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Abstract

In this project we have studied 2D dilaton gravity model coupled to massless scalar fields in various contexts.
First, we studied the eternal 2D dilaton black hole solutions. Then, we considered the case of 2D dilaton gravity
model with a dynamical boundary term. We noted the similarity in the Carter-Penrose diagram of the latter
with that of the collapsing spherically symmetric (3+1) dimensional matter. Furthermore, we considered the
phenomenon of Hawking radiation in the 2D dilaton gravity model without a boundary case. Lastly, we gave
a brief introduction to the moving mirror models which can serve as a toy model for the Hawking radiation
process.



Notations for Carter-Penrose Diagram

We give here some important notations which we will use in various Carter-Penrose diagrams. Here we give

notations with reference to (141) dimensional Minkowski spacetime. Here,

v=t+zx
u=t—x
U =tan?
U = tan
Then,
t=—-2 94— —00 T—00
Right spacelike in finity, z’% - 2 i
‘ 0=% ©0—o00 t finite
=% G4—00 T——00
Left spacelike in finity, iOL — 2 ~ -
4 s
-5 U——oo t finite
t=-% a4— —oco0 x finite
Past timelike infinity, i~ — ¢ . 2 f
t=-5 U——00 t— —00
=2 4—oo zx finite
Future timelike infinity, i~ —<{ 2 f
V=% 0—=00 t—o00

U=-2 Uu——00 T —00
Right past nulllike infinity, J- — 2
guep finity, Jr 0| #Z o finite t— —o0
2
5 U finite x— o0

f):g D — 00 t — oo

=
RN

Right future nulllike in finity, .77‘{
|u| # 5 @ finite = — —00
s
2

%
Left past nulllike infinity, J, — {A ~
D= — V— —00 t— —00

a:g U — 00 T — —00

Left future nulllike infinity, J7 — 0| AT finite t
0 # 5 v finite t— o0



Contents

11 2D Dilaton Gravity Model|
[1.1  The CGHS Lagrangian|. . . . . . . . . . .. o 0 e
[L.1.1 _Setting up the Lagrangian|. . . . . . ... ... ... ... ... ... ...
1.1.2 uations of motion and Vacuum of themodel| . . . . . . . .. ... ... ... 000

[T.T.3 Solution to the equations of MOLION] . . . . . .« v v v v v it et e

[1.1.5  Revisiting the vacuum| . . . . . . . . . . ..
[1.1.6  Carter-Penrose Diagrams| . . . . . . . . . . ... L e
[1.2 Coupling to matter fields| . . . . ... ... ... ..

[[.2.1 Setting up the Lagrangianl . . . . . . . o o v vt e e e e e
[1.2.2  Equations of motion and the Stress tensor| . . . . . . . . . .. .. Lo L oL

[1.2.3  Choosing a particular f — wave and the solution . . . . . .. ... ... ... ... ....
[1.2.4  Carter-Penrose Diagram|. . . . . . . . . .. . .. e

2 2D Dilaton Gravity with a boundary|
2.1 Dynamical Boundary term|. . . . . . . . ..
[2.1.1 Equations of motion| . . . . . ... ... oL
[2.1.2 The Solution to the equations of motion] . . . . . . . . . .. .. .ot
2.2 oundary Properties| . . . . . . . .. e
2.3 Black hole formationl . . . . . . . . . L Lo
[2.3.1  Carter-Penrose Diwagram]|. . . . . . . . . . . . e

3 Hawking Radiation|
8.1 The outgoing energy flux| . . . . . . . . .
B.2 Inand Out modesl . . . . . . . . . o e

8.3 Carter-Penrose Diagram| . . . . . . . . . . . e

4 Moving mirrors as a toy modell
4.1 An Equivalence| . . . . . .. e




Chapter 1

2D Dilaton Gravity Model

The 2D Dilaton gravity models are models in (141) dimensional spacetime which give insights into under-
standing the Hawking radiation phenomenon. It is a simple model which is analytically solvable and also for
which the Hawking radiation calculations are exactly obtainable in closed form. Due to these and various other
reasons associated in understanding the Hawking radiation phenomenon, this model has been studied for quiet
some time starting with Callan, Giddings, Harvey and Strominger (CGHS), [I]. So, this is our motivation to
study this model since we will be trying to understand the Hawking radiation process better.

First, we will motivate how to arrive at the action for the 2D Dilaton gravity model.

1.1 The CGHS Lagrangian

1.1.1 Setting up the Lagrangian
Consider a generally spherically symmetric metric in (3+1) dimensions of the form :-

e~ 20

)\2

d5%4) = g dxtdx” + dQ3 (1.1)

where, p,v =0,1; @, g, are functions of (z°,2) = (¢,r) and X is a constant.
Now, plugging e¢™(1.1) in the Einstein-Hilbert action, Sg_g = fd4x —g 15:2N and integrating out 6, ¢

we get in units with Gy = 555 -

1
Spesuced = 5 [ Pov=ge R+ 2(V0)° + 2276 (12)
™
Let us now introduce the CGHS action, [I] which is the classical 2D Dilaton gravity action :-

1
Sp =5 /d%\ﬁ—ge*%[3+ 4(Vp)? + 42?] (1.3)
™
where, ¢ is called the dilaton field.

Note that, eg"(1.3) differs from eq™(1.2) in the numerical coefficient of the dilaton kinetic energy term and
the ¢-dependence of the potential. The reason behind studying eq¢™(1.3) rather than eg™(1.2) is that the theory
described by eq™(1.3) is dramatically simpler to study; the classical solutions can be presented in explicit closed
form. The action eq™(1.3) arises in a low-energy effective description of certain dilatonic black holes in string
theory, []].

1.1.2 Equations of motion and Vacuum of the model
Variations of the action Sp gives the following equations of motion :-

2"V, Vi + g (V9)* = V26 =N =0 (variation w.r.t. g.) (1.4)
2e7 2[R+ 4)\2 +4V%p — 4(V¢)) ] =0  (variation w.r.t. ¢) (1.5)
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Now let us trace eq™(1.4) and subtracting from it twice of eq™(1.5) we get :-

2V6)? — V26— 232~ V) + 2726+ 207 + 2 =0

2
= v2¢+§=o (1.6)
Substituting eq™(1.6) in eq™(1.5) we get :-
R
(V§)* =N+ 7 =0 (1.7)

Now let us consider the vacuum in this model given by R = 0 (one should not confuse this vacuum as the
vacuum solution obtained in the case of T},,, = 0 which is already the case; rather this vacuum is analogically to
the Minkowski vacuum for an arbitrary (3+1) dimensional metric model). Thus, the equations describing the
vacuum are (from eq™(1.6) and eq™(1.7)) :-

Vi =0 (1.8)

(V)2 = A2 (1.9)

We will describe the vacuum after we obtain the general solution. Now, since every (141) dimensional metric
is conformally flat so we write :-

ds® = —e* dudv (1.10)

where, we will call new coordinates (u,v) as the “exponential null coordinates”. They are related to the usual
null coordinates as :-

A = —e M = A=) (1.11)
~ 0 1
M = M = AN FT) (1.12)
We will show that metric in eg™(1.10) is conformally flat indeed. Using eg™(1.11) and eq™(1.12) we have :-
ds® = —e*’dudv = ** \2uvdidv
= 2P (A0 dadp = 2P " (—dado)
= —e?Pdudp (1.13)

where, p = p+ Az!l. Indeed, metric in eq™(1.13) is conformally flat.

In the (u,v) coordinates we have :-

1 2
= = — — P
guv gvu 26
guu - g’UU - 0
D = 20up
FZU - 281)[)

Using the above equations one can compute the Ricci scalar curvature to be :-

R=g"[e,  —T%  +T° T —TP I ]

pv,o po,v puv=op pno-vp
= _guv [qu,v + ng,u}
= R=28¢"%°0,0,p (1.14)
Now let us compute the equations of motion in the (u,v) coordinates :-
e~ 2(¢tp) [40,0,¢ + 40, $0yd + 20,0up + N2e*] =0 (variation w.r.t. @) (1.15)
e~ 2040 20,0,¢ — 40,0Dyp — N2 =0 (trace of variation w.r.t. g,,) (1.16)

Now adding the above two equations we get :-
0yOu(p— @) =0 (1.17)
Now consider eq™(1.4) with u = v = w first, and then with 4 = v = v to get :-
2¢72?[V,Vué] = 0

= ¢ 2[40,60,p — 202¢] = 0 (1.18)
2¢72?(V, V6] = 0
= ¢ 22[40,¢00,p — 20%¢] = 0 (1.19)

Eq™(1.18) and eq™(1.19) will be called as constraints.
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1.1.3 Solution to the equations of motion

General solution of eq™(1.17) is :-

pP= ¢+fv(v) +fu(u)

But we can perform a coordinate transformation, (u,v) — (@, ) preserving the conformal gauge eq™(1.10) and then this can be
used to set fu(u) = fo(v) =0, [I]. Thus we get :-

o= (1.20)
With ¢ = p the constraints become :-

05(e720) = e 2 [4(0up)® — 203p] = 0 (by Eq"(1.18))
92(e™%) = e [4(8up)* = 205p] = 0 (by Eq"(1.19))

With ¢ = p in eq™(1.15) we get :-
40y pByp — 20,0up + N2e?P =0
Now, 8118u(e_2p) = 6_2p[481)p8up - auavp]

= e 2P (=A2e2P) = —A%  (using above equation)

Thus, the equation of motion and the constraints in the (u,v) coordinates become :-
Dy0u(e72P) = —\2 (1.21)
D2(e ) =0%(e*) =0 (1.22)
The general solution to the above equations is obtained as :-

M

e72? =72 = — — N2 (u —ugp)(v — vp)

where, M ,ug and vy are integration constants and by shifting v and v, we can set ug = vg = 0. Thus,
e =7 = % — Nuw (1.23)

1.1.4 Justification of the solution as eternal black hole solution

The Ricci curvature scalar can be computed as :-

M 2 2
R— 86—2pavaup -8 [M _ )\2uv} )‘72 T~ Afuw — U(—Q/\ u)
3 2 [ )

4M N
= 1.24
—Af — A2 ( )

Also, the metric is :-

-1
dst = — (A/\J - )\2uv> dudv (1.25)

From the value of the scalar curvature one can see that it blows up at uv = % which is hence indeed a true

curvature singularity. Now, we will show that uv = 0 are null hypersurfaces and using a trapped points argu-
ments we will justify that uv = 0 are horizons and u = 0 will describe the future event horizon (future EH).

So, let us compute the normal vector fields for the metric. Let M be the manifold we are working on, S be the family of hypersur-
faces given by, uv = const., to which the normal vector fields are being computed and let f be a smooth function on the manifold,
[2], then :-

. oS 0o - o < 0
1= pv 2 — uv, ¥ vu, ~
fa oxH dxv fg U@fu + g u@u
= Ie] 1o}
= —2fe 2P [y— il
fe [Uav * u&u}
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Then,
¥ = —2fe™2Pu ; IV = —2fe 2Py
M, = —4f%e 2Py

Thus, |I#l,|uwv=0 = 0 implying that uv = 0 are null hypersurfaces.

Now let us digress a bit and understand the concepts of trapped surfaces and how an argument from this will
justify that v = 0 describe the future event horizon. Let us start by defining what are trapped surfaces, [3].

Definition 1.1.1. Trapped surfaces are spacelike or null surfaces whose area tends to decrease along any possible
future like direction. In terms of null geodesics these are regions where both the family of null geodesics (i.e.,
incoming-4 and outgoing-v) are converging at all points in that region. This implies that the area is decreasing
along any possible future like direction.

Recall the (3+1) dimensional metric ds(24) and note the are of the 2-spheres are :-

Are—29(a,0)
A= MT (1.26)

Following the definition of trapped surfaces above we have in that region :-
05A <0 and 03A <0
= 03,3 A <0
= 9z.5(e72%) <0
= 03,50 >0 (1.27)

Because 2D Dilaton gravity model is obtained by spherical symmetric dimensional reduction of the (3+1) di-
mensional spacetime the 2-spheres in the above metric will be mapped to points in the dilaton model and hence
instead of trapped surfaces we will be trapped points where 03 3¢ > 0. Now, we will define what is known as
an apparent horizon (AH).

Definition 1.1.2. Apparent horizon is defined to be the boundary of the trapped region.

Note that, inside the AH 03 3¢ > 0. Now, @’s converge and ¥’s diverge at any arbitrary point other than
inside the AH. So, outside the AH #’s diverge [i.e.,05(e72?) > 0 = 03¢ < 0] and inside the AH ©’s converge.
Hence on the AH :-

059 =0 (1.28)
Now since, 05 = Avd,, hence eq™(1.28) implies :-

By =0 (1.29)

Since we are at this point interested in eternal black hole solutions where AH = EH, thus for the metric, dszD7 we get the EH as :-
1 A2y
Op=—-—F+———=0
vé 2 % — X2uv

= u=0 (1.30)

Thus, the above equation shows that indeed, uv = 0 describe horizons and, u = 0 describe the future event
horizon. This shows that the model up until now describes eternal black hole solutions with M being the mass
of the black hole, true curvature singularity being at uv = )\—1‘/3[ and the future event horizon being at u = 0.

1.1.5 Revisiting the vacuum

Let us study the vacuum solution which is described by eq™(1.8) and eg™(1.9). So, for this we will move to the
(@, D) coordinates.

Then,
1, (M M —1/2
¢ = —Eln (7 — )\2uv) =In (7 + e”‘Il)
Azt M —-1/2
=ln © T = Xzl +1in (1 + fe_%xl)
<1 + Me—Q/\xl) / A
A
M M
= lim ¢= Azt +In (1 — 5e—ml) =1 oo (—)\ml - 56_2’\”1) (1.31)




1.1. THE CGHS LAGRANGIAN CHAPTER 1. 2D DILATON GRAVITY MODEL

Thus, in the limit of #1 — oo (from eq™(1.31)) :-

¢ — —Xx' (upto leading order in x') (1.32)
e 2 =% = N (1.33)
1
R = 86_2”&8“;) = 8(—)\2uv)808u <—2ln(—)\2uv)> =0 (1.34)
Also,
dudv
2 Jo

which is nothing but the flat metric in (1+1) dimensions. Thus, the above equations show that the metric, ds%
is asymptotically flat and the vacuum satisfying eq¢™(1.8) and eq™(1.9) is given by :-

¢ =Xt (1.36)

The above vacuum is conventionally known as the “Linear Dilaton Vacuum”.

2 2
We will like to make a comment here that in (141) dimensions the Riemann tensor has % =1 (for n = 2) independent
component. One can even show that, Ry, = %(gh,gwi — 9gxar9uv). Hence, the independent component of Ry, is R and R =0

implies the vanishing of all components of Ry, implying the corresponding spacetime being flat.

1.1.6 Carter-Penrose Diagrams

Let us draw Carter-Penrose diagrams for the vacuum and for the eternal black hole solution. For all diagrams
we will consider a coordinate transformation of the form :-

4 =tantd , U=tand (1.37
—G44D , x=0—40 1.38)
it
Jct Jr*
i o,
N/ Ir™

Figure 1.1: Carter-Penrose diagram for the linear dilaton vacuum solution.

Observe the similarity of the above diagram with that of the Carter-Penrose diagram of Minkowski spacetime
but in the latter case r > 0 hence we only have the right half but here its a complete diamond since here
x! € (—00,0). Now, let us plot the Kruskal diagram for the eternal black hole solution.
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Figure 1.2: Kruskal diagram for the eternal black hole solution. Hyperbolas : — uv = %
Observe the similarity of the above diagram with that of the Kruskal diagram of Schwarzschild spacetime.
Now, let us construct the Carter-Penrose of the eternal black hole solution from the Kruskal diagram above

and with the help of the coordinate transformations given in eq™(1.37) and eq™(1.38).

it w = M (singularity) it

M

i w = 35 (singularity) in

Figure 1.3: Carter-Penrose diagram for the eternal black hole solution.

Again, observe the similarity of the above diagram with that of the Carter-Penrose diagram of Schwarzschild
spacetime, but in the above case as explained in the Carter-Penrose diagram of the linear dilaton vacuum case,
both the left and the right halves are present.

Note that, g = e? is a natural coupling constant of the model and in the linear dilaton vacuum case since
¢ = —Az' we have,

e?>>1 = z'' = —co (strong coupling)

e? <<1 = 2' = oo (weak coupling)

Furthermore, at the future EH, i.e., u = 0, we have :-

M -1/2
gs = (7 - )\2uv)

1/2
= (M) =0 if M>>) (1.39)
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Thus, in region I of Fig-(1.3) we are always in the weak coupling region for sufficiently massive black holes
with M >> A. Hence, X sets the energy scale of the model. From now our main focus of interest will be region
I of Fig-(1.3) unless otherwise specified.

In the next section we will couple matter fields to the model. That will enable us to study black hole for-
mation in 2D dilaton gravity model.

1.2 Coupling to matter fields

1.2.1 Setting up the Lagrangian

Consider the matter action as follows, [I] :-

Su =4 [ Pov=g(p (1.40)

where, f is the massless scalar field. Now, the complete action is Spya = Sp + Sy -
1 1
Spi =5 [ v [e—M(R FAVO) 4 40%) — (V) (141)

1.2.2 Equations of motion and the Stress tensor

Varying the above action Sp4as gives the equations of motion as follows :-

4672V, Voo + 9 (V§)? — V2 — N =V, [V, f — %gm,(Vf)2 (variation w.r.t. g,.,) (1.42)
2e 2[R+ 4X2 +4V2¢ — 4(V¢)) ] =0  (variation w.r.t. ¢) (1.43)
Vif=0 (variation w.rt. f) (1.44)

Eq™(1.44) in (u,v) coordinates is :-

0y0uf =0 (1.45)
whose general solution is :-
f(u,v) = fin(v) + four(u) (1.46)
Now let us compute the stress tensor for the matter field lagrangian, £ = % gV oV, f -
T =25~ Lo
=V.fV.f— %gw(Vf)Q (1.47)
= T = (0uf)? = (O fin)® (1.48)

Note that, the trace of eq™(1.42) remains same as before, thus, we again get (after writing the ¢ and g,
equations of motion in (u,v) coordinates and adding them), 9,0, (p — ¢) = 0; and hence by previous argument
we can set p = ¢. Furthermore,

VoV = Vo fVof = (Oufin)?
Thus, the g,, constraint becomes (the g, constraint still remains same) :-
e 0,00up — 030] = 3 (O ) (1.49)
With ¢ = p we have for the g,, constraint :-
02 (e) = 5 Oufin)? (1.50)

The other equation of motion eq™(1.21) still holds as tracing the eq™ obtained after varying Spy s still is same
as eq"(1.16).
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1.2.3 Choosing a particular f — wave and the solution

Let us choose a § function f — wave as :-
Ty (V) = 2a6(v — vg) (1.51)

1
= 5(&,}%)2 = ad(v — vy) (1.52)
for some vy € [0, 00) since f — waves are sent in from J .

Thus, for v < vy we have the linear dilaton vacuum and for v > vy we have the 2D dilatonic black hole
solution, hence upon integrating w.r.t v we get :-

e 2% =72 = —a(v —vy)O(v — vg) — Nuv (1.53)
One can identify the mass of the black hole formed in the above case as avg) after sifting u by a/\2.

1.2.4 Carter-Penrose Diagram

The Carter-Penrose diagram for the 2D dilatonic black hole formation process is given below.

singularity

Figure 1.4: Carter-Penrose diagram for the 2D dilatonic black hole formation.

Note that, in the above diagram one can notice the similarity between it and with the diagram for the linear
dilaton vacuum for v < vy and with the diagram for the 2D eternal dilatonic black hole for v > vy. That is
exactly how such a Carter-Penrose diagram for black hole formation is constructed.

In the next chapter we will be studying the 2D dilaton gravity model with a dynamical boundary. One motiva-
tion for such a study one can think of is looking at the similarity of Fig-(1.4) with that of the Carter-Penrose
diagram for spherically symmetry matter collapse. The similarity is very much striking if in Fig-(1.4) there is
a boundary separating the right and the left halves. Indeed in the next chapter we will see that the Carter-
Penrose diagram for black hole formation in such a setting matches with that of the Carter-Penrose diagram
for spherically symmetry matter collapse.

10



Chapter 2

2D Dilaton Gravity with a boundary

In this chapter we will study the 2D Dilaton gravity model with a dynamical boundary. As before we will send
incoming matter waves (f — waves) from Jg towards the boundary and we will see that 3 a critical value of
the energy of the incoming waves below which the waves are perfectly reflected and go off to J5 and beyond
which a black hole formation occurs at a point on the boundary and some waves are sucked in and some waves
are reflected to j;{ .

2.1 Dynamical Boundary term

Consider the following action, [4] :-
1
Sy :/ Py =g [e—w(R +A(VH) +4N) = (V)
$<¢o

+ / dre ??[2K +4)] (2.1)
P=¢o

Sp := boundary term in the action

where, 7 is the proper time on the boundary, K = ¢g"*V,n, is the extrinsic curvature of the boundary ¢ = ¢o
and n, a V,¢ is the normal vector of the boundary. The first part in Sp is same as Spyar in eq™(1.41).

Now, let us define :-

b =¢— ¢o 2.2
f=ebf 2.3
Then,
Sp = e 2% [ / dz/—g [eQé(R +4(Vp)? +4X?) — 1(v fﬂ - / dre 292K + 4)] (2.4)
$<0 2 #=0

= Spe~2%0 (2.5)

_ S
= S = % (2.6)

Eq"(2.6) shows that 2?0 plays the role of a Planck constant in the model and hence, Sp remains classical for
e2?0 << 1 which means ¢y << —1.

11
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2.1.1 Equations of motion

Now let us vary Sp to obtain the equations of motion. For the bulk part, i.e.; for ¢ < ¢y, we ignore the
boundary term Sy in the action and varying the remaining of Sp, we get the equations of motion are same as
Eq™(1.42), Eq™(1.43) and Eq™(1.44). Moving onto deriving the boundary equations of motion, we get :-

n'Vp=x , n'V,f=0 at ¢=¢o (2.7)

Note that on the boundary at ¢ = ¢ :-
Now, n* =aV*¢

= nfn, =a?(Ve)2 =1
Then, n*V,p=X = a(Ve)? =
= a®(Ve)' =X = n'nu(Ve)? =N’
= (Vo) =2 (2.8)

where, we have assumed that the boundary is not nulllike and hence n#n, # 0. Then, from eg¢™(2.8) it is clear
that (using e¢™(1.9)), R = 0 on the boundary implying the spacetime is flat on the boundary.

Now, moving onto the conformal gauge g,, = ezpnw, let us compute the stress tensor for the model as before :-
TUU = (avf)2 = (avfzn)z (29)
Ty = (auf)Z = (aufout)Z (2.10)
where, f(u,v) = fin(v) + fout(u) since here also f satisfies V2f = 0.

We will make a comment hear regarding the above stress tensor components that in the previous case with the action Spyar, we
had Ty, = 0 but here Ty, # 0 as here we have a boundary in this case and incoming waves from (77; will be reflected off the

boundary to J;{ under some conditions.

As before, in the (u,v) coordinates, with ¢ = p, we have the equations of motion as :-

9o(e %) = —%(&me)z (2.11)
da(e ) = —%(8ufout)2 (2.12)
Dy0y(e72P) = —\? (2.13)

2.1.2 The Solution to the equations of motion

Then, the solution is (upto shifting in u and v as before, i.e.; setting integration constants ug = vg = 0) :-
M_
e =% = ~ Nuw + g(v) + h(u) (2.14)

where,

1 v ’ o0 " "
g(v) = —5/ dv / dv Tyy(v ) (2.15)
0 v’

1 w ’ u’ 1" 1"
h(u) = —5/ du / du Tyy(u ) (2.16)
—0o0 — 00

Now we will show that M_ represents the mass of a white hole and we will hence neglect it since we will demand that in the past
null infinity J5 (which is the asymptotic region where incoming waves are sent from) is flat. From eq™(1.14) and eq™(1.24) we
know that (we will further assume that no f — waves are present) :-

AM_X
R=g— " — = AM_Xe%? (using eq™(2.14)) (2.17)
— — AMuwv
Now at Jy (where, u — —oo0, v — 0) with ¢ = const. :-
R=4M_Xe?* #0 & M_#0 (2.18)

Thus, since M_ exists at Jp it represents the mass of a white hole and since we will demand starting from a flat spacetime, we
set :-

M_=0 (2.19)

Hence, the solution now becomes :-

e"2? =72 = —X2uw + g(v) + h(u) (2.20)

12



2.2. BOUNDARY PROPERTIES CHAPTER 2. 2D DILATON GRAVITY WITH A BOUNDARY

2.2 Boundary Properties

Let us move onto studying the boundary properties. For this we will describe the boundary trajectory as :-
u=U(w) such that, ¢U(v),v)= g (2.21)
Now, since ¢ = ¢p(const.) on the boundary we have from eq™(2.20) :-
d

%(e_%) =0=U'[0,h — \2v] + 8,9 — N2U (2.22)
=0

Let us now digress a bit and compute the normal vector fields for the boundary u = U(v). For this we define :-
S(u,v) =u—-U(v)=0 (2.23)

The above equation describe the hypersurface concerning the boundary. Then,

’

0pS =-U
S =1
N%(= norm?) = g4?8,50,5 + g"*8, 58,8 = 4e~2¢0 U’ (2.24)

Thus from eq™(2.24) one can see that :-
N2>0 < U’ >0 boundary is timelike
N2=0 & U =0 boundary is nulllike

N2<0 & U <0 boundary is spacelike (2.25)
Then moving onto computing the normal vector fields :-
OuS 1 OpS VU’
Ny =——=—"—""—, Ny = = - (2.26)
N 2e—b0/ U’ N 2e~ %0
1
nt=VU'e % | n¥=——e % (2.27)
/U/

Now let us do some computations. Differentiating eq™(2.20) first w.r.t. w while treating v as constant (then vice-versa) and
evaluating on the boundary we get :-

2 s
— 2 = (—2e72¢ _ (EA v+ 0uh)
A2y + B, h = (—2e )au¢‘¢:¢o > Oublymgy = g may (WTE W) (2.28)
2
2 _ —2¢ _ (=X*u+0ug)
—\u + 81;g = (—28 )81,(;5 S=do = 81)¢|¢:¢0 - W (’lUT't ’U) (229)

Now from the first equation of eq™(2.7) we have :-

n"Oud +n"Ohod = A

S (—A? h 1 —\?
e~ %0\U (Aot Ouh) eﬂf)ow =X (using eq"(2.27) eq™(2.28) and eq™(2.29))

—2e—2%0 VU —2e—2%0
1 2
— (Owg — Nu) — = (Ouh — \?v)
U et VU’
U | (9,9 — 220 21 22U — 8,9 (usi "(2.22)) (2.30)
— (Ovg — - = — 0Oy using e . .
o7 (ug o g g eq

Thus, from eq™(2.30) we have for the boundary, u = U(v) :-

U = —5(0ug — NU)* (2.31)

Now moving onto the second equation of eg™(2.7) we have :-

nUOuf +n 8y f = 0

e~ %0
e~%0 \/(78uf — W(%f =0 (using eq™(2.27))
VU 0ulfons (1)) = =00 (fin(0)

U' 00 (fout(U())) = 8u (fin ())U’

U 00 (fout (U (v))) = 0 (fin(v)] = 0
8U(fout (U('U))) - 8U(fzn(v)) =0

[0v (fout (U(v))) — O (fm(v))]% =0 (say, v=V(u), i.e; inverting u = U(v))
Ou[(fout (U(v))) — (fin(v))] =0

fout (UW)) = fin(v) + const. (2.32)

13



2.3. BLACK HOLE FORMATION CHAPTER 2. 2D DILATON GRAVITY WITH A BOUNDARY

Matching waves at the boundary, u = U(v) in eq™(2.32) we have, [4] :-

fout(U(U)) = fin(v) (233)

Eq™(2.22), eq™(2.31) and eq™(2.33) are the equations of motion for the boundary v = U(v). In the next com-
putation we will show that using eq™(2.31) and eq™(2.33) we can arrive at eq™(2.22).

So,
d (8ug—NU
o (QT) = A2e=2%0(9,g — X2U) "1 (using eq” (2.31))
A2e—2¢0 ’ 1 ’ (8 fi )2 X
= —W(@%g - 2U) = T |:)\2U + U% (using eq™(2.15))
1 ! (8'u,fout)2U/2 (8ufout)2U/
= — |NU + | =T e 2.34
v’ { * 2 * 2 (2:34)
d 2
?Q%—mm:Vf&@m:ﬁfﬁﬁh:ﬁ+ﬁgygi—mmwmwm@) (2.35)
v
One can note that eq™(2.34) and eq™(2.35) are same. Hence,
d [8pg — N2U d
— | ——— | = —(A\v—0uh 2.36
(25 2320 —aum) (2:36)
which upon integrating is equivalent to eq™(2.22) upto an additive integration constant vg which as before we can set to zero by
shifting v.
So, everything is consistent up until now. Let us consider empty space (T, = Ty, = 0) for now and see how

the boundary equations look like. Then,

e 2= =_Nww , f=0 (2.37)
U = eXoN2p?

260
Uv) = v (2.38)

From eq™(1.33) one can see that eq™(2.37) and eq™(2.38) is indeed the linear dilaton vacuum. One can now see
that the problem is well-poised and in principle solvable. To see this note that, [4] :-

(1) Initially we are given f;,(v) or Ty, (v).
(2) Using above inputs one can solve eq™(2.31) to obtain U(v). Initial conditions for eg™(2.31) being, at
Jgr s i.e; (u— —o00, v = 0) since R =0, we have the linear dilaton vacuum so, for v — 0 we have

v 2.39
- — o (2.39)
e = 5 N (2.40)
f—0 (2.41)

as the initial conditions from eg™(2.37) and eq"(2.38).
(3) Then, using eq™(2.33) one can find fy,:(u) and that gives f and Ty, (u). Now, using eg¢™(2.20) we can
obtain ¢ and then g, .

So, in principle the problem is solved. Let us now move onto studying how the black hole formation takes
place in this model.

2.3 Black hole formation
Let us define :-
—2¢0 Oyt (v)

NU = 0,9 — e 2P0 = 2.42
9 () (242)
Then, differentiating eq™(2.42) w.r.t. v and using eq™(2.31) we get :-
9 e2®0
a’uw(v) = _TT’U’U(’U)w(U) (243)

14



2.3. BLACK HOLE FORMATION CHAPTER 2. 2D DILATON GRAVITY WITH A BOUNDARY

Now let us find a relation between the proper time 7 on the boundary and ¥ (v). This relation will be useful for later purposes. On
the boundary we have :-

2 _ _ 260 _ et 2022
dre = —e“?0dU (v)dv = e (Ovg — A°U)=dv

2
= % (8;¢) dv?  (using eq™(2.42))
dr 1000
dv A
= P(v) = hoe ™) (2.44)

In eq™(2.44) we will set ¥y to be a positive constant since it is the value of ) when 7 = 0. This convention will
make sense later as this will be related to the boundary being timelike when the energy of the incoming waves
is below a critical value (as one would expect the waves with less energy to reflect off the boundary to future
null-infinity).

Also, from eq"(2.44) we see that at past null-infinity, i.e.; J5 (v — —oo, v — 0) and where, 7 — —o0
we have :-

Y(w)=0 as v—0 (2.45)
Now recall, from eq™(2.39), eq™(2.40) and eq™(2.41) as v — 0 we have 0,9 = 0 and hence :-

NU = —6_2%% (from eq™(2.42))

(G
= % = 8;:;& (using eq"(2.39))
= Y(w)=cov as v—0 (2.46)

where, ¢y > 0 in accordance with the convention set above by analyzing eq™(2.44). Now one can see from
eq™(2.43) that if its RHS — 0, i.e.; Ty (v) — 0 (which means for low energetic incoming waves) we have :-

Y(w) = Cv+ D (2.47)
with C > 0 (as before) and D = 0 (from eq™(2.46)).
Note that, since 9,9 @ — T, (v), the slope, i.e.; C' decreases with increase in the incoming energy flux T, (v).
This further implies 1) becomes more and more concave and for a critical incoming energy flux, say Ty, = T,

C = 0. Beyond this, i.e.; for Ty, > Tppr, ¥(v) will increase first and then will start decreasing. A plot of this is
given below.

AU I
"y
N\"\-‘:*ﬁ
2
critical
..... e eeenaoas II
A7
. ers
A rf}(?. y u
0 '

Figure 2.1: Plot of ¢(v) vs v.

Point A = (ua,va) is the point where in the high-energy regime, i.e.; in Ty, > T, regime, the slope C
vanishes and after that point with increase in v, ¥ (v) starts decreasing.
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2.3. BLACK HOLE FORMATION CHAPTER 2. 2D DILATON GRAVITY WITH A BOUNDARY

Now from eq™(2.42) we have :-
MU =0,9 at A (since, 9,0 =0 at A)
= Uls=0 (using eq*(2.31)) (2.48)

So, the boundary is nulllike at A and this also shows that in the critical energy regime (curve I7 in Fig-(2.1)),
the boundary is nulllike at v — co. In the curve III of Fig-(2.1), initially, the boundary was timelike as is
evident from eq”(2.31) which shows U' > 0, then the boundary becomes nulllike at A and after that with
increase in v the boundary is ought to become spacelike. Point A is where the black hole formation takes place.
We will elaborate on this below.

2¢9

Note that (from eq"(2.31)), U4 = 252 (Ovg — A2U)(8,%g — A2U')|4 = 0. With this in mind, let us tay-
lor expand U(v) about A = (ua,v4) where, ug =U(va) -

" "

U(0) = Uloa) + U (o) —va) + Cio 02+ L0 (2 4 00y
=uq+dv—uv4)? (2.49)
So, u=1up+dv—uv4)? (2.50)
= (u—ua)?=d*(v—va)°
= (u—wua)=+d(v—va)® (2.51)

So, for u = U(v), i.e.; for ¢ = ¢, we get two intersecting curves at A given by eq™(2.51). Then,
For ¢ < ¢g, u=ua+dv—uva)?
= U =3d(v—v4)®>0 = boundary is timelike
For ¢ > ¢o, u=1us—dv—uva)®
= U =-3d(v—v4)><0 = boundary is spacelike

Thus, in the ¢ > ¢o region we obtain a black hole singularity in the high-energy regime. Matter waves in the
u > 0 region is sucked in limiting the region accessible to outside observer to u < 0. Also, as before u = 0 is
the event horizon.

Now let us plot U(v) vs v keeping in mind that U o — 1 (in the asymptotic limit) and U(v) goes as cu-
bic near A. Then,

Figure 2.2: Plot of U(v) vs v.

In Fig-(2.2), the dashed-line represents the spacelike curve u = us — d(v — v4)>.
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2.3. BLACK HOLE FORMATION

2.3.1

CHAPTER 2. 2D DILATON GRAVITY WITH A BOUNDARY
Carter-Penrose Diagram

singularity

The Carter-Penrose Diagram for the black hole formation is given below (with, v = tan(z) and v = tan(v)).

“singularity”

Lrepunod

(a) low-energy (b) critical (c) high-energy

Figure 2.3: Carter-Penrose diagram for the black hole formation.
Now suppose we define :-

v=0"+o" u=0c"—o! (2.52)
then, in the above (0, o) coordinates, v = 0 line is the 0 = —o! line and Fig-(2.2) becomes :-
p /EIarz'zcm (u=0)
O'O

1
a
U(v) 2 =5
\ vazi‘j;ed m
>d'i/‘€5
reflected

v=_0
Figure 2.4: Plot of U(v) in (0%, 0

1) coordinates. The boundary approaches the nulllike asymptote v = 0 and
this feature is very much something which is expected in black hole formation. Matter waves sent after v = 0 (at
later times) will not be reflected and will be sucked in but waves sent before v = 0 will reflect off the boundary.
2.3.2 Lower bound on mass of the black hole formed

Let us now estimate the mass of black hole thus formed. By energy conservation we have, [4] :-

Mpy = /0 s ATy (V) — [ OOO (2.53)
= [v/:oduTw:O—/Ooodv’ (/;Odva)]

|u|/;duTuu +/_Ooodu/ (/_u

= 2A[g(c0) + R (0)]

du Tuu> (integration by parts)
(o)
(using eq™(2.15) and eq™(2.16))

du Nu|Ty., (u)

- A

0

(2.54)
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Recall,
€729 = —N2uv + g(v) + h(u) = e 2¢O = g(v) 4 h(0)
= lim_ e=22(0) = 4(c0) 4 h(0) (2.55)
Thus,
Mgy = 2\ lim e=2¢(0v) (2.56)
vV—>00
= I M, =2Xe 2 (as ¢ < pg = e 2? > e 72%) (2.57)

Thus, for the black hole, Mgy > M,,.. This critical mass M., is the lower bound estimate on the mass of the
black hole formed.

In the next chapter we will study the phenomenon of Hawking radiation in the 2D dilaton gravity model.

18



Chapter 3

Hawking Radiation

In this chapter we will study the phenomenon of Hawking radiation from 2D Dilaton gravity models without

boundary.

In (1+1) dimensions, there is a relation between the trace anomaly and Hawking radiation, [9]. For a massless
scalar field the trace of the stress tensor is zero classically, T := T}’ = 0. Quantum mechanically, there is a
one-loop anomaly which relates the expectation value of the trace of the stress tensor to the Ricci scalar as, [I]

c
T)=—R 3.1
() = o (3.1)
where, ¢ = 1 for massless scalars.
3.1 The outgoing energy flux
Let us calculate the expectation value of the outgoing energy flux.
We have in (u,v) coordinates :-
T =T =g"Tu = —4e > Ty,
Thus,
(Th,) = —3(T)
_ IR
124
1 (5e200,0,p) (from eqn(1.1) (3.2)
=i e v Oup rom eq" (1. .
where, the superscript f means final denoting the outgoing flux.
Hence (from eq™(3.2)),
7 1
12
Now from energy conservation we have :-
VAT = " VT =0
(p=v,v=2v) = g*"*[0uTvs] =0 = OuTpy =0 (3.4)
(p=u,v=0v) = g"[0Tuv —ppTuv] =0 = OuTuv — 'y Tuv =0 (3.5)
(L=uv=u) = g“’[0, Tuu]—O = OyTyu =0 (3.6)
(w=v,v=1) = ¢"*[0uTou — T Tou] =0 = OuTypu — %, Tpy =0 (3.7)
Thus,
Eq"(3.4) + eq"(3.5) = 0uTyy + 0pTuw — Ty, Ty =0 (3.8)
Eq"(3.6) + eq"(3.7) = 0yTuu + 0uTou, — T T =0 3.9)
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3.1. THE OUTGOING ENERGY FLUX CHAPTER 3. HAWKING RADIATION

Upon solving,
8u,T'uv + 8vTu'u - 28'upTuv =0
OvTuu + OuTyu — 28upT’vu =0

Then, 84 (Tf,) = 28up (—1—128@6”,)) n %au(aip) (from eq™(3.3)) (3.10)
9u(TL,) = 20up (—%auaup) T 50u(@2p) (from eq"(3:3) (3.11)
1
Integrating eq™(3.10) w.rt. u = (T)) = fﬁ[al,p&,p —02p +t,(v)] (3.12)
1
Integrating eq™(3.11) w.rt. v = (TS,) = —E[aupaup —02p +tu(u)] (3.13)

To find out ¢, (u) and ¢,(v) in eq™(3.12) and eq™(3.13), let us introduce new coordinates as :-
M =\ (3.14)

e = —u— % (3.15)

where, (y~,y™) are coordinates in which the metric ds? (concerning black hole formation) is asymptotically flat
+
on Jg.

Then, from eq™(3.14) and eq™(3.15) we have :-

dudv v (=du— &) dytdy~ (=X2uv — av)dytdy~ _ a
eyt ds? — — ) - — _dyt e
Fory™ <yg, ds"= Xuv A2uw B A2uw = —dydy [1 + )\QU]
+ —
= —dy*tdy~ {1 - _} _ Wy (3.16)
are= MY {1 + gexy*]
dudv dytdy~
F + + d. 2 = = — 3.17
ory’ >uyy, dst =5 [1 N %eky_—?ﬁﬂg] (3.17)
where, Avg = eAyar.
Thus from eq™(3.16) and eq™(3.17) we have :-
~1
{14‘%6/\1/7} ; if y*t<uyd
—2g,_ =é* = N N (3.18)
|:1+%6 vy +y0} . if vyt >y
In (y—,y™") coordinates eq™(3.12) and eq™(3.13) become :-
1
(TL}) = —5104p) =02+ t4(y7)] (3.19)
1 _
(1) = —510-p) =2 p+t-(y7)] (3.20)
To evaluate t, and ¢t_ we demand (T/) vanishing in the linear dilaton vacuum which means :-
(T1_) =(1],) =(TL,) =0 (3.21)

for e’ in the region y* < yg which is the linear dilaton vacuum. Since, (T f?) and (TJ{ +) contains differentia-
tion of p, w.r.t, y* but €2/ is independent of y* they vanish trivially giving ¢, = 0.

Now for t_ we obtain :-

1 _
Since, p= 7§ln (1 + %eky )

Ay~
= a_p f— _%7
2 (1 n geky‘)
2aieMV

4 (1 + %eky_)
- aZe2 . 2a eMV A2 l:l 1 ] (3.22)
- = 2 2| T T T T T L aog— :

4<1+%8Ay*) 4(1—0—%6/\?47) 4 1+%e>\y
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Now at ,77{ where yT — 0o, p becomes constant as can be seen from value of €2 for y+ > yar . Thus at jf{

(r{.)y =0 (3.23)

(ri_y —=o (3.24)
: A2 1

(7)) = 5 {1 ~ oo ieky—} (3.25)

One can note from eq™(3.25) that in the far past of 73, i.e., y~ — —co we have <Ti:> vanishing exponentially

and while going near the horizon from j;{ , i.e., y~ — oo we have <Tf _) approaching a constant value of

g which we will identify in the upcoming sections as the Hawking radiation. One peculiar feature of these

black holes is that the outgoing flux obtained is independent of the mass a of the black hole unlike generic 4D
stationary black holes where it depends upon the mass of the black holes.

3.2 In and Out modes

Let us recall the metric for the 2D dilatonic eternal black hole as :-
ds® = —e?’dudv

Now let us consider an arbitrary distribution of collapsing matter between v; and vy and in this case the solution
becomes :-

€72 =72 = N2y — /UO dv’ /OO dv”Tm,(v”) (3.26)
0 vo
where, v; <wvg < vy,
For, v > vy the last term becomes, [5] :-
- /UO dv’ /OO ' T,,(v") = % R A (3.27)
0 Vo

where, M and A are integration constants. Above is true as for v < v; the last term above vanishes and we
have the linear dilaton vacuum and for v > vy we have the dilatonic black hole.

Then, for v > v; we have :-

dudv
ds® = — 3.28
M X2p(u+ A) (3:28)
Now, the future EH is at u = —A. To describe the “in” and “out” modes let us introduce asymptotic coordinates
as follows :-
For v > vy, A=, e = —AMu+ A) (3.29)
__do~do™ : + +
ds? — [1+AXxere ]’ if ot <o; (3.30)
__ do~det if ot > ot .
[1+ M ero™—ot]? f
For v<uv, ow=e¥ | u=—Ae (3.31)
ds® = —dy~dy™ (3.32)

AoF
7,

where, )\mjf = e"%.s. From eq"™(3.30), one notes that ds® is asymptotically flat at both J{{ where ot — o0

and J5; where 0~ — —oo. Furthermore, note that in (y~,y™) coordinates, y = 0 is the future EH.

Now let us consider two asymptotically flat regions J, and j{{ which we will call the “in” and the “out”
regions respectively. Note that,

V=0 = 0,0.f=0 = 0,40,-f=0 = 9,+0,-f=0 (3.33)
So, in all the coordinates Laplace equation is satisfied and this enables us to write :-
1 - 1 e _
Uy = —=€e Y e ™ O(—y~) (out) (3.34)

oo (in) ; vw:m
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where, w > 0. Note that, v, has support only outside the horizon y~ < 0 and thus this must be complemented,
[5] by a set of modes ©,, for the region inside the horizon. Now let us expand f_ in the above bases :-

fo= / dwlaguy, +alut] (in)
0 A )
= / dwbyv,, + bl vE + by, 4+ bL0%] (out + internal) (3.35)
0
Now let us define the Klein-Gordon inner product as :-

(f,9) = —i /E 05,17 7 (3.36)

where, ¥ is an arbitrary Cauchy surface. Then, the bases satisfy :-

(tho ) = (Vg 0,) = 2m0(w — )
(U, u’ ) = (v, 0),) =0
(ulyu’y) = (v5,0") = —2m6(w — w') (3.37)

Eq™(3.35) and eq™(3.37) together with the canonical commutation relation :-
1

=), 00f (2 )go—yro = 51/ (2), Bof (& )]go—yro = imb(a" o) (3.38)
imply that :-
law,a] ] = 8w —w) ; [aw,a,]=0=][al,a] (3.39)
Finally, the in, out and internal vacua are :-
a0|0)in =0 5 bu|0)out =0 ; bu|0)int =0 Yw (3.40)

Although the in and out regions are flat, their natural timelike coordinates are related in such a way that a field
mode which which has positive frequency according to observers in one region becomes a mixture of positive
and negative frequencies according to observers in the other region. This mixing can be interpreted as particle
creation. To study this let us express one basis in terms of the other bases as :-

Uy = / dw’ [ Uy + Bl (3.41)
0
1 1 .
Then, o, = —w,u,) ; Buo = —7—(Vw,u",) (3.42)
2T 2T w

where, o/, B, are called the Bogoliubov coefficients. The Bogoliubov coefficients & + for the internal

modes are defined similarly.

!’
ww' ? ww

Now equivalence of the expansions in eg™(3.35) implies :-

G = / 0 (b vy + 1B+ bl + 57 0) (3.43)
0

by, = / dw’ [ ra, — B al,] (3.44)

~ OOO / A~

by, = / dw'la] sa, — B al ] (3.45)
0

Now if, B, # 0, then the in vacuum is not considered vacuous by the out observer. This means particle
creation has occurred. From eq™(3.44) it follows :-

WO 0)in = 0L = [ a8, (3.40
0
To calculate the Bogoliubov coefficients we note the relation between the asymptotic coordinates as :-
1 -
P fxzn[m(e**y ) (3.47)

w

1
mexp[A

Then, v, =

In[AA(e™™ — 1)]} O(—y7) (3.48)
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Calculating the inner products in eq"(3.42) at J, we get (since, only the in modes contribute at 7, and
integrating by parts we can discard the boundary conditions demanding the out modes vanishing at y= — —o0
and at y~ — 0, [0] :-

i 0
o, = —f/ dy~v,0_u’,

_ \/7/ dy~ exp[ln[)\A( —Ay” —1)]+iw/y_] (3.49)

Bow' = 1/ dy~ v,0_u,

T J -0

—1\/“’//O dy~ exp | A — 1) - iy (3.50)

—27Tw_ooyep)\n e wy .

Substituting = e, o, becomes :-

1 . . !

5 )\ (AA zw/)\/ d.T )zw/)\xflJri(w —w)/A (351)
m

Then, similarly 3,/ can be computed and both altogether in terms of beta functions are given as :-

1 W' iw iw
) AA) /2B = 1+ — 52
Yo’ T 90N w—ze( ) < )\+ y te +/\> (3:52)
1 iw' w
, A)w/rB = 14+ — .
Puwt = 503 w—ze()\ ) ( oo telt A) (3.53)

The pole prescriptions are necessary to completely define these quantities, they are chosen so that the expansion
eq™(3.41), and the inverse expansion of u,, in terms of v, actually hold, [5]. With the pole prescriptions above
one can see that the following completeness relation holds :-

1"

/ dw/ [O[ww/ O[Z//w/ - ﬂww/ B://w/] = (5(0&) — W ) (354)
0

Let us now observe the late time behavior of the Bogoliubov coeflicients. We are considering late time behavior
since at late times the black hole would have settled down and we would have a stationary region in the
asymptotic future. Now late time can be characterized in a number of ways. It means y~ — 0 (near the
horizon) and equivalently it means w — 0o as w' is the frequency of the incoming wave. All these late time
characterization can be better understood by looking at the Carter-Penrose diagram for the process in Fig-(3.1).
Using eq™(3.52) and eq™(3.53) :-

e > (w + w) s%nh[w(w: +w)/A] (3.55)
18,7 17 w' —w /| sinh[m(w —w)/A|
In the limit w" — oo we get :-
B | = €77 Mo | (3.56)
Now putting w” = w in eg” (3.54) :-
| o P - Bl = (3.57)

where, ¢ is a large cut-off set equal to §(0), [B]. Now using eq™(3.56) and eq™(3.57) we get :-
1
out
in (0[N [0)in / dw'|B,,.0 |2 Moy 1 (3.58)

This shows that the near horizon temperature is Ty = A One can now proceed as in Section-(3.1) to compute

the net flux in (0, 07") coordinates at J and it will come out to be 2 E near the horizon. This shows that the

net outgoing flux obtained in the previous section is indeed thermal and we will identify this as the Hawking
radiation.

23



3.3. CARTER-PENROSE DIAGRAM CHAPTER 3. HAWKING RADIATION

3.3 Carter-Penrose Diagram

Let us draw the Carter-Penrose Diagram for the above process of black hole formation.

singularity

Linear
Dilaton
Vacuum

Figure 3.1: Carter-Penrose diagram for black hole formation.
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Chapter 4

Moving mirrors as a toy model

In this chapter we will see that a moving mirror model is equivalent to studying the 2D dilaton gravity model
with a dynamical boundary term.

4.1 An Equivalence

We consider a moving mirror action with v = 2™ and v =2~ as, [7] :-

Sy = m/drx/&x*‘&x— — /\2/d7x+8T:c* (4.1)

where S; is the boundary action and the matter action being :-

S = / d*z0, fo_f (4.2)
frt<tat
Now, the EOMs are :-
D JoaE £22E 4 P (aF) =0 43

where, Py (%) = + fjfc dx*T++. After some computation one can find at the boundary :-
Orxt (N2~ — Py(x7)) + 0ra” (NaT + P_(z1) =0 (4.4)

One can get the above equation at the boundary ¢ = ¢g from the condition that %(e’%’) = 0 which is in turn
the condition that ¢ is constant along the boundary. Here e=2¢ is as given by eq"(2.20).

So, this is the equivalence between the moving mirror models and the 2D dilaton gravity models with a boundary.
But even then there are some dissimilarities between these models which we will discuss.
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Future Prospects

This project work is far from complete and there are works left to be done in this summer which could not be
done due to the time constraint of the summer project. These works include :-

1. Some particular examples of black hole formation in the case of 2D dilaton gravity with a dynamical
boundary.

2. Studying the Hawking radiation for the 2D dilaton gravity with a dynamical boundary.

3. Studying the quantum dynamics of the moving mirror models using the influence functional approach.

4. Observing the full quantum evolution of the scattering of matter waves off the mirror and seeing whether

unitary evolution happens.
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