of Tµν = 0 which is already the case; rather this vacuum is analogically to
the Minkowski vacuum for an arbitrary (3+1) dimensional metric model). Thus, the equations describing the
vacuum are (from eqn(1.6) and eqn(1.7)) :-

∇2φ = 0 (1.8)

(∇φ)2 = λ2 (1.9)

We will describe the vacuum after we obtain the general solution. Now, since every (1+1) dimensional metric
is conformally flat so we write :-

ds2 = −e2ρdudv (1.10)

where, we will call new coordinates (u, v) as the “exponential null coordinates”. They are related to the usual
null coordinates as :-

λu = −e−λũ = −e−λ(x0−x1) (1.11)

λv = eλṽ = eλ(x0+x1) (1.12)

We will show that metric in eqn(1.10) is conformally flat indeed. Using eqn(1.11) and eqn(1.12) we have :-

ds2 = −e2ρdudv = e2ρλ2uvdũdṽ

= e2ρ(−eλ(ṽ−ũ))dũdṽ = e2ρe2λx
1
(−dũdṽ)

= −e2ρ̃dũdṽ (1.13)

where, ρ̃ = ρ+ λx1. Indeed, metric in eqn(1.13) is conformally flat.

In the (u, v) coordinates we have :-

guv = gvu = −1

2
e2ρ

guu = gvv = 0

Γuuu = 2∂uρ

Γvvv = 2∂vρ

Using the above equations one can compute the Ricci scalar curvature to be :-

R = gµν [Γσµν,σ − Γσµσ,ν + ΓρµνΓσσρ − ΓρµσΓσνρ]

= −guv[Γuuu,v + Γvvv,u]

⇒ R = 8e−2ρ∂v∂uρ (1.14)

Now let us compute the equations of motion in the (u, v) coordinates :-

e−2(φ+ρ)[−4∂v∂uφ+ 4∂vφ∂uφ+ 2∂v∂uρ+ λ2e2ρ] = 0 (variation w.r.t. φ) (1.15)

e−2(φ+ρ)[2∂v∂uφ− 4∂uφ∂vφ− λ2e2ρ] = 0 (trace of variation w.r.t. gµν) (1.16)

Now adding the above two equations we get :-

∂v∂u(ρ− φ) = 0 (1.17)

Now consider eqn(1.4) with µ = ν = u first, and then with µ = ν = v to get :-

2e−2φ[∇u∇uφ] = 0

⇒ e−2φ[4∂uφ∂uρ− 2∂2
uφ] = 0 (1.18)

2e−2φ[∇v∇vφ] = 0

⇒ e−2φ[4∂vφ∂vρ− 2∂2
vφ] = 0 (1.19)

Eqn(1.18) and eqn(1.19) will be called as constraints.
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1.1. THE CGHS LAGRANGIAN CHAPTER 1. 2D DILATON GRAVITY MODEL

1.1.3 Solution to the equations of motion

General solution of eqn(1.17) is :-

ρ = φ+ fv(v) + fu(u)

But we can perform a coordinate transformation, (u, v) 7→ (ū, v̄) preserving the conformal gauge eqn(1.10) and then this can be

used to set fu(u) = fv(v) = 0, [1]. Thus we get :-

ρ = φ (1.20)

With φ = ρ the constraints become :-

∂2
u(e−2ρ) = e−2ρ[4(∂uρ)2 − 2∂2

uρ] = 0 (by Eqn(1.18))

∂2
v(e−2ρ) = e−2ρ[4(∂vρ)2 − 2∂2

vρ] = 0 (by Eqn(1.19))

With φ = ρ in eqn(1.15) we get :-

4∂vρ∂uρ− 2∂v∂uρ+ λ2e2ρ = 0

Now, ∂v∂u(e−2ρ) = e−2ρ[4∂vρ∂uρ− ∂u∂vρ]

= e−2ρ(−λ2e2ρ) = −λ2 (using above equation)

Thus, the equation of motion and the constraints in the (u, v) coordinates become :-

∂v∂u(e−2ρ) = −λ2 (1.21)

∂2
u(e−2ρ) = ∂2

v(e−2ρ) = 0 (1.22)

The general solution to the above equations is obtained as :-

e−2φ = e−2ρ =
M

λ
− λ2(u− u0)(v − v0)

where, M ,u0 and v0 are integration constants and by shifting u and v, we can set u0 = v0 = 0. Thus,

e−2φ = e−2ρ =
M

λ
− λ2uv (1.23)

1.1.4 Justification of the solution as eternal black hole solution

The Ricci curvature scalar can be computed as :-

R = 8e−2ρ∂v∂uρ = 8

[
M

λ
− λ2uv

]
λ2

2

[
M
λ − λ2uv − v(−λ2u)(

M
λ − λ2uv

)2
]

=
4Mλ

M
λ − λ2uv

(1.24)

Also, the metric is :-

ds2
D = −

(
M

λ
− λ2uv

)−1

dudv (1.25)

From the value of the scalar curvature one can see that it blows up at uv = M
λ3 which is hence indeed a true

curvature singularity. Now, we will show that uv = 0 are null hypersurfaces and using a trapped points argu-
ments we will justify that uv = 0 are horizons and u = 0 will describe the future event horizon (future EH).

So, let us compute the normal vector fields for the metric. Let M be the manifold we are working on, S be the family of hypersur-
faces given by, uv = const., to which the normal vector fields are being computed and let f̃ be a smooth function on the manifold,
[2], then :-

l = f̃gµν
∂S

∂xµ
∂

∂xν
= f̃guvv

∂

∂v
+ f̃gvuu

∂

∂u

= −2f̃e−2ρ

[
v
∂

∂v
+ u

∂

∂u

]
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1.1. THE CGHS LAGRANGIAN CHAPTER 1. 2D DILATON GRAVITY MODEL

Then,

lu = −2f̃e−2ρu ; lv = −2f̃e−2ρv

lµlµ = −4f̃2e−2ρuv

Thus, |lµlµ|uv=0 = 0 implying that uv = 0 are null hypersurfaces.

Now let us digress a bit and understand the concepts of trapped surfaces and how an argument from this will
justify that u = 0 describe the future event horizon. Let us start by defining what are trapped surfaces, [3].

Definition 1.1.1. Trapped surfaces are spacelike or null surfaces whose area tends to decrease along any possible
future like direction. In terms of null geodesics these are regions where both the family of null geodesics (i.e.,
incoming-ũ and outgoing-ṽ) are converging at all points in that region. This implies that the area is decreasing
along any possible future like direction.

Recall the (3+1) dimensional metric ds2
(4) and note the are of the 2-spheres are :-

A =
4πe−2φ(ũ,ṽ)

λ2
(1.26)

Following the definition of trapped surfaces above we have in that region :-

∂ũA < 0 and ∂ṽA < 0

⇒ ∂ũ,ṽA < 0

⇒ ∂ũ,ṽ(e−2φ) < 0

⇒ ∂ũ,ṽφ > 0 (1.27)

Because 2D Dilaton gravity model is obtained by spherical symmetric dimensional reduction of the (3+1) di-
mensional spacetime the 2-spheres in the above metric will be mapped to points in the dilaton model and hence
instead of trapped surfaces we will be trapped points where ∂ũ,ṽφ > 0. Now, we will define what is known as
an apparent horizon (AH).

Definition 1.1.2. Apparent horizon is defined to be the boundary of the trapped region.

Note that, inside the AH ∂ũ,ṽφ > 0. Now, ũ’s converge and ṽ’s diverge at any arbitrary point other than
inside the AH. So, outside the AH ṽ’s diverge [i.e., ∂ṽ(e

−2φ) > 0 ⇒ ∂ṽφ < 0] and inside the AH ṽ’s converge.
Hence on the AH :-

∂ṽφ = 0 (1.28)

Now since, ∂ṽ = λv∂v, hence eqn(1.28) implies :-

∂vφ = 0 (1.29)

Since we are at this point interested in eternal black hole solutions where AH = EH, thus for the metric, ds2D, we get the EH as :-

∂vφ =
1

2

λ2u
M
λ
− λ2uv

= 0

⇒ u = 0 (1.30)

Thus, the above equation shows that indeed, uv = 0 describe horizons and, u = 0 describe the future event
horizon. This shows that the model up until now describes eternal black hole solutions with M being the mass
of the black hole, true curvature singularity being at uv = M

λ3 and the future event horizon being at u = 0.

1.1.5 Revisiting the vacuum

Let us study the vacuum solution which is described by eqn(1.8) and eqn(1.9). So, for this we will move to the
(ũ, ṽ) coordinates.

Then,

φ = −
1

2
ln

(
M

λ
− λ2uv

)
= ln

(
M

λ
+ e2λx

1
)−1/2

= ln
e−λx

1(
1 + M

λ
e−2λx1

)1/2 = −λx1 + ln

(
1 +

M

λ
e−2λx1

)−1/2

⇒ lim
x1→∞

φ = −λx1 + ln

(
1−

M

2λ
e−2λx1

)
=x1→∞

(
−λx1 −

M

2λ
e−2λx1

)
(1.31)
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1.1. THE CGHS LAGRANGIAN CHAPTER 1. 2D DILATON GRAVITY MODEL

Thus, in the limit of x1 →∞ (from eqn(1.31)) :-

φ→ −λx1 (upto leading order in x1) (1.32)

e−2φ = e−2ρ = −λ2uv (1.33)

R = 8e−2ρ∂v∂uρ = 8(−λ2uv)∂v∂u

(
−1

2
ln(−λ2uv)

)
= 0 (1.34)

Also,

ds2
D =

dudv

λ2uv
= −dũdṽ (1.35)

which is nothing but the flat metric in (1+1) dimensions. Thus, the above equations show that the metric, ds2
D

is asymptotically flat and the vacuum satisfying eqn(1.8) and eqn(1.9) is given by :-

φ = −λx1 (1.36)

The above vacuum is conventionally known as the “Linear Dilaton Vacuum”.

We will like to make a comment here that in (1+1) dimensions the Riemann tensor has
n2(n2−1)

12
= 1 (for n = 2) independent

component. One can even show that, Rλµνκ = R
2

(gλνgµκ− gλκgµν). Hence, the independent component of Rλµνκ is R and R = 0

implies the vanishing of all components of Rλµνκ implying the corresponding spacetime being flat.

1.1.6 Carter-Penrose Diagrams

Let us draw Carter-Penrose diagrams for the vacuum and for the eternal black hole solution. For all diagrams
we will consider a coordinate transformation of the form :-

ũ = tan û , ṽ = tan v̂ (1.37)

τ = û+ v̂ , χ = v̂ − û (1.38)

i0Ri0L

i+

i−

JR+JL+

JL− JR−

Figure 1.1: Carter-Penrose diagram for the linear dilaton vacuum solution.

Observe the similarity of the above diagram with that of the Carter-Penrose diagram of Minkowski spacetime
but in the latter case r ≥ 0 hence we only have the right half but here its a complete diamond since here
x1 ∈ (−∞,∞). Now, let us plot the Kruskal diagram for the eternal black hole solution.

7



1.1. THE CGHS LAGRANGIAN CHAPTER 1. 2D DILATON GRAVITY MODEL

Figure 1.2: Kruskal diagram for the eternal black hole solution. Hyperbolas : − uv = M
λ3 .

Observe the similarity of the above diagram with that of the Kruskal diagram of Schwarzschild spacetime.
Now, let us construct the Carter-Penrose of the eternal black hole solution from the Kruskal diagram above
and with the help of the coordinate transformations given in eqn(1.37) and eqn(1.38).

III

III

IV

i+R

i−R

i0R

JR+

û
=
0
(u
=
0)
(f
ut
ur
e
E
H
)

v̂
=
0
(v
=
0)
(past E

H
)

JR−

i+L

i−L

i0L

JL+

JL−

uv = M
λ3 (singularity)

uv = M
λ3 (singularity)

Figure 1.3: Carter-Penrose diagram for the eternal black hole solution.

Again, observe the similarity of the above diagram with that of the Carter-Penrose diagram of Schwarzschild
spacetime, but in the above case as explained in the Carter-Penrose diagram of the linear dilaton vacuum case,
both the left and the right halves are present.

Note that, gs = eφ is a natural coupling constant of the model and in the linear dilaton vacuum case since
φ = −λx1 we have,

eφ >> 1 ⇒ x1 → −∞ (strong coupling)

eφ << 1 ⇒ x1 →∞ (weak coupling)

Furthermore, at the future EH, i.e., u = 0, we have :-

gs =

(
M

λ
− λ2uv

)−1/2

=

(
λ

M

)1/2

→ 0 if M >> λ (1.39)
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1.2. COUPLING TO MATTER FIELDS CHAPTER 1. 2D DILATON GRAVITY MODEL

Thus, in region I of Fig-(1.3) we are always in the weak coupling region for sufficiently massive black holes
with M >> λ. Hence, λ sets the energy scale of the model. From now our main focus of interest will be region
I of Fig-(1.3) unless otherwise specified.

In the next section we will couple matter fields to the model. That will enable us to study black hole for-
mation in 2D dilaton gravity model.

1.2 Coupling to matter fields

1.2.1 Setting up the Lagrangian

Consider the matter action as follows, [1] :-

SM = − 1

4π

∫
d2x
√−g(∇f)2 (1.40)

where, f is the massless scalar field. Now, the complete action is SD+M = SD + SM :-

SD+M =
1

2π

∫
d2x
√−g

[
e−2φ(R+ 4(∇φ)2 + 4λ2)− 1

2
(∇f)2

]
(1.41)

1.2.2 Equations of motion and the Stress tensor

Varying the above action SD+M gives the equations of motion as follows :-

4e−2φ[∇µ∇νφ+ gµν((∇φ)2 −∇2φ− λ2)] = ∇µf∇νf −
1

2
gµν(∇f)2 (variation w.r.t. gµν) (1.42)

2e−2φ[R+ 4λ2 + 4∇2φ− 4(∇φ)2] = 0 (variation w.r.t. φ) (1.43)

∇2f = 0 (variation w.r.t. f) (1.44)

Eqn(1.44) in (u, v) coordinates is :-

∂v∂uf = 0 (1.45)

whose general solution is :-

f(u, v) = fin(v) + fout(u) (1.46)

Now let us compute the stress tensor for the matter field lagrangian, L = 1
2g
µν∇µf∇νf :-

Tµν = 2
∂L
∂gµν

− Lgµν

= ∇µf∇νf −
1

2
gµν(∇f)2 (1.47)

⇒ Tvv = (∂vf)2 = (∂vfin)2 (1.48)

Note that, the trace of eqn(1.42) remains same as before, thus, we again get (after writing the φ and gµν
equations of motion in (u, v) coordinates and adding them), ∂v∂u(ρ− φ) = 0; and hence by previous argument
we can set ρ = φ. Furthermore,

∇v∇vφ = ∇vf∇vf = (∂vfin)2

Thus, the gvv constraint becomes (the guu constraint still remains same) :-

e−2φ[4∂vφ∂vρ− ∂2
vφ] = −1

2
(∂vfin)2 (1.49)

With φ = ρ we have for the gvv constraint :-

∂2
v(e−2ρ) = −1

2
(∂vfin)2 (1.50)

The other equation of motion eqn(1.21) still holds as tracing the eqn obtained after varying SD+M still is same
as eqn(1.16).

9



1.2. COUPLING TO MATTER FIELDS CHAPTER 1. 2D DILATON GRAVITY MODEL

1.2.3 Choosing a particular f − wave and the solution

Let us choose a δ function f − wave as :-

Tvv(v) = 2aδ(v − v0) (1.51)

⇒ 1

2
(∂vfin)2 = aδ(v − v0) (1.52)

for some v0 ∈ [0,∞) since f − waves are sent in from J−R .

Thus, for v < v0 we have the linear dilaton vacuum and for v > v0 we have the 2D dilatonic black hole
solution, hence upon integrating w.r.t v we get :-

e−2φ = e−2ρ = −a(v − v0)Θ(v − v0)− λ2uv (1.53)

One can identify the mass of the black hole formed in the above case as av0λ after sifting u by a/λ2.

1.2.4 Carter-Penrose Diagram

The Carter-Penrose diagram for the 2D dilatonic black hole formation process is given below.

Trapped
Points

Linear
Dilaton
V acuum

Black
Hole i0Ri0L

i−

i+Ri+L

v0

JR+

A
H

A
HJL+

JL− JR−

f −
w
ave

v
=
0

singularity

E
H

u
=
0

Figure 1.4: Carter-Penrose diagram for the 2D dilatonic black hole formation.

Note that, in the above diagram one can notice the similarity between it and with the diagram for the linear
dilaton vacuum for v < v0 and with the diagram for the 2D eternal dilatonic black hole for v > v0. That is
exactly how such a Carter-Penrose diagram for black hole formation is constructed.

In the next chapter we will be studying the 2D dilaton gravity model with a dynamical boundary. One motiva-
tion for such a study one can think of is looking at the similarity of Fig-(1.4) with that of the Carter-Penrose
diagram for spherically symmetry matter collapse. The similarity is very much striking if in Fig-(1.4) there is
a boundary separating the right and the left halves. Indeed in the next chapter we will see that the Carter-
Penrose diagram for black hole formation in such a setting matches with that of the Carter-Penrose diagram
for spherically symmetry matter collapse.

10



Chapter 2

2D Dilaton Gravity with a boundary

In this chapter we will study the 2D Dilaton gravity model with a dynamical boundary. As before we will send
incoming matter waves (f − waves) from J−R towards the boundary and we will see that ∃ a critical value of
the energy of the incoming waves below which the waves are perfectly reflected and go off to J +

R and beyond
which a black hole formation occurs at a point on the boundary and some waves are sucked in and some waves
are reflected to J +

R .

2.1 Dynamical Boundary term

Consider the following action, [4] :-

SB =

∫
φ<φ0

d2x
√−g

[
e−2φ(R+ 4(∇φ)2 + 4λ2)− 1

2
(∇f)2

]
+

∫
φ=φ0

dτe−2φ[2K + 4λ]︸ ︷︷ ︸
Sb := boundary term in the action

(2.1)

where, τ is the proper time on the boundary, K = gµν∇µnν is the extrinsic curvature of the boundary φ = φ0

and nµ α ∇µφ is the normal vector of the boundary. The first part in SB is same as SD+M in eqn(1.41).

Now, let us define :-

φ̃ = φ− φ0 (2.2)

f̃ = eφ0f (2.3)

Then,

SB = e−2φ0

[∫
φ̃<0

d2x
√−g

[
e−2φ̃(R+ 4(∇φ)2 + 4λ2)− 1

2
(∇f̃)2

]
+

∫
φ̃=0

dτe−2φ̃[2K + 4λ]

]
(2.4)

= S̃Be
−2φ0 (2.5)

⇒ SB =
S̃B
e2φ0

(2.6)

Eqn(2.6) shows that e2φ0 plays the role of a Planck constant in the model and hence, SB remains classical for
e2φ0 << 1 which means φ0 << −1.
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2.1. DYNAMICAL BOUNDARY TERM CHAPTER 2. 2D DILATON GRAVITY WITH A BOUNDARY

2.1.1 Equations of motion

Now let us vary SB to obtain the equations of motion. For the bulk part, i.e.; for φ < φ0, we ignore the
boundary term Sb in the action and varying the remaining of SB , we get the equations of motion are same as
Eqn(1.42), Eqn(1.43) and Eqn(1.44). Moving onto deriving the boundary equations of motion, we get :-

nµ∇µφ = λ , nµ∇µf = 0 at φ = φ0 (2.7)

Note that on the boundary at φ = φ0 :-

Now, nµ = α∇µφ

⇒ nµnµ = α2(∇φ)2 = 1

Then, nµ∇µφ = λ ⇒ α(∇φ)2 = λ

⇒ α2(∇φ)4 = λ2 ⇒ nµnµ(∇φ)2 = λ2

⇒ (∇φ)2 = λ2 (2.8)

where, we have assumed that the boundary is not nulllike and hence nµnµ 6= 0. Then, from eqn(2.8) it is clear
that (using eqn(1.9)), R = 0 on the boundary implying the spacetime is flat on the boundary.

Now, moving onto the conformal gauge gµν = e2ρηµν , let us compute the stress tensor for the model as before :-

Tvv = (∂vf)2 = (∂vfin)2 (2.9)

Tuu = (∂uf)2 = (∂ufout)
2 (2.10)

where, f(u, v) = fin(v) + fout(u) since here also f satisfies ∇2f = 0.

We will make a comment hear regarding the above stress tensor components that in the previous case with the action SD+M , we

had Tuu = 0 but here Tuu 6= 0 as here we have a boundary in this case and incoming waves from J−R will be reflected off the

boundary to J+
R under some conditions.

As before, in the (u, v) coordinates, with φ = ρ, we have the equations of motion as :-

∂2
v(e−2ρ) = −1

2
(∂vfin)2 (2.11)

∂2
u(e−2ρ) = −1

2
(∂ufout)

2 (2.12)

∂v∂u(e−2ρ) = −λ2 (2.13)

2.1.2 The Solution to the equations of motion

Then, the solution is (upto shifting in u and v as before, i.e.; setting integration constants u0 = v0 = 0) :-

e−2φ = e−2ρ =
M−
λ
− λ2uv + g(v) + h(u) (2.14)

where,

g(v) = −1

2

∫ v

0

dv
′
∫ ∞
v′

dv
′′
Tvv(v

′′
) (2.15)

h(u) = −1

2

∫ u

−∞
du
′
∫ u

′

−∞
du
′′
Tuu(u

′′
) (2.16)

Now we will show that M− represents the mass of a white hole and we will hence neglect it since we will demand that in the past
null infinity J−R (which is the asymptotic region where incoming waves are sent from) is flat. From eqn(1.14) and eqn(1.24) we
know that (we will further assume that no f − waves are present) :-

R =
4M−λ

M−
λ
− λ2uv

= 4M−λe
2φ (using eqn(2.14)) (2.17)

Now at J−R (where, u→ −∞, v → 0) with φ = const. :-

R = 4M−λe
2φ 6= 0 ⇔ M− 6= 0 (2.18)

Thus, since M− exists at J−R it represents the mass of a white hole and since we will demand starting from a flat spacetime, we
set :-

M− = 0 (2.19)

Hence, the solution now becomes :-

e−2φ = e−2ρ = −λ2uv + g(v) + h(u) (2.20)
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2.2. BOUNDARY PROPERTIES CHAPTER 2. 2D DILATON GRAVITY WITH A BOUNDARY

2.2 Boundary Properties

Let us move onto studying the boundary properties. For this we will describe the boundary trajectory as :-

u = U(v) such that, φ(U(v), v) = φ0 (2.21)

Now, since φ = φ0(const.) on the boundary we have from eqn(2.20) :-

d

dv
(e−2φ)

∣∣∣∣
φ=φ0

= 0 = U
′
[∂uh− λ2v] + ∂vg − λ2U (2.22)

Let us now digress a bit and compute the normal vector fields for the boundary u = U(v). For this we define :-

S(u, v) = u− U(v) = 0 (2.23)

The above equation describe the hypersurface concerning the boundary. Then,

∂vS = −U
′

∂uS = 1

N2(= norm2) = guv∂uS∂vS + gvu∂vS∂uS = 4e−2φ0U
′

(2.24)

Thus from eqn(2.24) one can see that :-

N2 > 0 ⇔ U
′
> 0 boundary is timelike

N2 = 0 ⇔ U
′

= 0 boundary is nulllike

N2 < 0 ⇔ U
′
< 0 boundary is spacelike (2.25)

Then moving onto computing the normal vector fields :-

nu =
∂uS

N
=

1

2e−φ0

√
U ′

, nv =
∂vS

N
= −

√
U ′

2e−φ0
(2.26)

nu =
√
U ′e−φ0 , nv = −

1
√
U ′
e−φ0 (2.27)

Now let us do some computations. Differentiating eqn(2.20) first w.r.t. u while treating v as constant (then vice-versa) and
evaluating on the boundary we get :-

− λ2v + ∂uh = (−2e−2φ)∂uφ
∣∣∣
φ=φ0

⇒ ∂uφ|φ=φ0
=

(−λ2v + ∂uh)

(−2e−2φ0 )
(w.r.t. u) (2.28)

− λ2u+ ∂vg = (−2e−2φ)∂vφ
∣∣∣
φ=φ0

⇒ ∂vφ|φ=φ0
=

(−λ2u+ ∂vg)

(−2e−2φ0 )
(w.r.t. v) (2.29)

Now from the first equation of eqn(2.7) we have :-

nu∂uφ+ nv∂vφ = λ

e−φ0

√
U
′ (−λ2v + ∂uh)

−2e−2φ0
−

1
√
U ′
e−φ0

∂vg − λ2u
−2e−2φ0

= λ (using eqn(2.27) eqn(2.28) and eqn(2.29))

1

U ′
(∂vg − λ2u)−

2λ

eφ0

√
U
′

= (∂uh− λ2v)

U
′
[

1

U ′
(∂vg − λ2U)−

2λ

eφ0

√
U ′

]
= λ2U − ∂vg (using eqn(2.22)) (2.30)

Thus, from eqn(2.30) we have for the boundary, u = U(v) :-

U
′

=
e2φ0

λ2
(∂vg − λ2U)2 (2.31)

Now moving onto the second equation of eqn(2.7) we have :-

nu∂uf + nv∂vf = 0

e−φ0

√
U ′∂uf −

e−φ0

√
U ′

∂vf = 0 (using eqn(2.27))√
U ′∂u(fout(u)) =

1
√
U ′
∂v(fin(v))

U
′
∂U (fout(U(v))) = ∂U (fin(v))U

′

U
′
[∂U (fout(U(v)))− ∂U (fin(v))] = 0

∂U (fout(U(v)))− ∂U (fin(v)) = 0

[∂v(fout(U(v)))− ∂v(fin(v))]
∂v

∂U
= 0 (say, v = V (u), i.e.; inverting u = U(v))

∂v [(fout(U(v)))− (fin(v))] = 0

fout(U(v)) = fin(v) + const. (2.32)
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2.3. BLACK HOLE FORMATION CHAPTER 2. 2D DILATON GRAVITY WITH A BOUNDARY

Matching waves at the boundary, u = U(v) in eqn(2.32) we have, [4] :-

fout(U(v)) = fin(v) (2.33)

Eqn(2.22), eqn(2.31) and eqn(2.33) are the equations of motion for the boundary u = U(v). In the next com-
putation we will show that using eqn(2.31) and eqn(2.33) we can arrive at eqn(2.22).

So,

d

dv

(
∂vg − λ2U

U ′

)
= λ2e−2φ0 (∂vg − λ2U)−1 (using eqn(2.31))

= −
λ2e−2φ0

(∂vg − λ2U)2
(∂2vg − λ2U

′
) =

1

U ′

[
λ2U

′
+

(∂vfin)2

2

]
(using eqn(2.15))

=
1

U ′

[
λ2U

′
+

(∂ufout)2U
′2

2

]
= λ2 +

(∂ufout)2U
′

2
(2.34)

d

dv
(λ2v − ∂uh) = λ2 − ∂v∂uh = λ2 − U

′
∂2uh = λ2 + U

′ (∂ufout)2

2
(using eqn(2.16)) (2.35)

One can note that eqn(2.34) and eqn(2.35) are same. Hence,

d

dv

(
∂vg − λ2U

U ′

)
=

d

dv
(λ2v − ∂uh) (2.36)

which upon integrating is equivalent to eqn(2.22) upto an additive integration constant v0 which as before we can set to zero by

shifting v.

So, everything is consistent up until now. Let us consider empty space (Tvv = Tuu = 0) for now and see how
the boundary equations look like. Then,

e−2φ = e−2ρ = −λ2uv , f = 0 (2.37)

U
′

= e2φ0λ2U2

U(v) = −e
−2φ0

λ2v
(2.38)

From eqn(1.33) one can see that eqn(2.37) and eqn(2.38) is indeed the linear dilaton vacuum. One can now see
that the problem is well-poised and in principle solvable. To see this note that, [4] :-

(1) Initially we are given fin(v) or Tvv(v).
(2) Using above inputs one can solve eqn(2.31) to obtain U(v). Initial conditions for eqn(2.31) being, at
J−R , i.e.; (u→ −∞, v → 0) since R = 0, we have the linear dilaton vacuum so, for v → 0 we have

U → −e
−2φ0

λ2v
(2.39)

e−2φ = e−2ρ → −λ2uv (2.40)

f → 0 (2.41)

as the initial conditions from eqn(2.37) and eqn(2.38).
(3) Then, using eqn(2.33) one can find fout(u) and that gives f and Tuu(u). Now, using eqn(2.20) we can
obtain φ and then gµν .

So, in principle the problem is solved. Let us now move onto studying how the black hole formation takes
place in this model.

2.3 Black hole formation

Let us define :-

λ2U := ∂vg − e−2φ0
∂vψ(v)

ψ(v)
(2.42)

Then, differentiating eqn(2.42) w.r.t. v and using eqn(2.31) we get :-

∂2
vψ(v) = −e

2φ0

2
Tvv(v)ψ(v) (2.43)
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2.3. BLACK HOLE FORMATION CHAPTER 2. 2D DILATON GRAVITY WITH A BOUNDARY

Now let us find a relation between the proper time τ on the boundary and ψ(v). This relation will be useful for later purposes. On
the boundary we have :-

dτ2 = −e2φ0dU(v)dv =
e4φ0

λ2
(∂vg − λ2U)2dv2

=
1

λ2

(
∂vψ

ψ

)2

dv2 (using eqn(2.42))

⇒
dτ

dv
=

1

λ

∂vψ

ψ

⇒ ψ(v) = ψ0e
λτ(v) (2.44)

In eqn(2.44) we will set ψ0 to be a positive constant since it is the value of ψ when τ = 0. This convention will
make sense later as this will be related to the boundary being timelike when the energy of the incoming waves
is below a critical value (as one would expect the waves with less energy to reflect off the boundary to future
null-infinity).

Also, from eqn(2.44) we see that at past null-infinity, i.e.; J−R (u → −∞, v → 0) and where, τ → −∞
we have :-

ψ(v) = 0 as v → 0 (2.45)

Now recall, from eqn(2.39), eqn(2.40) and eqn(2.41) as v → 0 we have ∂vg = 0 and hence :-

λ2U = −e−2φ0
∂vψ

ψ
(from eqn(2.42))

⇒ 1

v
=
∂vψ

ψ
(using eqn(2.39))

⇒ ψ(v) = c0v as v → 0 (2.46)

where, c0 > 0 in accordance with the convention set above by analyzing eqn(2.44). Now one can see from
eqn(2.43) that if its RHS → 0, i.e.; Tvv(v)→ 0 (which means for low energetic incoming waves) we have :-

ψ(v)→ Cv +D (2.47)

with C > 0 (as before) and D = 0 (from eqn(2.46)).

Note that, since ∂vψ α − Tvv(v), the slope, i.e.; C decreases with increase in the incoming energy flux Tvv(v).
This further implies ψ becomes more and more concave and for a critical incoming energy flux, say Tvv = Tcr,
C = 0. Beyond this, i.e.; for Tvv > Tcr, ψ(v) will increase first and then will start decreasing. A plot of this is
given below.

Figure 2.1: Plot of ψ(v) vs v.

Point A = (uA, vA) is the point where in the high-energy regime, i.e.; in Tvv > Tcr regime, the slope C
vanishes and after that point with increase in v, ψ(v) starts decreasing.

15
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Now from eqn(2.42) we have :-

λ2U = ∂vg at A (since, ∂vψ = 0 at A)

⇒ U
′ |A = 0 (using eqn(2.31)) (2.48)

So, the boundary is nulllike at A and this also shows that in the critical energy regime (curve II in Fig-(2.1)),
the boundary is nulllike at v → ∞. In the curve III of Fig-(2.1), initially, the boundary was timelike as is
evident from eqn(2.31) which shows U

′
> 0, then the boundary becomes nulllike at A and after that with

increase in v the boundary is ought to become spacelike. Point A is where the black hole formation takes place.
We will elaborate on this below.

Note that (from eqn(2.31)), U
′′ |A = 2 e

2φ0

λ2 (∂vg − λ2U)(∂v
2g − λ2U

′
)|A = 0. With this in mind, let us tay-

lor expand U(v) about A = (uA, vA) where, uA = U(vA) :-

U(v) = U(vA) + U
′
(vA)(v − vA) +

U
′′
(vA)

2!
(v − vA)2 +

U
′′′

(vA)

3!
(v − vA)3 +O(v4)

= uA + d(v − vA)3 (2.49)

So, u = uA + d(v − vA)3 (2.50)

⇒ (u− uA)2 = d2(v − vA)6

⇒ (u− uA) = ±d(v − vA)3 (2.51)

where, d = U
′′′

(vA)
3! .

So, for u = U(v), i.e.; for φ = φ0, we get two intersecting curves at A given by eqn(2.51). Then,

For φ < φ0, u = uA + d(v − vA)3

⇒ U
′

= 3d(v − vA)3 > 0 ⇒ boundary is timelike

For φ > φ0, u = uA − d(v − vA)3

⇒ U
′

= −3d(v − vA)3 < 0 ⇒ boundary is spacelike

Thus, in the φ > φ0 region we obtain a black hole singularity in the high-energy regime. Matter waves in the
u > 0 region is sucked in limiting the region accessible to outside observer to u < 0. Also, as before u = 0 is
the event horizon.

Now let us plot U(v) vs v keeping in mind that U α − 1
v (in the asymptotic limit) and U(v) goes as cu-

bic near A. Then,

Figure 2.2: Plot of U(v) vs v.

In Fig-(2.2), the dashed-line represents the spacelike curve u = uA − d(v − vA)3.
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2.3.1 Carter-Penrose Diagram

The Carter-Penrose Diagram for the black hole formation is given below (with, u = tan(ū) and v = tan(v̄)).

Figure 2.3: Carter-Penrose diagram for the black hole formation.

Now suppose we define :-

v = σ0 + σ1 u = σ0 − σ1 (2.52)

then, in the above (σ0, σ1) coordinates, v = 0 line is the σ0 = −σ1 line and Fig-(2.2) becomes :-

Figure 2.4: Plot of U(v) in (σ0, σ1) coordinates. The boundary approaches the nulllike asymptote v = 0 and
this feature is very much something which is expected in black hole formation. Matter waves sent after v = 0 (at
later times) will not be reflected and will be sucked in but waves sent before v = 0 will reflect off the boundary.

2.3.2 Lower bound on mass of the black hole formed

Let us now estimate the mass of black hole thus formed. By energy conservation we have, [4] :-

MBH =

∫ ∞
0

dv λvTvv(v)−
∫ 0

−∞
du λ|u|Tuu(u) (2.53)

= λ

[∣∣∣∣v ∫ ∞
v′

dv Tvv

∣∣∣∣∞
0

−
∫ ∞

0

dv
′
(∫ ∞

v′
dv Tvv

)]

− λ

∣∣∣∣∣|u|
∫ u

′

−∞
du Tuu

∣∣∣∣∣
0

−∞
+

∫ 0

−∞
du
′

(∫ u
′

−∞
du Tuu

) (integration by parts)

= 2λ[g(∞) + h(0)] (using eqn(2.15) and eqn(2.16)) (2.54)
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Recall,

e−2φ = −λ2uv + g(v) + h(u) ⇒ e−2φ(0,v) = g(v) + h(0)

⇒ lim
v→∞

e−2φ(0,v) = g(∞) + h(0) (2.55)

Thus,

MBH = 2λ lim
v→∞

e−2φ(0,v) (2.56)

⇒ ∃ Mcr = 2λe−2φ0 (as φ < φ0 ⇒ e−2φ > e−2φ0) (2.57)

Thus, for the black hole, MBH > Mcr. This critical mass Mcr is the lower bound estimate on the mass of the
black hole formed.

In the next chapter we will study the phenomenon of Hawking radiation in the 2D dilaton gravity model.
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Chapter 3

Hawking Radiation

In this chapter we will study the phenomenon of Hawking radiation from 2D Dilaton gravity models without
boundary.

In (1+1) dimensions, there is a relation between the trace anomaly and Hawking radiation, [9]. For a massless
scalar field the trace of the stress tensor is zero classically, T := Tµµ = 0. Quantum mechanically, there is a
one-loop anomaly which relates the expectation value of the trace of the stress tensor to the Ricci scalar as, [1]
:-

〈T 〉 =
c

24
R (3.1)

where, c = 1 for massless scalars.

3.1 The outgoing energy flux

Let us calculate the expectation value of the outgoing energy flux.

We have in (u, v) coordinates :-

T = Tµµ = gµνTµν = −4e−2ρTvu

Thus,

〈T fvu〉 = −
1

4
e2ρ〈T 〉

= −
1

4

R

24

= −
1

4

e2ρ

24
(8e−2ρ∂v∂uρ) (from eqn(1.14)) (3.2)

where, the superscript f means final denoting the outgoing flux.

Hence (from eqn(3.2)),

〈T fvu〉 = − 1

12
∂v∂uρ (3.3)

Now from energy conservation we have :-

∇µTµν = gµα∇αTµν = 0

(µ = v, ν = v) ⇒ gvu[∂uTvv ] = 0 ⇒ ∂uTvv = 0 (3.4)

(µ = u, ν = v) ⇒ guv [∂vTuv − ΓvvvTuv ] = 0 ⇒ ∂vTuv − ΓvvvTuv = 0 (3.5)

(µ = u, ν = u) ⇒ guv [∂vTuu] = 0 ⇒ ∂vTuu = 0 (3.6)

(µ = v, ν = u) ⇒ gvu[∂uTvu − ΓuuuTvu] = 0 ⇒ ∂uTvu − ΓuuuTvu = 0 (3.7)

Thus,

Eqn(3.4) + eqn(3.5) ⇒ ∂uTvv + ∂vTuv − ΓvvvTuv = 0 (3.8)

Eqn(3.6) + eqn(3.7) ⇒ ∂vTuu + ∂uTvu − ΓuuuTvu = 0 (3.9)

19
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Upon solving,

∂uTvv + ∂vTuv − 2∂vρTuv = 0

∂vTuu + ∂uTvu − 2∂uρTvu = 0

Then, ∂u〈T fvv〉 = 2∂vρ

(
−

1

12
∂v∂uρ

)
+

1

12
∂u(∂2vρ) (from eqn(3.3)) (3.10)

∂v〈T fuu〉 = 2∂uρ

(
−

1

12
∂v∂uρ

)
+

1

12
∂v(∂2uρ) (from eqn(3.3)) (3.11)

Integrating eqn(3.10) w.r.t. u ⇒ 〈T fvv〉 = − 1

12
[∂vρ∂vρ− ∂2

vρ+ tv(v)] (3.12)

Integrating eqn(3.11) w.r.t. v ⇒ 〈T fuu〉 = − 1

12
[∂uρ∂uρ− ∂2

uρ+ tu(u)] (3.13)

To find out tu(u) and tv(v) in eqn(3.12) and eqn(3.13), let us introduce new coordinates as :-

eλy
+

= λv (3.14)

e−λy
−

= −λu− a

λ
(3.15)

where, (y−, y+) are coordinates in which the metric ds2 (concerning black hole formation) is asymptotically flat
on J±R .

Then, from eqn(3.14) and eqn(3.15) we have :-

For y+ < y+0 , ds2 =
dudv

λ2uv
=
λv
(
−λu− a

λ

)
dy+dy−

λ2uv
=

(−λ2uv − av)dy+dy−

λ2uv
= −dy+dy−

[
1 +

a

λ2u

]
= −dy+dy−

[
1−

a

aλe−λy−

]
= −

dy+dy−[
1 + a

λ
eλy−

] (3.16)

For y+ > y+0 , ds2 =
dudv

a+ λ2uv
= −

dy+dy−[
1 + a

λ
eλy
−−y++y+0

] (3.17)

where, λv0 = eλy
+
0 .

Thus from eqn(3.16) and eqn(3.17) we have :-

−2g+− = e2ρ =


[
1 + a

λe
λy−
]−1

, if y+ < y+
0[

1 + a
λe

λy−−y++y+0

]−1

, if y+ > y+
0

(3.18)

In (y−, y+) coordinates eqn(3.12) and eqn(3.13) become :-

〈T f++〉 = − 1

12
[(∂+ρ)2 − ∂2

+ρ+ t+(y+)] (3.19)

〈T f−−〉 = − 1

12
[(∂−ρ)2 − ∂2

−ρ+ t−(y−)] (3.20)

To evaluate t+ and t− we demand 〈T f 〉 vanishing in the linear dilaton vacuum which means :-

〈T f−−〉 = 〈T f++〉 = 〈T f++〉 = 0 (3.21)

for e2ρ in the region y+ < y+
0 which is the linear dilaton vacuum. Since, 〈T f+−〉 and 〈T f++〉 contains differentia-

tion of ρ, w.r.t, y+ but e2ρ is independent of y+ they vanish trivially giving t+ = 0.

Now for t− we obtain :-

Since, ρ = −
1

2
ln
(

1 +
a

λ
eλy
−)

⇒ ∂−ρ = −
aeλy

−

2
(

1 + a
λ
eλy−

)
⇒ ∂2−ρ = −

2aλeλy
−

4
(

1 + a
λ
eλy−

)2
t− = −

 a2e2λy
−

4
(

1 + a
λ
eλy−

)2 +
2aλeλy

−

4
(

1 + a
λ
eλy−

)2
 = −

λ2

4

[
1−

1

1 + a
λ
eλy−

]
(3.22)
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Now at J +
R where y+ →∞, ρ becomes constant as can be seen from value of e2ρ for y+ > y+

0 . Thus at J +
R

:-

〈T f++〉 → 0 (3.23)

〈T f+−〉 → 0 (3.24)

〈T f−−〉 →
λ2

48

[
1− 1

1 + a
λe

λy−

]
(3.25)

One can note from eqn(3.25) that in the far past of J +
R , i.e., y− → −∞ we have 〈T f−−〉 vanishing exponentially

and while going near the horizon from J +
R , i.e., y− → ∞ we have 〈T f−−〉 approaching a constant value of

λ2

48 which we will identify in the upcoming sections as the Hawking radiation. One peculiar feature of these
black holes is that the outgoing flux obtained is independent of the mass a of the black hole unlike generic 4D
stationary black holes where it depends upon the mass of the black holes.

3.2 In and Out modes

Let us recall the metric for the 2D dilatonic eternal black hole as :-

ds2 = −e2ρdudv

Now let us consider an arbitrary distribution of collapsing matter between vi and vf and in this case the solution
becomes :-

e−2φ = e−2ρ = −λ2uv −
∫ v0

0

dv
′
∫ ∞
v0

dv
′′
Tvv(v

′′
) (3.26)

where, vi ≤ v0 ≤ vf .

For, v > vf the last term becomes, [5] :-

−
∫ v0

0

dv
′
∫ ∞
v0

dv
′′
Tvv(v

′′
) =

M

λ
− λ2x+∆ (3.27)

where, M and ∆ are integration constants. Above is true as for v < vi the last term above vanishes and we
have the linear dilaton vacuum and for v > vf we have the dilatonic black hole.

Then, for v > vf we have :-

ds2 = − dudv
M
λ − λ2v(u+ ∆)

(3.28)

Now, the future EH is at u = −∆. To describe the “in” and “out” modes let us introduce asymptotic coordinates
as follows :-

For v > vf , e
λσ+

= λv, e−λσ
−

= −λ(u+ ∆) (3.29)

ds2 =

−
dσ−dσ+

[1+∆λeλσ− ]
, if σ+ < σ+

i

− dσ−dσ+

[1+M
λ e

λσ−−σ+ ]
, if σ+ > σ+

f

(3.30)

For v < vi, λv = eλy
+

, u = −∆e−λy
−

(3.31)

ds2 = −dy−dy+ (3.32)

where, λx+
i,f = eλσ

+
i,f . From eqn(3.30), one notes that ds2 is asymptotically flat at both J +

R where σ+ → ∞
and J−R where σ− → −∞. Furthermore, note that in (y−, y+) coordinates, y = 0 is the future EH.

Now let us consider two asymptotically flat regions J−L and J +
R which we will call the “in” and the “out”

regions respectively. Note that,

∇2f = 0 ⇒ ∂v∂uf = 0 ⇒ ∂σ+∂σ−f = 0 ⇒ ∂y+∂y−f = 0 (3.33)

So, in all the coordinates Laplace equation is satisfied and this enables us to write :-

uω =
1√
2ω
e−iωy

−
(in) ; vω =

1√
2ω
e−iωσ

−
Θ(−y−) (out) (3.34)
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where, ω > 0. Note that, vω has support only outside the horizon y− < 0 and thus this must be complemented,
[5] by a set of modes v̂ω for the region inside the horizon. Now let us expand f− in the above bases :-

f− =

∫ ∞
0

dω[aωuω + a†ωu
∗
ω] (in)

=

∫ ∞
0

dω[bωvω + b†ωv
∗
ω + b̂ω v̂ω + b̂†ω v̂

∗
ω] (out+ internal) (3.35)

Now let us define the Klein-Gordon inner product as :-

(f, g) = −i
∫

Σ

dΣµf
←→∇ µg

∗ (3.36)

where, Σ is an arbitrary Cauchy surface. Then, the bases satisfy :-

(uω, uω′ ) = (vω, vω′ ) = 2πδ(ω − ω′)
(uω, u

∗
ω′

) = (vω, v
∗
ω′

) = 0

(u∗ω, u
∗
ω′

) = (v∗ω, v
∗
ω′

) = −2πδ(ω − ω′) (3.37)

Eqn(3.35) and eqn(3.37) together with the canonical commutation relation :-

[f−(x), ∂0f−(x
′
)]x0=x′0 =

1

2
[f(x), ∂0f(x

′
)]x0=x′0 = iπδ(x1 − x′1) (3.38)

imply that :-

[aω, a
†
ω′

] = δ(ω − ω′) ; [aω, aω′ ] = 0 = [a†ω, a
†
ω′

] (3.39)

Finally, the in, out and internal vacua are :-

aω|0〉in = 0 ; bω|0〉out = 0 ; b̂ω|0〉int = 0 ∀ω (3.40)

Although the in and out regions are flat, their natural timelike coordinates are related in such a way that a field
mode which which has positive frequency according to observers in one region becomes a mixture of positive
and negative frequencies according to observers in the other region. This mixing can be interpreted as particle
creation. To study this let us express one basis in terms of the other bases as :-

vω =

∫ ∞
0

dω
′
[αωω′uω′ + βωω′u

∗
ω′

] (3.41)

Then, αωω′ =
1

2π
(vω, uω′ ) ; βωω′ = − 1

2π
(vω, u

∗
ω′

) (3.42)

where, αωω′ , βωω′ are called the Bogoliubov coefficients. The Bogoliubov coefficients α̂ωω′ , β̂ωω′ for the internal
modes are defined similarly.

Now equivalence of the expansions in eqn(3.35) implies :-

aω =

∫ ∞
0

dω
′
[bω′αωω′ + b†

ω′
β∗
ωω′

+ b̂ω′ α̂ωω′ + b̂†
ω′
β̂∗
ωω′

] (3.43)

bω =

∫ ∞
0

dω
′
[α∗
ωω′

aω′ − β∗ωω′a
†
ω′

] (3.44)

b̂ω =

∫ ∞
0

dω
′
[α̂∗
ωω′

aω′ − β̂∗ωω′a
†
ω′

] (3.45)

Now if, βωω′ 6= 0, then the in vacuum is not considered vacuous by the out observer. This means particle
creation has occurred. From eqn(3.44) it follows :-

in〈0|Nout
ω |0〉in = in〈0|b†ωbω|0〉in =

∫ ∞
0

dω
′ |βωω′ |2 (3.46)

To calculate the Bogoliubov coefficients we note the relation between the asymptotic coordinates as :-

σ− = − 1

λ
ln[λ∆(e−λy

−−1)] (3.47)

Then, vω =
1√
2ω

exp

[
iω

λ
ln[λ∆(e−λy

− − 1)]

]
Θ(−y−) (3.48)
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Calculating the inner products in eqn(3.42) at J−L we get (since, only the in modes contribute at J−L and
integrating by parts we can discard the boundary conditions demanding the out modes vanishing at y− → −∞
and at y− → 0, [6] :-

αωω′ = − i
π

∫ 0

−∞
dy−vω∂−u

∗
ω′

=
1

2π

√
ω′

ω

∫ 0

−∞
dy− exp

[
iω

λ
ln[λ∆(e−λy

− − 1)] + iω
′
y−
]

(3.49)

βωω′ =
i

π

∫ 0

−∞
dy−vω∂−uω′

=
1

2π

√
ω′

ω

∫ 0

−∞
dy− exp

[
iω

λ
ln[λ∆(e−λy

− − 1)]− iω′y−
]

(3.50)

Substituting x = eλy
−

, αωω′ becomes :-

1

2πλ

√
ω′

ω
(λ∆)iω/λ

∫ 1

0

dx(1− x)iω/λx−1+i(ω
′−ω)/λ (3.51)

Then, similarly βωω′ can be computed and both altogether in terms of beta functions are given as :-

αωω′ =
1

2πλ

√
ω′

ω − iε (λ∆)iω/λB

(
− iω
λ

+
iω
′

λ
+ ε, 1 +

iω

λ

)
(3.52)

βωω′ =
1

2πλ

√
ω′

ω − iε (λ∆)iω/λB

(
− iω
λ
− iω

′

λ
+ ε, 1 +

iω

λ

)
(3.53)

The pole prescriptions are necessary to completely define these quantities, they are chosen so that the expansion
eqn(3.41), and the inverse expansion of uω in terms of vω, actually hold, [5]. With the pole prescriptions above
one can see that the following completeness relation holds :-∫ ∞

0

dω
′
[αωω′α

∗
ω′′ω′

− βωω′β∗ω′′ω′ ] = δ(ω − ω′′) (3.54)

Let us now observe the late time behavior of the Bogoliubov coefficients. We are considering late time behavior
since at late times the black hole would have settled down and we would have a stationary region in the
asymptotic future. Now late time can be characterized in a number of ways. It means y− → 0 (near the
horizon) and equivalently it means w

′ → ∞ as ω
′

is the frequency of the incoming wave. All these late time
characterization can be better understood by looking at the Carter-Penrose diagram for the process in Fig-(3.1).
Using eqn(3.52) and eqn(3.53) :-

|αωω′ |2
|βωω′ |2

=

(
ω
′
+ ω

ω′ − ω

)
sinh[π(ω

′
+ ω)/λ]

sinh[π(ω′ − ω)/λ]
(3.55)

In the limit ω
′ →∞ we get :-

|βωω′ | = e−πω/λ|αωω′ | (3.56)

Now putting ω
′′

= ω in eqn(3.54) :- ∫ ∞
0

dω
′
[|αωω′ |2 − |βωω′ |2] = t (3.57)

where, t is a large cut-off set equal to δ(0), [5]. Now using eqn(3.56) and eqn(3.57) we get :-

in〈0|Nout
ω |0〉in =

∫ ∞
0

dω
′ |βωω′ |2 ' t

1

e2πω/λ − 1
(3.58)

This shows that the near horizon temperature is TH = λ
2π . One can now proceed as in Section-(3.1) to compute

the net flux in (σ−, σ+) coordinates at J +
R and it will come out to be λ2

48 near the horizon. This shows that the
net outgoing flux obtained in the previous section is indeed thermal and we will identify this as the Hawking
radiation.
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3.3 Carter-Penrose Diagram

Let us draw the Carter-Penrose Diagram for the above process of black hole formation.

Figure 3.1: Carter-Penrose diagram for black hole formation.
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Chapter 4

Moving mirrors as a toy model

In this chapter we will see that a moving mirror model is equivalent to studying the 2D dilaton gravity model
with a dynamical boundary term.

4.1 An Equivalence

We consider a moving mirror action with v = x+ and u = x− as, [7] :-

Sb = m

∫
dτ
√
∂τx+∂τx− − λ2

∫
dτx+∂τx

− (4.1)

where Sb is the boundary action and the matter action being :-

Sm =

∫
±x±<±x±

d2x∂+f∂−f (4.2)

Now, the EOMs are :-

−m
2

√
∂∓x± ± λ2x± + P∓(x∓) = 0 (4.3)

where, P±(x±) = ±
∫ ±∞
x±

dx±T±±. After some computation one can find at the boundary :-

∂τx
+(λ2x− − P+(x−)) + ∂τx

−(λ2x+ + P−(x+)) = 0 (4.4)

One can get the above equation at the boundary φ = φ0 from the condition that d
dτ (e−2φ) = 0 which is in turn

the condition that φ is constant along the boundary. Here e−2φ is as given by eqn(2.20).

So, this is the equivalence between the moving mirror models and the 2D dilaton gravity models with a boundary.
But even then there are some dissimilarities between these models which we will discuss.
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Future Prospects

This project work is far from complete and there are works left to be done in this summer which could not be
done due to the time constraint of the summer project. These works include :-

1. Some particular examples of black hole formation in the case of 2D dilaton gravity with a dynamical
boundary.
2. Studying the Hawking radiation for the 2D dilaton gravity with a dynamical boundary.
3. Studying the quantum dynamics of the moving mirror models using the influence functional approach.
4. Observing the full quantum evolution of the scattering of matter waves off the mirror and seeing whether
unitary evolution happens.
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